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Abstract

In this thesis we consider the adaptive solution of time-dependent partial differential
equations using a moving mesh technique. A moving mesh method is developed utilising
monitor functions to drive the mesh motion and is based on equidistribution ideas. The
method is derived in multidimensions from a conservation of monitor function principle
and from this initial principle a conservation law for the monitor function is derived
which generates the velocity of the mesh. In dimensions higher than one the mesh
velocity is underdetermined for this conservation law, therefore the curl of the velocity
field is prescribed to obtain a unique velocity field. The conservation law together
with the curl condition are combined to produce an elliptic equation for a mesh velocity
potential, from which the mesh velocity can be obtained. The moving mesh equations are
solved for the mesh velocity using standard linear finite elements and then a new mesh

is constructed by integrating the mesh velocity forward in time using finite differences.

The moving mesh method is applied to the adaptive solution of parabolic and hyperbolic
equations. The parabolic porous medium equation (PME) with a moving boundary
problem is solved taking advantage of scale invariant properties. For this problem the
solution to the PME is obtained through the conservation of monitor function for two
different monitor functions; a mass and a gradient monitor function. The method is then
applied to the solution of hyperbolic conservation laws in one and two spatial dimensions.
In one dimension the solution to the inviscid Burgers equation and the compressible
Euler equations are solved. However, in these cases the numerical solution is obtained
by solving the equation on the moving mesh using the Arbitrary Lagrangian Eulerian
(ALE) form of the equation. In two dimensions hyperbolic conservation laws are solved
using the moving mesh method in conjunction with the mass monitor function and also
a monitor function based on the gradient of the solution. The numerical solutions obtain
on the various moving meshes are found to be advantageous compared to a fixed mesh

Eulerian method for some standard test problems.
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Chapter 1

Introduction

Adaptive methods have been used for many years now for the solution of differential
equations (DEs) and have become an integral part of many numerical methods. One
of the attractive properties of adaptive methods is that they can often be incorporated
into existing numerical methods for solving DEs and in many cases have been found to

give increased efficiency and accuracy when compared to non-adaptive methods.

This thesis is primarily concerned with the adaptive solution of scalar and systems of

partial differential equations (PDEs) of the form

u = Lu

where u is the solution to the PDE and may either be a scalar or an m-vector of
solution variables. In this work the differential operator £ will either be of parabolic
or hyperbolic type and in general will be nonlinear. This type of equation is time-
dependent and therefore solutions to such equations will have transient features which
are often very localised and hard to approximate numerically. Also, at certain instants
the location of the feature may lie within a computational cell and this makes matters
worse. For this kind of equation and for this reason it can be advantageous to use an

adaptive numerical method which automatically resolves features of the flow.

There are various types of adaption that can be used to increase the accuracy and effi-
ciency of numerical methods. The main three types of adaption are called h—refinement,
p—refinement and r—refinement and are generally associated with finite elements. An

essential part of all these methods is a numerical solution indicator which is needed to



identify where adaption should take place and often determines the effectiveness of the
resulting numerical method. The solution indicator should ideally usually come from
error estimates; however in many circumstances they are not available and other more
heuristic techniques may have to be used. We will now briefly describe these three

adaption techniques.

The h-refinement method is a technique in which extra computational nodes are added
to a mesh in spatial regions where the solution is badly approximated, as identified
by an error indicator. The second type of adaption is the p-refinement technique which
consists of increasing the order of the numerical approximation to the solution in certain
regions of the domain, to improve the local accuracy of the numerical solution. Finally,
r-refinement is used to dynamically move the position of the computational nodes,
keeping the total number of nodes fixed in time, to improve the overall accuracy of
the numerical solution. These techniques have been used by many authors to improve
the accuracy of existing numerical methods and have also been combined to obtain a
more robust numerical method. For example, h-refinement and p-refinement have been

combined to produce an hp-refinement method.

In this thesis we will concentrate on the r-refinement method and present a method
for moving the mesh nodes. In general, the r-refinement method may be applied by
targeting either the position or the velocity of the mesh points. The mesh can be
construed as a mapping from a background computational space to the physical space
in which the PDE is being solved, and then the velocity of the mesh can be taken to
be the rate of change in time of this mapping. In this manner each computational
node will have associated with it a unique velocity, at which it moves, from which the
mesh can be advanced forward in time. Since there is an implicit mapping between the
computational and physical spaces this velocity can be regarded as a function of the
physical space variable. We therefore require a method for generating this velocity and
in this work it will be constructed through the use of a monitor function. This function
will be chosen to control the relative density of the mesh points in the physical domain
and hence the degree of mesh adaption. The method that we will use for generating
these mesh velocities will be based on a conservation of monitor function principle in

time, which can be utilised to induce a motion on the mesh. From this principle an



Eulerian conservation law for the monitor can be derived, from which the mesh velocity
can be obtained. This conservation law governing the motion of the mesh will be used
in conjunction with a curl condition, which prescribes the rotational properties of the
mesh, to obtain a unique mesh velocity. The conservation law together with the curl
condition is then shown to generate an elliptic equation for the mesh velocity potential,
from which the mesh velocity can be obtained. This approach for generating a moving
mesh will be used for the adaptive solution of partial differential equations and in this
thesis we will consider two particular types of PDE; parabolic and hyperbolic. We now

describe the layout of the thesis.

Chapter 2 begins with a survey of some commonly used moving mesh methods in one
spatial dimension. It also introduces many of the ideas and techniques that are used
in constructing a moving mesh method. In particular, the idea of such a method being
viewed as a transformation from a background computational space to the physical
space in which the problem is solved is highlighted. The often used equidistribution
principle of de Boor [16] is also introduced, in which some measure of the solution is
equalised over each computational cell. We then outline the multidimensional extensions
of these moving mesh methods. The new research area of geometric integration [25] in
which properties of the continuous problem being solved are used to drive the numerical

solution process is also mentioned briefly.

In chapter 3 we use many of the ideas that were described in chapter 2 to derive a moving
mesh method. Since many moving mesh methods based on equidistribution are only
available in one spatial dimension and are not easily generalised to higher dimensions,
one of our aims will be to produce a method which can be used in an arbitrary number
of spatial dimensions. Our moving mesh method is based on the use of a monitor
function in a conservation principle. From this conservation principle an equation for
obtaining the velocities of the mesh points is derived. It is found that this equation is
insufficient to determine the mesh velocity field uniquely in spatial dimensions higher
than one; therefore an additional curl condition is prescribed to overcome this uniqueness
problem providing a mesh velocity potential. A weak form of the moving mesh equation
for the mesh velocity potential is then derived and discretised using standard linear finite

elements. A weak form is also used to obtain the mesh velocities from the mesh velocity



potential. A simple time-stepping routine is used to advance the mesh forward in time
and hence generate a new mesh. In certain cases it is possible to recover the solution
to the problem through the conservation of monitor function principle. The resulting
method is related to some other moving mesh methods, such as the deformation map

method of Liao and Anderson [64], and this is also highlighted in this chapter.

We then apply this method, in one and two dimensions, to the solution of a variety of
different partial differential equations, firstly of parabolic type and secondly of hyperbolic
type. In chapter 4 we consider the solution of the porous medium equation (PME) using
scale invariant techniques similar to those found in [21, 22, 24, 13, 25]. The solution
method and mesh motion is firstly driven by the desirability of conserving the mass
of the solution in a discrete sense; therefore a mass monitor is utilised. Secondly we
describe how a gradient monitor function can be used in a similar way for the solution
of the PME. The monitor function based on the solution gradient moves mesh points
into regions of the spatial domain where the solution gradient is high, such as in moving
discontinuities. The end of the chapter details how to extend the method using the mass
monitor function to two spatial dimensions. The PME in two dimensions is solved using
the moving mesh method in a finite element framework on a unstructured triangular
mesh. It should be noted that for this scalar equation and for these choices of monitor
function it is possible to recover the solution to the PME directly from the mesh through

the initial conservation of monitor function principle itself.

In chapter 5 the adaptive solution of hyperbolic conservation laws in one spatial dimen-
sion will be considered. Both the inviscid Burgers equation and the compressible Euler
equations of gas dynamics will be solved using the adaptive mesh method derived in
chapter 3 for two different monitor functions, the mass monitor function and a monitor
function based on the gradient of the solution. It will be found that the solution to
the conservation law being solved cannot be recovered directly from the mesh, as was
the case in chapter 4 for the solution of the PME, and hence a finite volume method,
modified to take into account the motion of the mesh, will be used. This finite volume
method is based on the work of Harten and Hyman [43] and solves the Arbitrary La-
grangian Eulerian (ALE) form of the conservation laws. The ALE finite volume method

is then used in conjunction with an ALE version of the Roe approximate Riemann solver



to evaluate intercell fluxes. The spatial and temporal accuracy of the resulting finite
volume method is only first order, therefore the order of the numerical method is in-
creased, modified by the use of flux limiters. This moving method with an ALE solver
is then used in one spatial dimension to solve a moving shock problem for the inviscid

Burgers equation and the Sod shock tube for the compressible Euler equations.

In chapter 6 the compressible Euler equations in two spatial dimensions are solved using
moving mesh techniques similar to the ones described in chapter 5. Again the moving
mesh method will be used along with the mass monitor function and a monitor function
based on the solution gradient. The Euler equations will again be solved on a moving
mesh, so the ALE version of the conservation laws will be used with a finite volume
method modified to take into account the motion of the mesh. The intercell fluxes are
evaluated with the use of an ALE HLLC approximate Riemann solver [94]. This leads
to a finite volume method which is first order in space and time, therefore the MUSCL
technique of Van Leer is utilised to increase the accuracy of the method in space. The
Euler equations are solved on an unstructured triangular mesh in two dimensions using
the cell-centred ALE finite volume method and again the mesh is moved in a finite
element framework. The resulting method is then used to solve two cylindrical shock

problems.

The final chapter summarises the work that has been carried out in this thesis and

considers some possible further work.



Chapter 2

Mesh Generation and Adaption

Mesh generation and adaption techniques have been used for many years now to produce
irregular grids upon which both ordinary and partial differential equations can be solved.
A wide variety of methods have been devised which in general fall into one of two main
categories. These categories are referred to as velocity or location based methods. The
velocity based methods are derived by introducing the velocities of the computational
nodes in the mesh. Alternatively, the location based methods seek the position of the
computational nodes in terms of a mapping from a reference mesh. We will start this
chapter by introducing some of the commonly used ideas for generating non-uniform
meshes and then go on to describe some of the popular velocity and location moving

mesh methods.

2.1 Introduction

Most methods for generating an irregular mesh are constructed as a transformation from
a background computational domain into the physical domain in which the particular
problem is being solved. In this work we will let x and & denote physical and computa-
tional co-ordinates which are defined on the domains €2 and €2, respectively. Then we

suppose that there exists a one-to-one transformation denoted by

x =x(&,1),

which takes points in the computational space at a certain time into the physical space.

Such a mapping is shown in figure 2.1. The aim of an irregular mesh method is to



(&, 1)

Q. Q

Figure 2.1: Figure showing the mapping x(&,t) from the background computational mesh
Q. to the physical mesh Q.

control this mapping to obtain the desired clustering of mesh points and alignment of

the computational cells.

We now consider ways of generating this mapping. One of the most widely used princi-
ples for generating a non-uniform mesh is that of equidistribution. The equidistribution
principle was originally introduced by De Boor [16] for obtaining a discrete approxi-
mation to a function on a non-uniform mesh and involves choosing the mesh points
such that the integral of some measure is equalised over each computational cell of the
mesh. This measure is user-defined and referred to as the monitor function. The moni-
tor function is chosen to reflect the characteristics of the numerical solution or function
being approximated on the mesh. It is required to be positive and may depend on the
solution and/or its derivatives. Therefore a general form of the monitor function in

multidimensions is given by

M = M(x,t,u, Uy, uy, ... ).

where u is the function being approximated. This function u may be a given function

or alternatively may be the solution to a differential equation.

We will now describe the equidistribution principle in one spatial dimension and then
go on to look at multidimensional extensions of it. Without loss of generality we have

taken the the domains 2 and 2. to be the unit interval [0, 1] in real space, so z,£ € [0, 1].
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Figure 2.2: Figures illustrating the equidistribution principle. (Left) a function repre-
sented on equally spaced mesh (right) the same function represented using equal arc-

length. Both graphs are computed with 20 computational nodes.

We also have the boundary conditions for the mapping that x(0,¢) = 0 and x(1,¢) = 1.
Then the continuous form of the equidistribution principle in the integral form of White

[99] is given as

z(&,t) 1
/0 M (z(&,t),t) de =¢ /0 M (xz (&,t),t) do, V. (2.1)

We now give a simple illustration of the equidistribution principle. Consider the function

u(z) = % — %tanh (20 <:c2 - i))

defined on the interval = € [0,1]. We wish to represent this function discretely on a

mesh with only a finite number of mesh points given as

O=zo<1 < - <zy_1 <zy =1.

Figure 2.2 shows the function u represented on two different meshes. The left figure
shows the function on an equally spaced mesh, i.e. such that z; — z; y = x;,; — z; for
1 =1,... N —1. Note that this mesh can be seen as generated from the equidistribution

principle (2.1) with the monitor function taken to be M = 1. Alternatively the right



figure shows the same function, but this time represented on a mesh generated from the

equidistribution principle with the arc-length monitor function

du 2
M=4/1 — .

This choice of monitor function causes mesh points to cluster more in and around regions
of large variation in the function and appears to give a‘“better” discrete approximation

of the function.

Following Huang, Ren and Russell [49], the equidistribution principle given by (2.1) can

be differentiated with respect to £ to obtain

M (2 (60).1) L (E.t) = 0(0), (2.2)

where 0(t) = fol M (z (&,t),t) dz. The time-independent version of equation (2.2) was
solved numerically by White in [99] to produce an adaptive mesh for the solution of
two-point boundary-value problems. Differentiating the equidistribution principle twice

with respect to £ gives

0 0

Equations (2.2) and (2.3) are referred to as Quasi-static equidistribution principles
(QSEPs) in [49] since they contain no information about how the computational nodes
are moving. The time-independent version of equation (2.3) was solved numerically by
Baines in [7] using an iterative procedure, although there are queries over stability of
some solvers. Since the monitor function is in general a function of z, equation (2.3)
will be a non-linear equation for the mesh position, so the equation is solved iteratively

in the following manner,

0 , QaPth
8_€(M(x) ¢ )_0’

where p is the iteration counter. Discretising this equation leads to a tridiagonal system

which can be solved using a Jacobi iteration. When this process is used to produce an



equidistributed mesh to give a good approximation of a given function, the values of the
monitor function are available and this iterative process is usually efficient. However,
when this process is used to generate a mesh for the solution of a differential equation it
is often more computationally efficient to use an interleaving approach where the mesh
and solution are updated alternatively. When an updated mesh has been generated,

interpolation can be used to transfer the solution from the old mesh to the new one.

In [3] Flaherty et al derive a moving mesh equation by differentiating the equidistribution

principle (2.1) with respect to time to obtain

z(&t) 9\f

M (z(€,t),t) 2(€, 1) +/0 de = £0(t), (2.4)

where & = & (£, t) is the rate of change of the mapping = with respect to time and is

[

called the mesh velocity. Assuming that {; = & and differencing equation (2.4) from

&1 to & the discrete ODE system

wt) gM 1.

M,(t) $l(t) — Mi_l(t) i‘i_l(t) + / —dr = — (t) for ¢ = 1, Ce ,N
is obtained. This discretisation was later analysed in [33] to determine whether the
method is stable to linear perturbations. More will be said about this later in this

section.

In [79] Ren and Russell obtain a conservative form of a moving mesh equation by

differentiating (2.2) with respect to time to produce

0 . OM
8—£<M&3)+W

¢ fixed

This equation can be transformed into physical co-ordinates to give

== (2.6)

z fized
In [79] Ren and Russell give a physical interpretation of these moving mesh equations

in terminology that is familiar in fluid dynamics literature. If Q(t) = 0 then equation

10



(2.6) becomes the Euler equation for the “fluid” with density function M (z,t). It is also

noticed that meshes generated using a static re-gridding procedure can be viewed as cor-

responding to the case of steady-flow where the density function M (z,t) is independent
oM _

of time and hence = 0.

It is evident that the moving mesh equation of Flaherty et al (2.4) is mathematically
equivalent to the equations of Ren and Russell (2.5) and (2.6). However, Ren and Russell
[79] show that in actual fact the semi-discrete and stability properties of the moving mesh

equations may be different, depending on how the equations are discretised.

In [33, 79, 49] the continuous and discrete properties of equations (2.4) and (2.6) are
analysed. Linear perturbation analysis is applied by introducing the perturbation x —
x + 0x, where the perturbation dz is assumed to be much smaller than unity. Then,
provided no additional errors are introduced, equation (2.6) is found to be stable to

linear perturbations provided that the condition

M0 00|

o<e<1 | M(x(€,t),t)0(0) | —

holds. A condition on whether mesh crossing will occur is also derived. It is noted
that if the Jacobian g—“’g of the transformation from the computational to the physical
co-ordinates is positive for all ¢, then no mesh crossing will occur. Equation (2.6) can

be rearranged to give

i a_x _|_i a_M+8_M @—i
at\oe) "M\ ar "or ) o T M

or
d [(Oz . M Ox B 0
dt \ 0¢ Mo¢ M’
This is now a first order ordinary differential equation for the Jacobian g—‘; and has the
solution




It can then be shown that that if g—g(f, 0) > 0 the Jacobian g—g(g, t) > 0 provided that

d 1
&/0 M(z(,4),£) dz > 0.

Huang, Ren and Russell state in [49] that the quantity 6(¢) in equation (2.6) is not
convenient for actual numerical simulations. They therefore go on to derive a series
of Moving Mesh Partial Differential Equations (MMPDES) by eliminating this term.

Firstly, differentiating equation (2.3) with respect to time gives the equation

2 (3 (ween.n geen)) -0

which upon rearrangement produces the MMPDE

o ( 0F\ 0 (OM o (0M dx
" (M a_g) - (a—g x) -5 (W a_g) | (MMPDE1)

It can easily be seen that moving mesh method equation MMPDE1 does not contain the
troublesome quantity 6(t). Huang et al note that MMPDE1 has a zero speed solution
when %—J‘f = 0 and therefore if the monitor function M (x,t) is independent of time the
mesh will not move. In this sense this term can be seen as the source of the mesh
movement for this MMPDE. They also state that %—J‘f is hard to approximate in real

applications.

Huang et al also develop other MMPDESs which contain a correction term so that the
mesh can be required to satisfy the equidistribution principle at a later time given by
t+7 (0 <7 << 1), where 7 is referred to as the relaxation parameter. Using this
methodology MMPDESs 2-4 are derived. The mesh is chosen to satisfy the quasi-static

equidistribution principle (2.2) at a later time, therefore

0

8—{(M(x({,t+7),t+r)—$(§7t+7)>:0- (2.7)

0
U3

Then using the Taylor series expansions

12



) 0
ST (6t = E%ﬂfﬂ+7i“@ﬂ+o()

and

M(z(6t47),047) = M(z(60),0) 4 Ti- M (2(6),6) + 7o M ((68),6) +0 ()

in equation (2.7) and neglecting the higher-order terms we obtain the MMPDE given
by

) oz 0 (OM 0 (OM Oz 10 Ox

— | M — — —— | = = M—). MMPDE2

%( %»mk(é) %<&09 T%(aJ ( )
The last term in MMPDE2 measures how well the mesh satisfies the equidistribution
principle. Also it is noted that even when the monitor function M(x,t) is independent
of t and the mesh is not equidistributed MMPDZE2 still moves the mesh towards equidis-
tribution. Huang, Ren and Russell argue that since the forcing term involving 2 W is

less important in MMPDE?2 it is reasonable to discard it. This leads to two simplified
MMPDE:s.

02 , 10 ox

o (Mz) = e <M6_§> (MMPDE3)
0 ot 10 oz

3 (Ma_§> =% (M@—g) (MMPDE4)

It is hoped that this regularisation of the moving mesh equations will produce smoother

mesh trajectories and hence meshes which are more stable.

Moving mesh partial differential equations are also derived based on attraction and
repulsion pseudo-forces [49]. In this work it is assumed that the computational nodes
are attracted to others when a measure of the error is larger than average, while if the
measure is smaller than average the surrounding nodes are repelled. The error measure,

denoted by W, can be chosen to be related to the monitor function in the following way,

13
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- ML
W= Mg

Anderson in [2] uses the moving mesh PDE

. 10 ox 10W

to compute the mesh velocity. Notice that this MMPDE moves mesh points towards

regions where the error indicator W is large and when the mesh is equidistributed in

the sense that

x
M — = constant,
23
there will be no mesh movement. In MMPDED 7 is again a positive relaxation constant.

Adjerid and Flaherty [1] use a method within a finite element framework which can be

seen as a discretisation of

% 10 ( Ox
e (Ma_g> (MMPDES)

in which the monitor function is taken to be an local error estimator. In this manner they
seek to produce a mesh on which the local error is equidistributed. An h—refinement
strategy is also used in conjunction with this moving mesh equation to solve parabolic

partial differential equations.

Huang et al [49] also derive a seventh MMPDE, ignoring spatial smoothing, which can
be shown to correspond to the discrete mesh equation of Dorfi and Drury in [37] given

as

0 oz 0 oxr\ O0r /Ox 10 or
a—s(Ma—J‘za—s(Ma—g)a—g/a—f‘?a—g(Ma—s)‘ (MMPDET)

All the MMPDEs derived in [49] were theoretically analysed to show stability of the

resulting meshes if the MMPDE were solved exactly. This work followed on from earlier

14



stability analysis of Flaherty et al [33]. Some of these moving mesh methods were later
analysed in greater detail by Li, Petzold and Ren in [63]. MMPDEs 1-7 have been used

by many authors to produce adaptive meshes for a variety of applications.

So far in this chapter we have described the derivation and analysis of a variety of moving
mesh methods, but up until now no choice for the monitor function has been made for
actual applications. One of the most popular choices is the arc-length monitor function
which was discussed earlier. This monitor function has been found to give good results
for many parabolic problems. However, for real applications with very steep fronts this
monitor function may move more mesh points than are necessary into the layer and
hence over-resolve the feature. Due to this the arc-length monitor function is often

modified and the gradient term may be weighted by a parameter to give

ey frea(2) o8

The parameter « allows the magnitude of the monitor function to be reduced in regions
where the gradient is large. In [86] Stockie, Mackenzie and Russell used this type of
monitor function along with MMPDE4 for the adaptive solution of hyperbolic conser-
vation laws. The conservation laws were solved using the high-resolution finite volume
software package CLAWPACK [59] which had to be modified to take into account the
motion of the mesh. The mesh equation and the physical PDE were then solved alter-
nately and this process was iterated until the mesh equation had converged. This work
was based on that of Harten and Hyman [43] who had originally shown how to use a
Godunov scheme on an adaptively moving mesh. The monitor function (2.8) was used
for the solution of the inviscid Burgers equation and the Buckley-Leverett equation us-
ing different choices of the parameter a. The Euler equations of gas dynamics were also
solved on a moving mesh. Two monitor functions were constructed to capture certain

features of the flow. These monitor functions are given by

and
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M = 1+a(—Eﬂ—) (2.10)

max | S|
x

where v is the velocity of the gas and S is the entropy of the gas. The monitor functions
given by (2.9) and (2.10) were developed to resolve shock and contact discontinuities,
respectively. A convex combination of these two monitor functions was also used to

resolve both contact discontinuities and shock waves.

In early work by White [99] three monitor functions are derived for the solution of two-
point boundary problems. These are the aforementioned arc-length monitor and two
monitors based on error estimates. Monitor functions based on the single step error and

the local truncation error are given by

M=y 1+||Umx||g

and

M=y 1+||umx‘|g

respectively. Qiu and Sloan [77] use the monitor function

M =

1+a%1—u?+ﬁ%7—uf(g¥>1

where «, 3 and v are parameters which have to be chosen for the problem. This monitor
function was designed to be used with MMPDEG6 for the solution of Fisher’s equation,

given as

ou  O%*u
ot~ or tel-uw

once both arc-length and curvature monitors had previously failed to give good results.

The MMPDE approach for the solution of this reaction-diffusion equation was also

compared to the Moving Mesh Differential Algebraic Equation (MMDAE) technique of

16



Mulholland, Qiu and Sloan [71]. In the MMDAE method the mesh is moved through
the QSEP given by (2.3) which will approximately equidistribute the mesh at each time
level. The equation for the mesh is then coupled with the Lagrangian form of the PDE

being solved, which for the PDE u; = Lu is given by

%?—jz% = Lu. (2.11)
The system of Differential Algebraic Equations (DAEs) is then integrated forward in
time using the stiff ODE/DAE solver DASSL [76]. It is found in this work that the
MMDAE leads to a more reliable approach when compared to that of the MMPDE,
this being due to the fact that the temporal smoothing parameter 7 in MMPDEG6 has
to be chosen carefully to be consistent with the solution being computed. Further

comparisons between the MMPDE and MMDAE approaches are made in [78] for the

solution of Burgers’ equation.

For many applications the monitor function is often modified by a smoothing pro-
cess. Dorfi and Drury [37] and Furzeland et al [40] found that, in order to obtain a
good approximation to a PDE on moving mesh, the mesh should be in some sense
smoothed. They argue that abrupt variations in the mesh can cause deterioration in
convergence and accuracy of the solution being approximated on the mesh and there-
fore mesh smoothness can become an important factor in moving mesh computations.
Also, large variations in the size of the computational cells can cause the system to
become stiff and hence harder to integrate forward in time. Verwer et al [96] proved
that smoothing the mesh will be basically equivalent to smoothing the monitor function
on the mesh. A common method for smoothing the monitor function over the mesh,

given in [48], is

if (M)’ (%>Iki|

~ k=i—p

M; = : :
i+p . |k—1|
> ()

k=i—p

where M; is the smoothed value of the monitor function at the i computational node,

v is the smoothing parameter and p is a positive integer referred to as the smoothing
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index and determines how many nodes the monitor is smoothed over. This smoothed
monitor function has been used extensively in [86, 77, 78]. Huang and Russell [50] later
analysed MMPDEs when the monitor function had been smoothed by introducing the
PDE

-1 9®M
M+ — — M
T T

where A is a positive constant. Boundary conditions are also required for this smoothing
process. Using this type of continuous smoothing process the continuous properties
of the MMPDEs derived earlier are examined and conditions are derived which will

guarantee non-singularity of the resulting mesh.

In one spatial dimension many equations have been derived for moving the compu-
tational mesh. In the next section we will consider moving mesh methods in higher
dimensions. As we will see, many moving mesh methods in higher dimensions started
as static grid generation techniques, but were later extended to produce meshes for the
solution of time-dependent problems. One of the most popular ways for generating an
adaptive mesh in one-dimension was that of the equidistribution principle. However we

will see that this principle does not easily extend into higher dimensions.

2.2 Moving Mesh Methods in Higher Dimensions

2.2.1 Grid Generation

We begin this section by outlining some popular methods for generating a static mesh
in multidimensions. We will then go on to explain how these static mesh generation
techniques may be extended to cope with time-dependent problems. Perhaps one of the
carliest methods for generating a mesh in multi-dimensions is that of Winslow [101].
The ideas behind this method provided a setting for many mesh generation techniques

that were to follow.

The main idea behind Winslow’s method is to formulate the mesh generation problem
as a potential problem where the mesh lines behave as equipotential lines. The equipo-

tential lines can then be used to define the mesh. (The main body of [101] was devoted
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to the solution of quasi-linear PDEs on triangular meshes, with only the appendix re-
lating to the mesh generation problem.) The method is as follows. Let two sets of

equipotentials defined as £ = &(x,y) and n = n(z,y) satisfy the Laplace equations

Vi =0 (2.12)

Vip = 0 (2.13)

in some region 2. The solution to equations (2.12) and (2.13) gives the equipotentials
& = constant and n = constant from which a mesh can be constructed by considering the
intersection of these lines. The desired mesh can be obtained numerically from inverting
the mappings to give z = z(§,n) and y = y(&,n). Using the Jacobian determinant

J = x¢ Y, — x, ye equations (2.12) and (2.13) can be transformed to give

axge — 20Ty +yxy, = 0 (2.14)
aYee — 28Yen + Y Yy = 0 (2.15)
where
a = xi—iryg

B = xexy+yeyy

o= :ch—l—yg.

Therefore the solutions to the inverse Laplace equations (2.14) and (2.15) give the co-

ordinates x, y of a given equipotential directly.

These equations were discretised using a finite-difference method and then solved using
an iterative successive over-relaxation procedure. The details of this algorithm can be
found in the main section of [101]. This method was originally developed to generate

triangular meshes, but may also be used to generate meshes of quadrilateral cells.

A nice property of Winslow’s method is that the resulting mesh can in some sense be seen
as smooth since the mapping from the background domain into the physical one comes

from Laplace’s equation. However one problem with the method is that the structure
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of the interior mesh depends entirely on the boundary of the domain. Therefore it is
difficult to control the mesh point locations locally for arbitrarily shaped domains. It
should also be noted that there is no explicit control over the mesh through the use
of a function, although a modification was made to Winslow’s method to produce the
variable diffusion method [102]. In this method equations (2.12) and (2.13) are modified
to include a weight function w which can be used to control the adaption. The modified

equations are given as

v-(évg) -0 (2.16)

V. (% Vn) = 0. (2.17)

The main use of Winslow’s method was to produce meshes which were adapted to
particular domains. Thompson, Thames and Mastin in [92] used Winslow’s method to
generate body-fitted meshes around multiple curvilinear boundaries. In particular they

generated meshes around multiple airfoil shapes.

Also in [92] Thompson et al extended the method of Winslow to allow some control
over the position of the interior mesh points. They introduced control functions as
inhomogeneous terms in the Laplace equations to give control over the mesh. Therefore

their mesh equations were given as

Vi = P (2.18)
Vi = Q (2.19)
where P and @) are called mesh control functions. Equation (2.18) and (2.19) are often

referred to as the TTM mesh generator after its developers.

Brackbill and Saltzman [18] developed a mesh generator that attempted to control
various properties of the mesh, such as smoothness, concentration and orthogonality.
In [18] Brackbill and Saltzman show that Euler-Lagrange variational equations for the

minimization of the functional

Is = /Q (V€] + |Vn?) d@ (2.20)
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are the Laplace equations given by (2.12) and (2.13). The concentration and orthogo-
nality of the mesh lines was incorporated into the method by adding extra terms to the
variational principle. Control on the orthogonality of the mesh can be included through

the use of the functional

Io :/Q(vg-vn)z dQ.

This functional is chosen since when the mesh is orthogonal V& -V = 0, the functional
is minimised. A Jacobian weight function may also be included in functional Iy so
that larger computational cells will be more strongly persuaded to be orthogonal. The

concentration of the mesh is then controlled by introducing the functional

Io = / w(é,n) J A,
Q

where J is the Jacobian determinant as before and w(&,n) is a weight function which
causes the mesh cells to be small where it is large. The mesh is then generated by taking

a linear combination of the three functionals in the following manner.

I=MXsls+Xolp+ Aol (221)

The properties of the resulting mesh can now be controlled by the choice of the constants
As, Ao and A¢. The effect of each term in the functional (2.21) was also shown in [18] for

certain numerical examples. The method was also investigated for the adaptive solution

of a steady PDE.

Brackbill [17] later introduced a directional control functional to generate a mesh for

the solution of unsteady magnetohydrodynamic flow in two spatial dimensions.

In [51, 52] Huang and Russell present a mesh adaption functional which can be seen as
a general form of the Winslow functional (2.20). This functional, in two dimensions, is

given as

g = [ (VE°6rVE+ Vi Gy V) ag, (2.22)

21



where G; and GG are some given symmetric positive definite matrices which are re-
ferred to as the monitor matrices. The functional gives the associated Euler-Lagrange

equations

V- (GT'VE) = 0, (2.23)
V- (Gy'Vn) = 0. (2.24)

(cf. (2.16), (2.17) ). When the monitor matrices G; = G5 are equal to the identity
matrix then it is straightforward to see that the functional of Huang and Russell (2.22)
reduces to that of Winslow. Monitor matrices are also given which cause (2.22) to reduce

to Brackbill’s directional control functional.

The reason for the choice of the functional is due to its close relation to harmonic maps.
The Euler-Lagrange equations (2.23) and (2.24) together with appropriate boundary
conditions will define a harmonic map provided that the boundary of the computational
domain . is convex. In [38] Dvinsky proves that the map will be guaranteed to exist
and be unique if G; = Gy = G, say. It is unclear whether this result extends to when
G # G5. Dvinsky [38] also notes that since no constraint on the monitor matrix G is
required to guarantee invertibility of the harmonic map, the monitor matrices may be

used purely for mesh adaption.

Azarenok [5] uses the functional

= [ GO G 010) (41 w2hy e o) g
Qe

(Teyn — nye) 1+ 2+ f]

which defines a harmonic map from the computational space 2. to the physical space €.
This functional tends to cluster mesh points where the gradient of the given function f =
f (z,y) is large. In [5] this functional is used for the solution of hyperbolic conservation
laws in one and two spatial dimensions and the function f is taken to be one of the

solution variables.

More recently, work by Huang [47] has used local error distributions to derive a functional
for generating an adaptive mesh. He states that it is unclear whether any of the methods

described so far for generating an adaptive mesh will produce an optimal mesh in the
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sense of minimising the actual error in the solution. Huang observes that often the local

error distribution for a given discretisation can be written in the form

E(x) = \/dETJTGst,

where G is an n X n symmetric positive definite matrix, d§ = & — &, where &, is an
arbitrary point, and J is a Jacobian matrix of the transformation from the background
to physical domain. Here n denotes the spatial dimension of the problem. Huang then
states that a perfect mesh would have this error distribution equidistributed over it and

therefore would have

A=g'¢ gt =cl, (2.25)

for some constant c. It is then stated that necessary conditions for (2.25) are

A== = 1=\, (Isotropy),

/H i = constant (Uniformity),

where \; for 1 < i < n are the eigenvalues of the matrix A, are true. By satisfying these

conditions Huang shows that the functional

1 T :
[ - = i G ! i dQ,
g 2/Q¢§<§i:<vg> vg)
where ¢ is the determinant of the matrix G, can be used to control the isotropy of the

mesh and the functional

[ e
I[ﬁ]—/{z—(Jﬁ>qdﬂ,

where J is the determinant of the Jacobian [, controls the uniformity of the mesh.
Here ¢ is a constant greater than unity. A combination of these two functionals is used
in practice to give emphasis to either the mesh isotropy or uniformity. In [28] Cao et al
compare Huang’s method for generating an adaptive mesh with other commonly used

methods such as the Harmonic map method and Winslow’s variable diffusion method.
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2.2.2 Links with Equidistribution

In one dimension we considered various moving mesh equations which were derived from
the equidistribution principle. The equidistribution principle in one-dimension (2.1) can

also be written as the Euler-Lagrange equation for minimising the functional

1[¢] :/Qﬁ (g—fj da. (2.26)

However the multidimensional extension of this minimisation principle in the form (2.26)

is not well defined as it would require that we have

o6

a_X_M<X)7

where M (x) is now an n by n matrix which controls the various properties of the
mapping. This system cannot be solved as it is, since it is over-determined. Therefore

Knupp uses the least-squares principle to determine the mapping in the following way

2

Tie :/ % _ vl a0
o || 0x F
where || - || is the Frobenius norm of the matrix.

Baines in [7] considered a natural generalisation of the one dimensional equidistribution

principle. The equation

Ve (M(n) Ven) =0, (2.27)

where n is a co-ordinate along the direction of the gradient of the solution, Vu, and
¢ = (&,1m), is employed to move the mesh points. This equation for the mesh reduces
to the one dimensional equidistribution principle perpendicular to Vu. Baines also
notes that if n in equation (2.27) is replaced by either x or y the useful mesh adaption

technique
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is obtained. These equations using the arc-length monitor function is used to generate
meshes adapted to given functions using either Dirichlet or Neumann boundary condi-
tions. As with the one-dimensional approach highlighted in [7], the mesh and solution
are solved in an iterative manner and it is found that the resulting mesh does not strictly
equidistribute the monitor function. However, the method is found to cluster points in

regions of large M and therefore produces reasonably convincing meshes.

All the approaches detailed in two dimensions so far have only been described for gen-
erating a single adaptive mesh. However, when time-dependent problems are solved, an
adaptive mesh is required at each time step. There are two main ways of doing this. The
first is to simply use the static mesh generator at each time level and therefore produce
a series of meshes. Unfortunately this is not an efficient procedure in general and often
the mesh can change quite abruptly in time. Therefore, in an attempt to produce a
smoother transition of the mesh in time, Huang and Russell [51, 52] conjecture that one
way to minimise a given functional [ is to follow the steepest descent direction given by

the first derivative of the functional. Thus the gradient flow equations

o 0l
a0
on 0l
a oy

are used since the limit as ¢ — oo is the Euler-Lagrange equations for minimising the
given functional. However in practice these parabolic gradient flow equations are regu-
larised by introducing the relaxation parameter 7 so that the Euler-Lagrange equations
for the functional are satisfied when 7 — 0. These modified gradient flow equations are

given by

¢ POl
ot T o
op Pl
o T on

where P is a preferred direction for the descent. It was highlighted in [52] that when the
functional being minimised is the equidistribution principle given by (2.26), the method

reduces to the one dimensional MMPDE approach. For particular choices of the function
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P MMPDESs 3-6 can be obtained. For example MMPDES5 from the previous section can

be obtained if we choose P = M? (%)_2

With suitable choices of the function P, which is given in terms of the determinants of

the matrices G; and (G5, the multidimensional MMPDESs become

o5 1 oI
ot _T\/ma_g’
on 1 0l
% = rumon

where g1 = |G| and g2 = |Go|. If the functional I is given as (2.22) then the MMPDEs

are given as

e 1 (et
5 = T\@v (G'VE),
o _ __1 V- (G3'Vn). (2.29)

ot T/ 92

In practice it often simpler to solve this MMPDE by interchanging the dependent and
independent variables as was done with Winslow’s method described earlier in this

section. On doing this the PDEs given by (2.29) become

ox X¢ 0 1 1
B e e g o) = 5 6| |

0
an
s {4 o] £ [ ] e

Suitable boundary conditions for this MMPDE are also required to define the co-ordinate
mapping. There are many ways in which the boundary conditions may be prescribed.
Firstly the MMPDE may be supplemented with Dirichlet conditions where the mesh
points on the boundary are held fixed. When all the mesh adaption is occurring inside
the domain this technique can produce satisfactory results. However when the adaption
is occurring at the boundary it is necessary for the mesh points to be allowed to move
along it. Secondly, Neumann boundary conditions could be used, but this type of
condition has been found to be not very robust and can lead to a non-smooth mesh

[46]. Thirdly, a lower dimensional moving mesh equation could be solved along the
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boundary to prescribe the required mesh boundary concentration. So for example, for
the two-dimensional mesh adaption a one-dimensional moving mesh equation could be
solved along the boundary. Several formulations of this boundary equation have been
proposed by Huang [46] and Huang and Russell [53]. One commonly used equation for

the boundary mesh distribution is

0s 1 Os —2 0 0s
&—?(M@ a(”ﬁ)

where M is the matrix G projected on to the boundary of the domain, y is the arc-length

variable and s is the arc-length along the boundary segment.

In [52] Huang and Russell use this MMPDE approach to solve partial differential equa-

tions of the form

Uy = f(t>xay7uuua:7uyaumx7uyy)- (231)

The mesh PDE (2.30) and the physical PDE (2.31) have to be solved either simultane-
ously or alternately. In one dimension moving mesh methods often comprise of updating
the solution and mesh simultaneously; however this process is less straightforward in two
dimensions and therefore Huang and Russell use the Method Of Lines (MOL) approach
of integrating the mesh and solution alternately in time. The procedure for updating

the solution is now illustrated.

1. Given the solution u™ to the PDE, the mesh x™ and the time-step At" at t",

compute the monitor matrices G; = Gy (t",x™,u") and Gy = G (t",x", u").

2. Compute the new mesh x"*! by integrating the MMPDE given by (2.30) forward
in time from ¢t = t" to t = t" + At" using x" as an initial mesh and keeping G

and G% constant in time.

n+1

3. Compute the physical solution u by integrating the physical PDE forward in

time from t = t" to t = t" + At" using

t—t"
Atn

x =x"+ (x" ' —x")
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and

4. Choose At™*! as the next time-step size predicted during the physical PDE inte-

gration.

This solution procedure is then used to generate a mesh around a NACAQ012 airfoil
configuration and also to solve Burgers equation and a model problem in combustion

theory.

Up until now nothing had been said about the choice of the monitor matrices. The use of
a variety of monitor matrices were discussed in [26] by Cao et al for the functional (2.22).
They consider the case when the monitor matrices are identical, i.e. G = G; = G5 and

use an eigendecomposition of G given as

T T
G=MNvv; +Avy0;,

where v; and v, are the normalised eigenvectors corresponding to the eigenvalues A\; and
A2. They find, using this eigendecomposition and a Greens function analysis for elliptic
PDESs, that the eigenvectors and eigenvalues determine the mesh directions and strengths
of the mesh concentration. In particular the mesh concentrates points in regions of the
domain where the eigenvalues change rapidly. Once the eigenvector v; has been suitably
chosen the second eigenvector is normally chosen to be orthogonal to vy, i.e. vy = vi.
The eigenvalues A\; and A\, are then chosen to have variations in the v; and "Uf‘ directions
respectively. In this sense the mesh adaption in the directions of the eigenvectors is
determined by the ratio of the two eigenvalues :\\—; Generally speaking, the smaller this
ratio the larger the adaption in the v; direction. Many solution dependent choices of

the monitor matrix are discussed in [26]; for example one such choice is to have

Vu
vy = W, vy =i, AL =+/1+|Vul?

which will cause mesh adaption where there are large variations in the solution u. A

choice for the second eigenvalue also has to be made. One choice is to let A\; = Ay which

28



will cause G = I, where Iy is a 2 x 2 identity matrix. This choice is equivalent to

using Winslow’s variable diffusion functional with a particular choice of the weighting

function. A second choice is Ay = /\% which will result in the Harmonic map method

[38]. A third choice for the second eigenvalue is Ay = 1 and this makes the monitor
1

matrix G = ([2 + Vu VuT) 2 which can be seen as a multidimensional extension of the

familiar arc-length monitor function.

In [12] Beckett, Mackenzie and Robertson use the monitor matrix

aG=|[1+ i I,
Vi (= x)P 41

for the adaptive solution of Stefan problems, to cluster mesh points around an evolving

phase change interface. Here x, is a point on a phase front which is closest to x, and

and po are constants.

Tang and Tang [88] solve hyperbolic conservation laws in one and two spatial dimensions
using a variational approach to generate the mesh. Their approach, based on work by
Li, Tang and Zhang [62], is to solve the PDE on a static mesh using an existing PDE
solver and then to redistribute the mesh points to obtain a better approximation. The
mesh redistribution is performed iteratively and the solution is interpolated between
meshes using a conservative method. Tang and Tang observe that the mesh equations
(2.30) are more complicated than the Euler-Lagrange equations given by (2.29) and the
solution of these equations requires more computational effort. Therefore they use the

functional of Ceniceros and Hou [31]

1
Iz,y] = 3 / (VCZL‘T Gi Ve + VCyT Go va) d€2.

c

to generate an adaptive mesh where V¢ = (a%v B%)T. Notice that if G = M I, then
the Euler-Lagrange equations for this functional are the same as the equations (2.28)
derived by Baines [7]. Similar monitor functions to those used by Stockie, Mackenzie
and Russell [86] are employed to produce adaptive meshes for the one dimensional Euler

equations. However for two-dimensional calculations the monitor function G = w I5 is

used where
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w:\/1+oz(p§+p%).

Here p is the density of the gas being modelled and « is a constant. It should be noted
that when the domain €2, is non-convex the grid generation technique of Ceniceros and

Hou [31] will not in general be able to produce a suitable mesh in the physical domain.

The method of Tang and Tang [88] is in contrast to Arbitrary Lagrangian-Eulerian
(ALE) methods, where instead of interpolating the solution between adaptive meshes
and then using a standard PDE solver, the PDE is solved in a moving reference frame.
Before describing the ALE method we will firstly introduce the Eulerian and Lagrangian

methods.

2.2.3 Links with Fluid Dynamics

The classical Lagrangian method is a technique for moving the computational mesh in
fluid problems in which the velocity of the nodes is taken to be equal to the actual fluid

velocity being modelled. Therefore we have that the mesh velocity is given by

where v is the velocity of the fluid. This method has many advantages, but unfortunately
has some serious downsides. The Lagrangian method maintains good resolution of
compressions and expansions in the solution and also preserves multi-material interfaces
in the fluid well. However, in higher than one spatial dimension the Lagrangian mesh
can quickly become singular for computations of compressible flow. Meshes become
more and more skewed when vorticity and shear is present in the flow and can become

singular in finite time.

In the Eulerian method the mesh is held fixed in time and the fluid which is being
modelled moves through the mesh. Thus the mesh velocity is taken to be x = 0. Due
to this, Eulerian meshes do not tangle and become singular. But one problem with
numerical solutions calculated on Eulerian meshes is that they suffer from excessive

diffusion, and also material interfaces are hard to maintain.
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The aim of the Arbitrary Lagrangian-Eulerian (ALE) method of Hirt, Amsden and
Cook [45] is to try to combine the best components of the Eulerian and Lagrangian
methods. The main idea behind the ALE methodology is that the mesh movement does
not have to be constrained to be either Eulerian or Lagrangian and that it can be chosen
arbitrarily to improve accuracy and robustness of the solution procedure. Once the mesh
movement has been chosen the partial differential equation is solved in a moving frame

of reference. For example the integral conservation of mass equation

4 de+/ V.pvdQ=0
dt Jou Q(t)

in a general reference frame moving with velocity x becomes

d
— de—l—/ V-p(v—x)dQ=0.
dt Jaw o)

where p is the density of the fluid being solved. ALE methods have been successfully

used to solve a variety of applications.

In ALE simulations the mesh velocity is often constrained to satisfy the Geometric Con-
servation Law (GCL). Thomas and Lombard [91] considered the solution of conservation
laws on moving grids and conjectured that oscillations and instabilities in numerical so-
lutions can occur if geometric quantities, such as cell volumes and edge velocities, are
not approximated in a consistant manner. They argued that the the numerical discreti-
sation of these geometric quantities should satisfy a relevant conservation law and that
this conservation law comes from the consideration that a constant flow field should not
be affected by the motion of the mesh. When a constant flow field is substituted into

the ALE form of a conservation law the condition

d A0 = / V - xdQ
dt Ja )

is obtained. This is called the GCL since it deals purely with the geometric properties
of the spatial region €(t) and is often referred to as the space conservation law [35].
The GCL has been shown to be a necessary but not sufficient condition to ensure good

numerical solutions on dynamically moving meshes [39].
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An interesting method has recently been derived by Cao et al [27] which can be regarded
as a generalisation of the GCL. This method is therefore aptly named the GCL method
and has a close relationship with the Deformation map method which will be described

shortly. The GCL method will be discussed in greater detail in the next chapter.

The deformation map method of Liao and Anderson [64] is a technique for generating an
adaptive numerical mesh which can be used for grid generation or for the adaptive solu-
tion of partial differential equations. The method is based on a theorem in differential
geometry, due to Moser [70] and Dacorogna and Moser [34]. The method is derived from
the study of volume elements of a compact Riemannian manifold to prove existence of
C! diffeomorphisms with specified Jacobian. The mesh velocity is calculated by solving

the equation

% = %Vqﬁ (2.32)

in some spatial domain. Here ¢ is a velocity potential coming from the solution of the

equation

Vip=—"— (2.33)

and M is the usual monitor function. A suitable boundary condition for the problem is

also required and is given as

0

a—z =0, (2.34)
where n is the outward normal to the boundary of the domain. In this method the
monitor function may be chosen so as to control the Jacobian of the transformation. In
[82, 67] the monitor function is chosen by defining a distance function d which measures
the distance to some feature of the numerical solution. The monitor function is then
explicitly given as a function of d. One drawback to this technique for choosing the

monitor function is that some sort of a priori knowledge of the solution is required.

This technique for defining the monitor function has more recently been used by Liao et
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al [65] in conjunction with a technique based on level-sets [83] for the solution of Stefan

problems.

In [66] the steady Euler equations were solved using a monitor function designed for the
solution of steady state equations. This is done by defining a monitor function M (x)
which is dependent only on the spatial variable and targets how the mesh should be
distributed at steady state. A pseudo-time-dependent monitor function is then given in

terms of the spatially dependent monitor function M (x) by

M(x,t) = (1—1t)+tM(x)

for 0 < t < 1. The moving mesh equations are then integrated forward in pseudo-time
until ¢ = 1 to give the steady state mesh. The spatial dependent monitor function in

[66] was defined to be

M(x) =1+ |Vp|

where p is the pressure of the gas being modelled.

2.2.4 Moving Finite Elements

Another velocity-based method is that of Moving Finite Elements (MFE) which was
developed by Miller and Miller [69, 68]. The MFE method was originally used to ap-

proximate solutions of time-dependent partial differential equations of the form

w = Lu

which had steep moving fronts. The main concept behind MFE was to minimise the
Lo-norm of the residual of the differential form of the moving PDE (2.11). This can be

written in the form

D : 2
n / (—U ~X-VU — EU) wdQ, (2.35)
Q

mi
DU Dt

’ Dt
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where w is a weight function and U and X are linear finite element approximations given

as

U:Zijj X:ZX]U)J
J J

and here w; are the standard nodal finite element basis functions. In the original version
of MFE the weight function in (2.35) was taken to be w = 1. However this weight

function may also be chosen to be solution dependent, so it may depend on the solution

1
(1+|VU]2) "

This choice of the weight function leads to Gradient Weighted Moving Finite Elements

u and or its derivatives. One common choice for the weight function is w =

(GWMFE) [29, 30]. The MFE minimisation is done by deriving the normal equations

D )
/(—U—X-VU—L’U) wdQ = 0 (2.36)
q \ Dt
DU .
/(——X-VU—EU) VUwdQ2 =0 (2.37)
q \ Dt
for the minimisation over % and X respectively. It is easily seen that these are in

fact weak forms of the PDE being solved. In certain circumstances the mesh velocity
obtained from the MFE method can be shown to be approximately Lagrangian [6]. The
main feature of the MFE method is that the movement of the mesh tries to minimise the
weighted Lo-norm of the residual of the discrete PDE being solved. One of the problems
with the MFE method is that the matrices which are obtained from (2.36) and (2.37)
can become singular. Therefore for some problems careful regularisation of the method
is required to obtain satisfactory results. This regularisation process normally consists
of adding penalty terms onto the residual norm, and therefore the normal equations, to

prevent them becoming singular.

For most problems the techniques described so far in this chapter can lead to good
results for the numerical solution to partial differential equations on adaptively moving
meshes. However, for some problems unless extra care is taken these methods can lead

to poor results and often spurious solutions [23]. Therefore there has been recent interest
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in geometric methods which are designed to inherit some or all of the structure of the

system being solved.

2.3 Geometric Integration

The aim of geometric integration is to devise discrete approximations to continuous
systems of differential equations which preserve key features of the system. An excellent

review article discussing geometric integration and its applications can be found in [25].

There has been a lot of research interest in the use of moving mesh methods for the
solution of partial differential equations which exhibit scale invariant behaviour and
self-similar solutions. One particular PDE which has been solved using this type of
geometric integration approach is the Porous Medium Equation (PME). In [21] Budd
and Collins construct a moving mesh discretisation of the PME. The aim of the work
is to produce discrete solutions to the PME which have the same asymptotic behaviour
as solutions to the underlying continuous problem. This is done by ensuring that the
numerical scheme inherits the properties of the continuous equation. In particular the
scheme is derived to have the same conservation properties and also the same invariants.
In their method the PME is semi-discretised using a finite difference MOL technique
and then the computational mesh is moved to preserve discrete conservation of mass
in the numerical solution. The resulting discrete system is then shown to have discrete
invariants which are analogous to the invariants in the continuous problem. They are
also able to show that the discretisation error is independent of time, which is in contrast
to non-invariant moving mesh techniques for which the errors will grow as the spatial
domain expands and the spatial step size increases. The PME is again considered in
[22] by Budd et al. The notion of scale invariance and self-similar solutions will be

introduced later in chapter 4 with specific reference to the porous medium equation.

The PME is also solved by Budd and Piggott [24, 25] again using a moving mesh
technique. They argue that the monitor function used in the moving mesh equation
MMPDEG6 should be in some sense scale invariant when applied to PDEs exhibiting

scale invariant behaviour. Therefore they use the so called mass monitor function
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M = .

This monitor function also ensures that the mesh moves to discretely conserve the mass

of the solution.

Budd, Huang and Russell in [23, 25] consider the adaptive solution of PDEs of the form

Up = Upy + f (u), (2.38)

with particular reference to the cases when f (u) = u? where p > 1 is a parameter and
f(u) = e*. It can be shown that when the initial condition ug(x) for these problems
is “sufficiently large” the solution to the PDE can blow-up in finite time. This type of
behaviour can be hard to approximate using traditional fixed grid methods since when
the spatial size of the singularity decreases to below the size of the fixed spatial step
size the accuracy will deteriorate significantly and in certain circumstances the blow-up
feature of the solution may be completely missed by the method. Budd et al construct

a moving mesh method using MMPDE6 with the monitor function

M (u) = uP™?

for the case when f (u) = w?. This monitor function is chosen because it makes the
mesh equation scale invariant to the scale inherent in the underlying continuous prob-
lem. By using a moving mesh method for the solution of blow-up problems Budd et al
cluster mesh points inside the blow-up region and hence capture this type of phenomena

accurately.

Budd et al in [20, 25] apply similar techniques used for the blow-up problem to the
solution of the non-linear Schrodinger equation. The non-linear Schrodinger equation is

given as

Ou

5+ V2u + u*u = 0.

0
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This equation was solved using a moving mesh method in radial co-ordinates using

scale invariant techniques to define a suitable monitor function. They consider the scale

invariant monitor functions M = |u|? and M = /alu|* + B|u,|? where r is the radial
co-ordinate and « and 3 are constants. The mesh was then moved using MMPDEG. The
blow-up problem for the non-linear Schodinger equation is considered and the moving

mesh calculations are found to give accurate predictions of the blow-up region.

In [13] Blake used geometric techniques to solve a variety of parabolic partial differential
equations. The moving mesh method used is primarily constructed for the solution of the
PME to produce a method which conserves the mass of the solution locally in a discrete
sense. The moving mesh equation is discretised using a finite difference method and
integrated forward in time using a Backward Differentiation Formula (BDF) method.
The first monitor function that was used was the mass monitor M = u due to the scale
invariance of this monitor. This monitor function was found to produce good results for
the PME when the solution gradient was not too large. However, the method is found
to give insufficient resolution of steep moving fronts, therefore the monitor function was
altered in an attempt to increase the accuracy of the method. The gradient monitor

function

M = |u,|

was chosen and led to a more accurate solution. The moving mesh method was also

coupled with an h-refinement method.

Until now all of the techniques described so far, for solving PDEs with scale invariant
properties, have only been solved in one spatial dimension. In Blake [13] the solution of
the PME is considered in more than one spatial dimension. However the moving mesh
equation was found to be a under-determined system in higher spatial dimensions and
the solution technique was ill-conditioned. Therefore the method gave limited success in
multi-dimensions. Blake [13, 14] also sucessfully considered the blow-up equation (2.38)

and a parabolic semi-conductor problem in one-dimension.

A variety of techniques have been illustrated in this chapter for the solution of par-

tial differential equations in both one and two spatial dimensions. Many of the ideas
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introduced will be used in the following chapters for the adaptive solution of PDEs.
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Chapter 3

A Moving Mesh Method

In this chapter, following Baines, Hubbard and Jimack [8, 9], we will present a novel
moving mesh method for the adaptive solution of partial differential equations. The
method is based on many of the ideas that have been presented in the previous chapter
and in particular the concept of a monitor function. In this chapter we will follow
the development of the method defined by an initial so-called conservation-of-monitor-
function principle. The method will be derived in a general framework, that is in multiple
spatial dimensions and for any given monitor function. From this initial conservation
principle we will construct a method in which the velocities of the computational nodes
in the mesh are sought and from these velocities we will be able to generate a new mesh

by using a simple time-stepping algorithm.

The link between the method derived here and the deformation map method of Liao
and Anderson [64] will be highlighted in this chapter and also the relationship with the

Geometric Conservation Law [91] will be illustrated.

Specific examples of the moving mesh method will follow in subsequent chapters for
parabolic and hyperbolic partial differential equations and for two different monitor

functions.

3.1 A Conservation Principle

We begin by introducing a monitor function which is taken to be positive definite (M >
0). This function will be dependent on the problem that we are solving, but in general

will depend on the temporal variable ¢, the spatial variables x and the solution of the
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partial differential equation v and its partial derivatives with respect to x. Therefore a

general form of the monitor function in multiple spatial dimensions is taken to be

M = M(t, X, u, Uy, Uy, ... ).

As stated before, the monitor function reflects the difficulty in approximating the so-
lution to the underlying partial differential equation being solved and in particular is

often designed to resolve key features of the solution.

The movement of a control volume €(¢) is now defined to satisfy the conservation-of-

monitor-function principle

/ M dQ) = constant in time. (3.1)
Q(t)

The conservation principle (3.1) states that the total integral of the monitor function
should be equal to a constant for all time, as a result of which the monitor function

induces a motion on the control volume such that (3.1) holds.

In general there may not be a motion such that the integral of a general monitor function
will satisfy (3.1) since (3.1) may be inconsistent with the solution of the problem being
solved. Therefore, so as to not restrict our choice of the monitor we need to be able to
modify a given monitor so that (3.1) is true. Hence we shall scale the given monitor

function in such a manner that (3.1) always holds for a modified monitor function M.

There are two ways of generating this scaled monitor function M. Firstly we can use a

normalisation process so that the new transformed monitor function is given by

M
M = 555

where

ww:Lmel (3.2)
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(cf. equidistribution (2.1)). We then have that

/ MdQ = / M dQ =1
Q) o 0(1)

which is certainly constant in time, for any problem. However, it is then necessary to

solve an extra equation for 6 (¢).

Alternatively, we may have some a priori information about how certain key quantities,
such as the solution, scale in a given problem and from this we may be able to scale the
monitor function M so that (3.1) holds. One possible source of this information comes
from scale invariance arguments in geometric integration and it is this approach that
will be used in the solution of the porous medium equation in the next chapter. For

now we will assume that the monitor function M satisfies (3.1).

We now wish to generate nodal velocities for the moving mesh method defined by the
conservation principle given by (3.1). This can be done by requiring the computational
nodes to move in such a manner as to satisfy the conservation principle in each com-
putational cell. Since the conservation principle contains no explicit information about
how the control volume €(¢) is moving, we differentiate (3.1) with respect to time to

extract this information, giving

d
—/ MdQ = 0. (3.3)

Equation (3.3) can be seen as a Lagrangian form of a conservation law for some fluid in
which the integral of the monitor function M (density) is conserved. We now transform
(3.3) to an Eulerian form which explicitly contains the velocity using the Reymnolds

Transport Theorem [72]. If M is a differentiable scalar field we have that

M
E / MdAQ = / (9_ dQ + Mx-dI'
dt Jaw a@ Ot 20

holds, where X is the velocity of the moving frame of reference Q(t). Equations (3.3)

and (3.4) can be interpreted as forms of conservation law for a pseudo-fluid which has
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the monitor function as its pseudo-density function and is moving with pseudo-velocity

%. Since €(t) is arbitrary we have the strong form of (3.4) given as

oM .

The term %—Af in (3.4) can be written in terms of the partial differential equation that

we are solving. For example, if we are solving the PDE given by u; = Lu and M is a

function of both v and Vu then

a_M_(aM aM_>au <BM oM

ot \ouw "ove V) o \ow Tava

-V) Lu (3.6)
and is therefore a known function of the space variables. Therefore, for a given M, the
only unknown function in equation (3.4) or (3.5) is the velocity field X and it is this
function that will eventually become the mesh velocity. We also note that the term %—At/[
and hence the right hand side of (3.6) can be regarded as the “source” of the velocity

field x.

Now, given the monitor function M the aim is to solve equation (3.4) numerically
for the velocity field x of the pseudo fluid. This equation was solved in one spatial
dimension by Blake in [13] using finite differences for a variety of applications and in
particular the porous medium equation, but the approach was found to be ill-conditioned
when the number of spatial dimensions was higher than one. This is due to the fact
that equation (3.4) is insufficient to determine the velocity field x uniquely, as it only
stipulates the divergence of the vector field. Therefore this equation is not well-posed
for x in spatial dimensions higher than one, so we need some other condition for the
solution to be unique. In this work we have followed Cao, Huang and Russell [27] in
using the Helmholtz Decomposition Theorem to prescribe the curl of the vector field to

obtain a unique solution. Therefore we will impose the condition that

Vx(wx)=Vx(wq), (3.7)

where q is some given vector field and w is a weight function which introduces extra

control on the vector field X. Thus we have prescribed the velocity field x to have similar
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rotational properties as the prescribed vector field q. Equation (3.7) can be rearranged

to give

V x (w(x—q))=0. (3.8)

Since the curl in (3.8) is equal to zero there exists a differentiable scalar field ¢ (velocity

potential) such that

w (%X —q) = Vo,

1.e.

X=q+ %qu. (3.9)

Then substituting equation (3.9) into equation (3.5) gives an elliptic equation for the

velocity potential ¢,

V- <%v¢) = —%—]\f — V- (Mq) (3.10)

A boundary condition is also required for the velocity potential ¢. Therefore, either ¢

or g—z will need to be given on the boundary of the region (t), where n is measured

along the outward normal coordinate to the boundary of the domain.

There are a variety of boundary conditions that may be given for ¢, but perhaps the
most obvious one is to require that the velocity x has no component in the outward
normal direction to the boundary of (¢) and hence none of the pseudo-fluid leaves the

(moving) domain. This can be written as

x-n=20

on the boundary 02, where n is the unit outward normal, which through using (3.9)

gives the condition on ¢ that
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— =—wq-n (3.11)

An alternative approach can be obtained if instead of seeking the velocity potential ¢
of the velocity field x the streamlines of the velocity field are sought. In certain circum-
stances the stream function for the velocity field x, denoted by v, may be obtained. For

example, consider the case when we are solving a PDE in conservative form given as

w=V-F (3.12)

and using the moving mesh method with the monitor function taken to be M = u. Then

the strong form (3.5) of the velocity equation becomes

We can substitute the PDE we are solving, given by (3.12), into this equation to obtain

V- (ux+F)=0.

Then a stream function ¢ (in two spatial dimensions) exists such that

g (00
ux—l—F—( ay’3x>'

This equation for the velocity field x can be substituted into the curl condition (3.7) to

obtain

w oY oY w B
o (2 () ) kv

where k is a unit vector in the direction perpendicular to the plane. The equation can

be manipulated to give an elliptic equation for the stream function v given as

v-(%w) —k-V x (%F+wq>. (3.13)
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A boundary condition is also required on the stream function v and can easily be
obtained in a similar way as for the velocity potential. Although this streamline formu-
lation will not be used in this thesis it represents another useful way of obtaining the
mesh velocity in two spatial dimensions. Note that the monitor function appears in the

denominator in (3.13).

We have now derived an equation, given by (3.10), for the pseudo-fluid velocity potential
from the conservation principle (3.1) and it is this equation that we will use to create
a moving mesh method. The pseudo-fluid velocity x will eventually become our mesh
velocity which can be used to generate an adaptive mesh. So we need a numerical method
to solve equation (3.10) and a way of recovering the velocity x. Blake in [13] used a
finite difference/finite volume discretisation of (3.4) to obtain a discrete approximation
to the velocity field x which gave good results in one dimension. However, in two spatial
dimensions the matrix systems resulting from the discretisations were found to be non-
square and difficult to solve accurately without introducing instabilities. Therefore in
this work we use a finite element discretisation of equation (3.10) as this will lead to

well-behaved square matrix systems via assembly procedures.

However, to be able to apply a finite element formulation of the problem we will need
to derive weak forms of the equations (3.1), (3.9) and (3.10) and this will be done in

the following section.

3.2 Weak Formulations

We now want to derive weak formulations of the equations in section 3.1, as eventu-
ally finite elements will be used to solve these equations to obtain a moving numerical

method. A weak form of the conservation principle (3.1) is introduced by definition as

/ w M dS2 = constant in time, (3.14)
Q(t)

where w is a test function which is continuous and once differentiable. (It is assumed
that M is suitably normalised to allow (3.14) to hold.) Following the same procedure as
in the previous section we differentiate (3.14) with respect to time to extract information

about how the control volume €2(¢) is moving, thus we have that
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4 w M dQ) = 0.

Again we can use the Reynolds Transport Theorem to change from a Lagrangian de-

scription to an Eulerian one. In this way we obtain the equation (cf. (3.4))

/Q(t) (% (wM)+v.(wa)) dQ = 0.

The test function w now sits inside the partial differentials in the above equation, but

we can use the product rule of differentiation to produce

/Q(t) [w (%—Af V. (MX)) M (%_‘; +>‘<~vw>] 4 — 0. (315)

Now, assuming that the test function w is moving with the control volume §(¢) and

therefore travelling with velocity x, the test function will satisfy the advection equation

— =" +% -Vw=0. (3.16)

Using (3.16) in equation (3.15) we obtain the weak form of equation (3.4) as

/ w(a—M+v-(Mx>) a0 = 0.

We can also use the curl condition (3.9) that was derived in the previous section to

finally obtain the weak form analogue of equation (3.10),

/ wV - <%V¢> dQ = —/ w <8—M +V- (Mq)) dqQ. (3.17)
Q(t) w Q(t) ot

We shall also require a weak way of recovering the velocity x from the velocity potential
¢ and the velocity field q in (3.9). We choose to do this by enforcing the condition (3.9)

in the obvious weak sense (equivalent to a least squares minimisation)

1
/ wx d§) :/ w (q+—ng) dQ. (3.18)
Q(t) Q(t) w
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Ti— Z; Ti+1

Figure 3.1: Linear finite element basis functions in 1D (left) and in 2D (right).

Now we have the weak forms (3.14), (3.17) and (3.18) of our proposed moving mesh
method and we are able to introduce finite element discretisations of these equations to
obtain a working numerical method. This discretisation procedure will be described in

the following section.

3.3 Finite Element Approximations

Now that we have weak forms of equations (3.1), (3.10) and (3.9) given by (3.14), (3.17)
and (3.18) respectively we are able to solve them using a finite element discretisation.
We introduce finite element basis functions w; for © = 1,..., N which in this work will
be defined to be either linear hat functions defined on intervals in one dimension or
linear pyramid functions defined on triangular cells in two dimensions, both forming a

partition of unity, that is

N

i=1

Typical basis functions are shown in figure 3.1.

We also introduce finite element approximations to the variables X, ¢ and u, given as

X, ® and U, respectively. These approximations are taken to be

N
X = ZX] wj
7j=1
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N
=) du (3.19)
j=1

N
U= Zijj
j=1

where Xj, ®; and U; are the coefficients corresponding to the same basis function w;.
Thus substituting these approximations into the weak form of the distributed conser-
vation of monitor function equation (3.14) and letting the test function w ~ w; we

obtain

Qi ()

where 6; is a constant defined by (3.20) and is determined by the initial mesh and
solution. Notice that since the basis functions are non-zero on a patch of computational

cells, denoted by Q;(t), we need only integrate over this patch.

After introducing the same approximations and integrating by parts, the velocity po-

tential equation (3.17) becomes

o0,y @ On Qi(t) w Q;(t) ot

(3.21)
where 09;(t) is the boundary of the patch of computational cells Q;(¢). (For internal
nodes the line integral vanishes.) The approximations given by (3.19) can now be

substituted into the right hand side of this equation to give

N

M ; M
: o) @ On Qu(t) w

J=1

The discretisation of (3.21) then leads to the matrix system
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where the entries of K are given by

M ; M
(1) @ On Qi(t) w

and

fi:_/ wj (a—M—l-V-(Mq)) dQ.
Qi(t) ot

Here K is a weighted finite element stiffness matrix. The equation (3.18) for the velocity

becomes

/ w; X dQ = w; (q+ iw) dQ
(%) Qi (t) w

and leads to the matrix system

AX =b (3.22)

where

and

1
b :/ w; (q+—V(I>) 0
Q;(t) w

Here A is the standard finite element mass matrix. Once the velocity of the mesh X
has been obtained the mesh can be advanced forward in time by using any particular

time-stepping scheme. The system of equations for X has the form

X = F(X)

and is a set of n ordinary differential equations. In this work this system will be solved

with the forward Euler time-stepping method, which has the form
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For certain applications the conservation-of-monitor-function principle (3.20) can be
used to recover the solution U to the PDE that we are solving on the moving mesh.

However this will be highlighted later for specific examples.

In the following chapters we will solve these equations using a variety of monitor func-
tions and for different PDEs. However before we do so we will highlight some of the
properties of the moving mesh method that has been derived and also illustrate the close

connection of the method with the Deformation map method of Anderson and Liao.

3.4 Relationship with the Geometric Conservation
Law

The geometric conservation law (GCL) was briefly introduced in chapter 2 in the context
of moving meshes. The integral form of the Geometric Conservation Law (GCL) [91] of

fluid dynamics, often referred to as the space conservation law [35], was given as

4 dQ:/ V - xdQ (3.23)
dt Jog) (1)

and states that when considering a constant flow field the only change in the volume
of the region (¢) should be due to the movement of its boundary. The GCL is easily
derived from the Arbitrary-Lagrangian-Eulerian (ALE) form of the conservation of mass

equation given by

d

— de:—/ V.p(v—x)dQ. (3.24)
dt Ja ()

It is straightforward to see that if a constant flow field is considered, that is, the density
(p) and velocity (v) of the fluid are constant, then the conservation of mass equation

(3.24) reduces to the GCL given by (3.23).
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When ALE numerical methods are used to solve problems on a dynamic mesh, which
may be moving and deforming, it is useful to have the GCL as a constraint on the
discretisation of geometric variables (such as cell volumes and edge velocities), although
more recently Boffi and Gastaldi [15] have shown that the GCL is neither necessary or
sufficient to guarantee stability of space-time ALE discretisations. They study the finite
element approximation of the ALE form of a parabolic problem in a two-dimensional
deforming domain and analyse the accuracy and stability of the approximation under
several time marching schemes. The concept behind the GCL is that any ALE numerical
scheme should preserve the trivial solution of a constant flow field under the motion of

the mesh.

In [27] Cao, Huang and Russell derive a moving mesh method based on the geometric
conservation law and is hence referred to as the GCL method. The GCL method and
the method derived in the previous section are very similar, although they are derived

in a very different manner.

To illustrate the connection between the geometric conservation law and the GCL
method of Cao et al [27] we will now derive the GCL method. Consider the Jaco-
bian determinant, J, of the transformation which takes the computational/static frame
of reference ). with co-ordinates (£,t) into the moving frame Q(t) with co-ordinates

(x,t). This transformation can be shown as the mapping

Q:.(€,1) — Q1) (x,1),

where the Jacobian determinant is explicitly given by

LS

7= lox

The integral form of the GCL can now be transformed into the static frame of reference

Q.. Therefore the left hand side of (3.23) becomes

—1
g dQ = g/ J_ldQC:/ dJ de2.
dt Jaw dt Jg. o, dt
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where % = % + x - V, while the right hand side becomes

V-XdQ:/ (V%) J 1 dQ..
Q(t) c

Therefore the GCL written in the static frame of reference 2. becomes

dJ! N o1
A0, = [ (V%) J " dQ.. (3.25)
0. dt Q.

The GCL is sometimes written in the strong form as

1 dJ!
— =V x 3.26
JERF TR (3.26)
Since the relationship
a1
a2 dt

holds, the GCL (3.25) can finally be written in physical co-ordinates as

/ ! (a—‘] LV (Jx)) do = 0.
o\t

If the Jacobian determinant of the transformation from the background to physical co-
ordinate is now chosen to be the monitor function M then the above equation is the same
as equation (3.4) derived in the previous section, although the integrand is now weighted
by the inverse of the Jacobian determinant. Conversely, if the transformation has a
Jacobian equal to the monitor function M, then we have that the GCL is automatically
satisfied. Also, provided that the Jacobian determinant comes from a non-singular co-
ordinate transformation that is never zero we can use the differential form of the GCL

method which is given as

oJ )
E‘FV'(JX)—O.

(cf. (3.26)). This derivation of the GCL method differs slightly from the derivation used
in [27] since in their derivation they consider the inverse of the co-ordinate transforma-

tion used here. Cao, Huang and Russell also highlight the closeness of this method to
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the deformation map method of Liao and Anderson [64], which was described in chapter

2 and is now reviewed here.

3.5 Relation to the Deformation Map Method

It can easily be seen that when we take w = M and q = 0 in equations (3.9), (3.10)

and (3.11) we obtain the mesh velocity equation

where the velocity potential is given by

oM

2 _
Vo= ot

and is subject to the boundary condition

o¢ _

8n_0'

These equations are the same as the deformation map equations given by (2.32), (2.33)
and (2.34) in chapter 2. It is possible to show that the choice of @ and q to produce
the deformation map method are probably not the best. This is due to the fact that the
deformation map method will not produce an irrotational mesh in general and therefore
meshes generated by this method may become highly skewed. This can be shown simply
by considering the curl condition (3.7) with the choices w = M and q = 0. Then we
find that

V x (Mx)=0,

which upon rearrangement implies that

1
Vxx=-—VM x x.
M
Therefore the mesh velocity x is not irrotational in general.
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3.6 Summary

In this chapter we have derived a moving mesh method based on the use of monitor
functions. Based on the previous experience of others we have decided to solve the
resulting moving mesh equation with finite elements. Therefore we have derived weak
forms of the moving mesh equations and then considered the matrix forms arising from
a finite element discretisation of these equations. The connection of the method with
both the Geometric Conservation Law and the Deformation Map method has also been
highlighted in this chapter. In the next chapter we will consider the use of this method

for the solution of the porous medium equation.
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Chapter 4

The Porous Medium Equation

4.1 Introduction

We will begin this chapter by introducing the porous medium equation (PME) and
go on to establish some of its properties. The PME is a non-linear partial differential
equation which is of parabolic type and arises primarily in the study of ideal gas flowing
through a porous medium. It also arises naturally as a model for many other physical
phenomena such as the swarming of various insect species [73], the spreading of thin

liquids under gravity [19] and radiative heat transfer [11, 56].

In multi-dimensions the porous medium equation is given as

u =V - (u"Vu), (4.1)

where u = u(x, t) is a scalar function depending on the spatial and temporal variables x

and ¢, respectively and m is a constant, which is usually taken to be a positive integer.

The porous medium equation may be derived from considering the diffusion of gas
through a porous medium under the action of Darcy’s law relating the velocity to the
pressure gradient. The flow of the gas is characterised in terms of the variables density
(u), pressure (p) and velocity (v). It is assumed that the gas obeys the conservation of

mass equation given by

pur+ V- (uv) =0, (4.2)
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where p is the constant porosity of the medium, and Darcy’s law which is given as

uv =—rVp. (4.3)

Darcy’s law is an empirical law for the dynamics of the flow through a porous medium.
Here p is the viscosity of the gas and « is the permeability of the medium, both assumed
to be constant. The gas is also assumed to be ideal, so the pressure is related to the

density by

p=pou’, (4.4)

where pg is the reference pressure and ~ is the ratio of specific heats for the gas. If

equations (4.3) and (4.4) are substituted into equation (4.2) the equation

ur =cV - (u"Vu),

is obtained, where c¢ is a constant given as

KPo7Y

[p

The constant ¢ can be scaled out of the problem and if this is done and m is taken to

be equal to v then we obtain the PME (4.1).

There has been an extensive study of the analytical properties of the PME, most of
which can be found in [4, 55, 95]. Given an initial condition u(x,0), solutions to the
PME conserve two important quantities, namely, mass and centre of mass. Given a
solution to the PME which satisfies the conditions that both v — 0 and ©"Vu — 0 as

X — 00, the total mass of the solution satisfies

d
T udQ:/utdQ:/V-(umVu)dQ:]{umVu-dl"HO as x — o0o. (4.5)

Thus the PME conserves mass. Similarly, if the centre of mass is given by
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i—/xudQ

then

%/xudﬁ = /xutdQ:/XV-(umVu) dq.
m 1 m
= %xu Vu~dI‘—m7+1/(V‘X)V(u 1) dQ

1
= ]{xumVu-dI‘——V-xf(umH) dI - 0 asx— oo.

m+1

Thus the PME also conserves the centre of mass of a given solution.

Special solutions to the PME which conserve both mass and centre of mass arise from
the study of scale invariance and are referred to as similarity solutions. In the next
section we will define scale invariance and how, from this, similarity solutions to the

PME can be constructed.

4.2 Scale Invariance and Similarity Solutions

Scale invariance can be described as follows. Given the set of variables (u,x,t) which
satisfy the PDE under consideration, introduce a mapping to a new system (i, %, t)

given by the scaling transformation

0— \u, *x—Mx t— M\t (4.6)

where o and [ are exponents to be found and the constant A\ is arbitrary. Then the
system is said to be scale invariant if the mapping from (u,x,t) to (@,%, ) leaves the

PDE unchanged.

We will now seek the transformation of the form (4.6) which leaves the PME, in radial

co-ordinates, given as

— (rd’l u™ “T)r , (4.7)



where 7 is the radial co-ordinate and d is the number of spatial dimensions, invariant.
Carrying out a change of variables of the form (4.6) the radial porous medium equation

(4.7) becomes

)\l—a ﬂf _ )\Qﬂ—(m+l)a .

p (P ram ay)

Therefore the radial PME will be scale invariant under the transformation (u,r,t) —

(i1, 7,t) provided that

l—a=28—(m+1)a,

or

ma—20+1=0 (4.8)

holds. We shall also require that the conservation of mass principle should hold in the
transformed co-ordinates. The conservation of mass principle in radial co-ordinates in

d dimensions is given by

o
/ ur®tdr = constant Vt.
0

Substituting the change of variables into the above conservation principle we find that

(o0}
)\o‘dﬂ/ 741 df = constant Vit
0

provided that

a+dB=0. (4.9)

Therefore using the algebraic equations (4.8) and (4.9) we find that the radial porous

medium equation and its conservation property are invariant under the transformation

04— Nu, 7—Nr t— M\t (4.10)
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if

1
dm+2°

a=— d and (=

dm+2 (4.11)

We notice that the conservation of centre of mass property is not scale invariant under

these scalings, however.

We now describe self-similar solutions to the PME. Any solution of the PME must also
be invariant under the transformation given by (4.10) and (4.11), and will therefore

satisfy

u(r,t) = X u(\°r, \t). (4.12)

To find the self-similar solutions which satisfy (4.12) we look for co-ordinates which are
invariant, and from the scale invariance arguments it can be seen that there are two of

these quantities in our problem, which are

U r
=— and z=—.
! te o

Therefore for self-similarity we seek a solution of the radial PME of the form

015

Substituting this expression into (4.7) we obtain a second order ordinary differential
equation for f which can be solved by using techniques found in [11] and yields the set

of self-similarity solutions

1 NE
U(T, t) _ ()4 (1 - (To )\(t)) ) if ’7”’ <70 A(t)a (413)
0 if |r] > ro A(t),

where

Pk +2+1 ; AN
T(C)l = Q (m 2 ) to mr() and >\(t> = (—> .
+
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Figure 4.1: Figure depicting the radial similarity solution given by (4.13) in one spatial

dimension (d = 1) at three different times t1 < ty < t3 with m = 4.

Here () denotes the total mass of the solution and I' is the usual gamma function defined

to be

[(x) :/ t" e tdt.
0

This similarity solution was originally found by Barenblatt [10] and Zel’dovich and
Kompaneets [103] and was subsequently found by Pattle [75]. It is often referred to as
the Barenblatt solution or the source-type solution, because as t — 0 the solution tends
towards a delta function with mass (). The similarity solution can be seen at three

different time instances in figure 4.1 for d = 1 and m = 4.

There are certain key properties of this solution. Firstly, the similarity solution has
compact support in space and this compact support grows with time. Due to this the
solution has a moving boundary which has a finite speed of propagation. The speed
of the moving boundary can be found easily by considering the conservation of mass

principle in radial coordinates

d ro A(t)
—/ wrttdr = 0. (4.14)
0



Differentiating, (4.14) becomes

T0 )\(t)
/ [ut ri=t 4 (u rd=1 f)T] dr =20
0

and using the radial PME (4.7) we obtain

0 )\(t)
/ [(rd’l u™ ur)r + (u rdflf“)?q] dr = 0.
0

This equation can be integrated to give

7o A(t) _

; 0.

[rd_l u™ U, +u rd=t 7’"]

Now using the conditions that u, = 0 and 7 = 0 at » = 0 we obtain

u'™ U,

=0,

+ur
f TQ)\(t)

0 )\(t)

which upon using a limiting procedure (since u = 0 at r = ¢ A(t)) gives an explicit

expression for the speed of the moving boundary 7, given by

rr= —U U .
f "o A1)

The second property of the solution to notice is that the solution gradient w, is not
continuous at the moving boundary and therefore u does not explicitly satisfy the radial
porous medium equation (4.7), i.e. it is not a classical solution. Therefore the solution
is seen to satisfy the PME in some generalised sense and in fact only satisfies it in a
weak sense. The similarity solution is said to be a weak solution to the porous medium

equation.

The set of similarity solutions (4.13) will help us in our numerical work by allowing
us to compare our numerical results with an exact solution, and the scale invariance

properties obtained will also be used to derive a scale invariant numerical method.

Another property of similarity solutions in general is that they are global attractors for

other general solutions of the given PDE. So if we take an arbitrary solution v of the
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PME which has a given mass and centre of mass, then the similarity solution v which
has the same mass and centre of mass as v will be a global attractor for v in the sense

that

thdJr2||u—v||L2 —0 as t— o0.

The details of this proof can be found in [4, 95]. This attraction property of similarity
solutions allows us to determine the long time asymptotic behaviour of a solution. So
although we may not know what the analytic solution to the PME will be for a general
given initial condition, we will be able to say something about the long time behaviour
of that solution. We would therefore also like any numerical method used to solve this
equation to have the property that the numerical solution tends towards the correct

similarity solution.

The scale invariance property has been used by Budd et al [21, 22] as the driving force
behind the construction of numerical methods. Budd states that by the principles of
geometric integration any numerical method should accurately reproduce the qualitative
dynamics of the PDE it is solving and therefore it will only be likely to do this if it is
constructed in such a way that it has discrete features which are analogous to the
continuous PDE being solved. By constructing a numerical method in this manner it is

hoped that it would be less likely to generate spurious solutions.

In particular, if the partial differential equation being solved has inherent scales then
any numerical method should also respect them. In this way, if a numerical mesh is
fixed in time it will be imposing an artificially fixed spatial structure on the problem
and therefore have no hope of obtaining the dynamics of the continuous problem in the
numerical discretisation. Thus it will be advantageous to have a mesh which respects
the length scales in the problem and one way to do this is to use an adaptive mesh which

moves to preserve the spatial length scales.

In the next section we consider the application of the moving mesh method derived in

chapter 3 to the solution of the porous medium equation.
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4.3 A Mass Conserving Monitor Function

We now consider the numerical solution of the porous medium equation in one spatial
dimension (d = 1) and solve it using the moving mesh method that was derived in
chapter 3. The aim will be to derive a method which produces numerical solutions
which have the same asymptotic behaviour as the continuous solutions. We hope that
this can be done by constructing a scheme which has the same conservation and scaling

properties as the PME.

The method outlined in chapter 3 gave us three equations, which were the conservation
principle (3.1), the velocity potential equation (3.10) and the velocity recovery equation
(3.9). Weak forms of these equations were also derived, given by (3.14), (3.17) and
(3.18). Therefore in one dimension the distributed conservation of monitor function

principle (3.14) becomes

Tiy1(t)
.’L'i_l(t)

and the mesh velocity potential equation (3.17) is given as

zit1(t) ziy1(t) M
/ w; 9 (M%> dor = —/ w; oM dz (4.16)
wi_1(t) 8x 8x zi_1(t) 875

fori=1,...,N—1.

We now need to chose a suitable monitor function for our problem. The initial choice
will be M = u which is motivated by the fact that the mass of the solution to the PME
is conserved for all time and also by the fact that (4.15) is then scale invariant. This
monitor function is also used in the work of Budd [24] and Blake [13]. From this monitor

function we hope to develop a method which conserves mass in a discrete manner.

Therefore, with this choice of monitor function the equation (4.15) becomes for interior

nodes

zit1(t)
Iifl(t)
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where 6; is determined by the initial mesh and solution. If we now expand the finite

element approximation U in terms of the basis functions w; we obtain the matrix system

AX)U =9, (4.17)

where A is the usual finite element mass matrix with entries given by

Tiy1(t)
Aij = / wW; Wy dz.
l‘ifl(t)

We have also enforced the boundary condition that U = 0 on the boundary of the
domain. With the same choice of monitor function the velocity potential equation

(4.16) becomes

/xiﬂ(t) ( a¢) /xiﬂ(t) ou 4
Wi — r=— w; — dzx.
l‘ifl(t) 8 813 xi—l(t) 8t

A weak form of the PME can be substituted into the right hand side of the velocity

potential equation above to give

[ g ()= [ g (5)
w; — T =— w; — [ v —=— | dz.
zi_1(t) ox ox zi_1(t) ox ox

To obtain a weak form of the velocity potential equation we integrate by parts to give

09" rn® w09 gu] " ow; L, 0
[wiu } —/ ‘ dx——{wium—} +/ Sy — du.
aZE xi—l(t) -Z’i—l(t) 8113 aZL‘ aZL' "Ei—l(t) xi*l(t) aZL‘ aZL’

The first term vanishes for interior nodes since the basis function w; is equal to zero at
x;—1(t) and x;11(t). We will use the boundary conditions that v = 0 and ¢ = 0 at the

boundary of the domain to produce

i1t g, 09 @it1(f) Ow; O
- = Lu"— dw 4.18
/ﬂﬂi—l () a.ﬁlf (9.1' e \/wi_ 1(8) al’ ox ( )

for all nodes. Once the finite element approximations have been substituted in this
equation and expanded in terms of the basis functions we obtain a weighted stiffness

matrix system for the mesh velocity potential ® and has the form
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Ko=f

where the entries of the weighted stiffness matrix are given by

zi+1(t) G, Ow.s
Kij:_/ g Y
zi_1(t) 83& 8x

The mesh velocity can then be recovered by solving the mass matrix system which

results from enforcing

zit1(t) . zit1t) 9P
/ w; X dr = / w; — dx. (4.19)
Z’ifl(t) xifl(t) a‘r
leading to
AX =b.

The matrices that are generated using the monitor function M = u are tridiagonal and

may be solved by using a direct tridiagonal solver.

The mesh will be integrated forward in time using a forward Euler time stepping method.
The method is conditionally stable, but otherwise robust. However, if a standard algo-

rithm for solving the ODE system

given by

Xn+1 . X?’L
— = F(X"
At F(XY)
is used we will not obtain a scale invariant method in general. This is due to the fact
that the local truncation error for the numerical method will have an intrinsic length

scale and therefore will not be independent in time. One way of circumventing this

problem and recovering a scale invariant method is to instead solve the ODE system
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dX

@ = 5tﬁ_1X = 5tﬁ_lE(X)7

which leads to the forward Euler discretisation given by

Xn+1 o Xn

(tr+1)8 — ()8 =Bt E(X"). (4.20)

The local truncation error of this discretisation is independent of time and hence scale-

invariant if the new variable ¢° satisfies

() — ¢’ =,

where ¢ is a constant which is chosen through a stability condition at the initial time.

Thus the size of the time-step At™ = "1 — " is given

At = (c + (t”)ﬁﬁ g (4.21)

and is a monotonically increasing function of time. Scale invariance shows that larger
time-steps are allowed as time increases and the diffusion becomes weaker. However we
still need to chose an appropriate initial time-step for the numerical solution. This is

chosen from stability analysis and is given as

1 min (Az)?
A< —— 2
— 2 maxu™

The subsequent time-steps are then calculated from (4.21) with ¢ = (A0 4 °)” — (¢9)°.

The outline of the numerical method is:

e Given an initial mesh, solution and time-step, solve the stiffness matrix system

(4.18) for the mesh velocity potential ®.

e Recover the mesh velocity X using (4.19) and time-step the mesh using the scale

invariant forward Euler time stepping procedure given by (4.20).
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e Obtain the solution U on the new mesh by solving the conservation of monitor

principle equation (4.17).

e Repeat until the desired output time is reached.

In the next section we will numerically illustrate this adaptive method for the solution

of the porous medium equation.
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Figure 4.2: Node trajectories for m =1 (left) and m =4 (right).
4.4 Numerical Results I

The following section contains results obtained using the moving mesh method with the
mass monitor M = wu. Solutions to the PME have been obtained for three different
meshes having 11, 21 and 41 computational nodes, respectively, and for a variety of
values of the power m in (4.1). The similarity solution was used as an initial condition
for the computation with () = 1 and t, = 0.01. Initially the mass in each computational
cell was equidistributed using the algorithm which can be found in Baines [7], although
the method may also be used with different amounts of mass in each cell. The PME
was then integrated forward in time to a final time of ¢ = 10. Figures 4.5 and 4.6 show
the solutions obtained for m = 1 and m = 4 and are compared with the exact analytical

solutions. The results obtained show a good approximation to the true solution given

by (4.13).

The trajectories of the mesh points are shown in figure 4.2 for m = 1 and for m = 4.
These figures were produced on a mesh with 41 computational nodes. It can be seen in
these figures that the mesh expands as time increases to cover the compact support of

the solution to the problem.

Figures 4.3 and 4.8 show the invariant behaviour of the numerical solution. From the
self-similar results obtained in section 4.2 we know that the similarity solution has two
invariant quantities, namely tmzy and ¢ @rzx. Therefore we would hope that any

numerical method approximating this similarity solution should also have a discrete
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version of these invariant quantities. In figures 4.3 and 4.8 we have plotted these in-
variant quantities using the discrete values from our numerical approximation and they

clearly suggest that the numerical method is indeed scale invariant.

The error in the height of the numerical solution at the origin (z = 0) and the position
of the moving boundary have been calculated for the solutions and are shown in figures

4.7 and 4.9. These figures also show plots of the quantities

1 1
tm¥2||u — U|| and ¢ =2 |z — X]||.

If our numerical solution is scale invariant we would hope that the solution should
respect the scalings given by (4.10) and (4.11) and therefore the errors should satisfy

the equalities

tm53 | — U] = t72|ju — U

and

||t - X|| = e - X,

so therefore be constant in time. These quantities do indeed appear to tend to a constant

value as the time of the numerical simulation increases.

The nominal error measure

x; (t

lo—vlit, =Y |

has also been calculated for the numerical solutions obtained on the three different

)
Y (u—U)* dz (4.22)
i—1(

meshes and for a variety of the values m. The results are summarised in figure 4.19. It
can be seen from this figure that the numerical solution is first order accurate in this
norm for m = 1, but for higher values of m the order of the numerical method seems to
be degraded. Also the precision of the numerical scheme, in the sense of (4.22), seems to

lower as m increases. This is probably due to the fact that the solution has an infinite
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Figure 4.3: Invariant behaviour of solution (left) and mesh (right) for m =1 computed

on a mesh with 41 nodes.

gradient at the moving boundary for m > 1 and is therefore harder to resolve accurately,
particularly with the monitor function M = u which does not overly seek to place nodes
near the moving boundary. It should also be noted that we would expect the method
to be second order accurate since linear finite elements have been used. The order of
accuracy can be increased by using a more suitable projection of the initial conditions.
For example a least-squares fit with adjustable nodes of the initial conditions results in

a method which is second order accurate, at least for m =1 (see [9]).

It is quite straightforward to show that the method that has been used is a scale invariant
method. If the scalings given by (4.10) and (4.11) are substituted into the mesh velocity

equation we obtain

/waaj (ux) dfc:/w&,;di:.

Notice that the basis functions w are independent of scale. Thus the mesh velocity
equation is invariant to scalings of the form (4.10) and (4.11). Similarly the conservation

of monitor function principle is scale invariant, since

/ wudr = \"*7F / wadd

and from the scaling arguments at the start of the chapter we know that o + 3 = 0,

so therefore the conservation of monitor function is scale-invariant for this choice of
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Figure 4.4: Figures showing the discrete comparison theorem of the method. Three initial
conditions at t = 0 (left) and the three final solutions at t = 1 (right), both shown on

scaled meshes for m = 1.

monitor. The time-stepping algorithm that is used to integrate the mesh points forward

in time is also scale-invariant by construction.

Although no asymptotic properties of the moving mesh method have been proved an-
alytically, there is strong numerical evidence to show that the moving mesh method
that has been developed does indeed tend towards the correct solution as t — oo and
has therefore inherited the underlying properties of the porous medium equation. One
example of this is the fact that the continuous PME satisfies a comparison principle in
the scaled variables u and :r;t_m;w, i.e. given three initial conditions uy, uy and ug at

tinit, which all have the same mass, such that

uy < up < us

in the scaled variables then these inequalities hold for all time [25, 8]. Results appear to
show that the numerical solutions also satisfy a discrete comparison theorem. Results are
shown in figure 4.4 to this effect for three solutions which all have the same mass. Two
of the initial solutions are given by exact self-similar solutions and the third, which is
‘sandwiched’ inbetween the other two, is a random (though symmetrical) perturbation.
These initial conditions are then integrated forward in time and it is found that the

random initial condition remains bounded by the two self-similar solutions and hence
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asymptotically tends towards the self-similar soluton as time increases. A similar test

was performed in [24].

The next section deals with the extension of the method to other monitor functions.
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Figure 4.5: Numerical and ezxact solutions to the PMFE with m = 1 at six different times.

Numerical solution computed with 41 nodes using the mass monitor function.
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Figure 4.6: Numerical and exact solutions to the PME with m = 4 at six different times.

Numerical solution computed with 41 nodes using the mass monitor function.
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Figure 4.7: Left figure showing the error in the height of the solution (red) and the scaled
error (blue). Right figure showing the error in the position of the moving boundary (red)
and the scaled error (blue), both for m = 1.
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Figure 4.8: Invariant behaviour of the computational solution (left) and mesh (right) for

m = 4 and 41 nodes.
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Figure 4.9: Left figure showing the error in the height of the solution (red) and the scaled
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and the scaled error (blue), both for m = 4.
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4.5 General Monitor Functions

We now want to extend the ideas developed in the previous section to obtain a numerical
solution to the PME using a general form of monitor function. When we used the mass
monitor function in the previous section we took advantage of the fact that the global
integral of the monitor function was constant in time and therefore we didn’t need to
calculate the change in the mass of the solution (see (4.5)). However if we want to use
a different monitor function, its global integral will not be constant in time in general
and therefore a normalisation needs to be taken into account. One way to do this is to

generate a scale invariant monitor function.

Firstly, however, we will look at generating a scale invariant gradient monitor. It would
be quite advantageous to use a gradient monitor function for the solution of this problem
as it would cluster the computational nodes in and around the moving boundary to
give better resolution. Unfortunately the integral of the gradient monitor is not scale
invariant under the scalings (4.10) and therefore it is not constant in time. This can be

seen if we substitute the scalings (4.10) and (4.11) into the gradient monitor to obtain

/|ux\d:c:)\ﬁ/ Aﬁa\ai]di':)\o‘/ |G13| Az (4.23)

Since A still appears on the right hand side of the above equation we know that the
gradient monitor as it stands is not scale invariant, and hence the integral is not constant

in time. However, if we use the fact that

in (4.23), we find that

o / | da = i / (] di (4.24)

So the integral of the scaled monitor function M =t~ |u,| is scale invariant since (4.24)
is independent of A\. Motivated by (4.24) we define the scale invariant conservation

principle
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zipa(t)
/ tm+2 |u, (z,t)|de = 6;.
xifl(t)

Incidentally, (4.24) tells us the dependence of 6 (t) on ¢ in (3.2).

This argument can be generalised to determine other scale invariant monitor functions
that can be used in our moving mesh method. Given a monitor function M, in d dimen-
sions, which is not scale invariant, we can produce a scale invariant monitor function M

given by

M(t, @ u, ... ) =t P Mt Pr 7, P, .. ).

In the case of the PME o = — 4= and § = .

The rest of this section will be used to detail the use of the scale invariant gradient mon-
itor function M = twr2 u,. The distributed conservation of monitor function principle

(3.14) with this choice of monitor function becomes

zit1t) U
zi_1(t) a(L’

for interior nodes. We have assumed without loss of generality that g—g > () since in
each half of the spatial domain the solution of the PME is either monotone increasing
or monotone decreasing (see figure 4.1). Expanding the finite element approximation U

in terms of the basis functions we obtain

zit1(t)

1 N ow;
]:1 7—1

which leads to the matrix form

BX)U =40 (4.26)

where the individual elements of the matrix B are given as



Notice that when the linear basis functions w; are substituted into (4.25) the resulting
matrix form has zero diagonal entries and therefore can no longer be solved by a standard
tridiagonal solver. The resulting matrix system is therefore solved using a direct matrix
solver with pivoting. It should also be noted that the N x N bi-diagonal matrix B is

singular when the number of nodes N is taken to an even number.

The mesh velocity potential equation (3.17) with the gradient monitor gives

e Ou 0¢ g du
th/ Y ox <8x 8x) v _/x“(t) Yot (tmﬁa_x) do

The product rule of differentiation can now be used to expand the right hand side of

the mesh velocity potential equation to give

w9 (0ud w9 Ou 1 wn® Ju
i do = — im 7 ) do— ——o i=—d
/m-_1(t) v ox <3x 8x> v /a:-_1(t) v ot (8x) v (m + 2)t /ﬂﬁi_1(t) v ox v

2 3

where we have also divided by the factor pre, Using the fact that u is smooth we can

interchange the order of differentiation in the following way

o (o) _ 0 (on
ot \ox) oxr\ot)’

and so, enforcing this in a weak sense and using the PME, we obtain

w9 (0ud il g Ou 1 il Ju
in (37 ) do=— ing (U o ) do — ———— i o da.
/Cﬂi—l(t) v (9:10 <8x 81:) o /xi—l(t) v 3x2 <u ﬁx) o (m+2>t /xi—l(t) v (91: v
(4.27)

The left hand side of the mesh velocity potential equation can now be integrated by

parts to give

xiy1(t) 8 au agb au 3gz5 iy1(t Tit1 awz au a¢
/x‘ 1(8) wi% (3x 8x) dv = {“’Z%%} ) - /x“(t) or Or O do (4.28)

71— [L'i_l(t

The first term on the left hand side of the velocity potential equation (4.27) may also

be integrated by parts to give
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ma® 9o ou 0 ([ nou\|"Y  ma® o 9 du
[ v () = [ (5 o oo () o

zi—1(t)
(4.29)
Once the finite element approximations to the velocity potential ¢ and the solution u
have been introduced and expanded in terms of the linear basis functions equations
(4.28) and (4.29) become a stiffness matrix system for the approximation to the velocity
potential ®. However, we can simplify matters somewhat since the finite element basis
functions are piecewise linear functions. Thus 2% is constant in each computational

oz

cell, so we can remove these terms from inside the integral to obtain

i1 Gy O ou Ow; ) g ou
Al qr = : ~(umZ=)d
0

: w9 oU
w

A _ m— d
* (8:13 )i_% /-Til(t) ox (U 8:)3) ot

dw; [ 8U} rer®

Umn—
ox 2i(t)

O _ou]mt
i ( Ox )i—% {U %}

Z‘i_l(t)

where (65;’;)Z .1 denotes the value of the derivative of the basis function w; in the cell
2

[;, x;+1]. The cell boundary terms will be approximated by central differences, so

dr x; (t) D)

Umé?U - 1Um (Ui—l—l_Ui_’_Ui_Ui—l).

Tit1 — Li Ti — Ti—1

Our velocity potential equation for ® is now given by

oU 9" /Ii+1<t> Ow, 0U 9% 0 (mOUN]" Y,
Wi ———— - ————dr = — W= —
Ox Ox i1(t) v Or Oz Oz ox? ox i1 (t)

ow; Uma—U xz‘+1(t)+ Ow; Uma—U z;(t) - 1 /wz‘ﬂ(t)w'(‘)_de
Oz i+l 9z | 4.y ox i-1 0 |, vy (MA2)t Jo ‘0w

for interior nodes. We also enforce the boundary condition that ® = 0 on the boundary

of the domain. The mesh velocity is then recovered from ® in the usual manner (4.19).
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Again the mesh will be advanced in time by the scale invariant forward Euler time-
stepping method given by (4.20). However, the solution to the PME will be recovered
by inverting the system (4.25). We now go on to present some results obtained by using

the scale invariant gradient monitor function.
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4.6 Numerical Results 11

This section summarises the results obtained using the scale invariant monitor function
M = twse u,. We solved the same problem as in the case when M = u. So, again the
initial condition for the problem was given by the similarity solution with ) = 1 and
to = 0.01. The initial solution was also equidistributed in the monitor function. The
initial condition was then integrated forward in time until ¢ = 10 using the method

outlined in the previous section.

Results are shown in figure 4.11 for the case when m = 4. The results show that this
choice of monitor function leads to a method which is less accurate in comparison with
the results obtained with M = wu, although the method tended to cluster most of the
computational nodes in and around the moving boundary as can be seen in figure 4.12.
Due to this, the solution around the peak tended to be less well resolved. It was also
found that the error in the position of the moving front was much higher for the gradient
monitor. This is probably caused by the fact that there is no constraint on the numerical
solution to conserve the mass of the solution in a discrete manner, and since the position
of the front is characterised by this conservation the numerical solution is attracted to

a solution with a slightly different mass.

This conservation of mass problem can be avoided if instead of recovering the solution

to the PME by inverting the matrix system (4.26) we were to solve the ALE equation

4 fuar - /(%+(%(m)) da
_ /(% (umg—D +a%(uj:)) dz

on the moving mesh. In this way the solution to the PME is updated by using an

integral form which would conserve mass.

The scale invariance properties of the method are shown are figure 4.13.
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Figure 4.11: Numerical and ezxact solutions to the PME with m = 4 at siz different

times. Numerical solution computed with 41 nodes using the gradient monitor function.
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4.7 The PME in Two Spatial Dimensions

The aim of this section is to extend the method developed in one spatial dimension to
the solution of the porous medium equation in two spatial dimensions. As the method
outlined in chapter 3 was derived in multiple dimensions we expect that the extension of
the method into two spatial dimensions should be reasonably straightforward. We have
restricted attention to the mass monitor function given in section 4.3 as it gave more
accurate results in one dimension in the nominal error measure when compared to the
gradient monitor. We have also chosen to solve the PME on an unstructured triangular

mesh as it will represent non-trival geometries more easily.

In section 4.2 we considered the self-similar solution to the porous medium equation
in radial co-ordinates. We were motivated to use the mass monitor function in one-
dimension since mass is conserved for this equation. The distributed conservation prin-

ciple in two spatial dimensions for M = u is

Qi (1)

where €2;(t) is now a patch of triangular cells on which the basis function w; is non-zero.
Following the same procedure as in one spatial dimension, we can expand our finite

element approximation U in terms of the basis functions w; as

N
U= Z Uj wy,
j=1

where w; are now pyramid functions. So the distributed conservation of monitor function

principle becomes

N
ZUJ/ wlw]szﬁl,
=1 Qi (1)

for i =1,..., N, which produces the mass matrix system

AX)U =6
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where the entries of the mass matrix A are given by

Aij = / W; Wy de.
Qi(t)

The condition that U = 0 on the boundary of the domain is also used. The velocity

potential eqution in two dimensions with q = 0 and @w = 1 becomes

J/P w; V- (uVe) dQd = — d/r w; uy dSQ.
Q4(t)

Qi (1)
Again we can follow the same methodology as in one dimension and substitute a weak

form of the PME into the velocity potential equation to give

/ w; V- (uVe) dQ:—/ w; V- (u™ Vu) dS.
Qi(t) Qi(t)

To obtain a weak form of the velocity potential equation we can use Green’s Theorem

to give

f wiu%-dF—/ Vw; - (uVe) dQ:—j{ w; (U™ Vu) - dT
a9 (t) on (%) a9 (t)

+/ Vw; - (u™ Vu) df2,
Q4(t)

which upon using the conditions that w; = 0 around the edge of the patch €2;(¢) and

u = 0 on the boundary of the domain, gives

—/ Vw; - (uVe) dQ = / Vw; - (u™ Vu) dS2
Qq(t) Qi (1)

fori=1,...,N. The finite element approximations for the mesh velocity potential and
the solution to the PME can now be introduced and expanded in terms of the linear
basis functions to obtain a discrete system to be solved. The mesh velocity potential

again becomes a weighted stiffness matrix system which has the form
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where the entries of the stiffness matrix are given by

Qi(t)

and the entries of the vector f are given by

Ji= Vuw; - (U™ VU) dQ.
Q;(t)

The condition that ® = 0 on the boundary of the domain is also used. The mass and
stiffness matrices in two spatial dimensions are sparse and have a banded structure that

depends on the connectivity of the mesh that is being used, but remain symmetric.

The mesh velocity X is again recovered in a weak sense from the mesh velocity potential

®. Therefore we use the weak form

/ wiXdQ:/ w; VO dQ
Qi(t) Qi(t)

to recover the mesh velocity. Discretisation of this recovery equation with finite elements
results in a series of mass matrix systems. Notice that now we have to solve two mass
matrix systems, one for each component of the mesh velocity. Then the scale invariant
time-stepping method described in section 4.3 is used to advance the mesh forward in
time. Results for this moving mesh method for the solution of the two-dimensional PME

are shown in the following section.
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4.8 Numerical Results 111

This section contains the numerical results for the solution of the PME in two spatial
dimensions using the monitor function M = u. The PME was solved on three meshes,
of varying size, consisting of triangular computational cells. These initial meshes are
shown in figure 4.14 and were produced by the anisotrophic grid generator ANGENER
[36]. Given an initial coarse mesh and boundary information ANGENER generates a

mesh with a prescribed number of computational nodes.

The matrix systems resulting from the finite element discretisation were solved by a
preconditioned conjugate gradient solver. The mass matrix systems were solved using
a Jacobi preconditioner and the stiffness matrix system was not preconditioned. Nu-
merical quadrature was used to evaluate many of the integrals, in particular Gaussian
quadrature on triangles of order 13, which integrates bivariate polynominals of degree
7 exactly, was used with corresponding weights and abscissae found in [32]. This high
degree numerical quadrature was used so that it was possible to solve the PME with
high values of the exponent m, although lower numerical quadrature could be used for

simulations with lower values of m.

Again the initial condition for the problem came from the similarity solution with the
parameters () = 1 and ¢, = 0.01. The solutions were then calculated from an initial
time of ¢ = 0.01 to a final time of ¢ = 10.0 for various choices of the parameter m.
Solutions for values of m = 1, m = 2 and m = 4 are shown in figures 4.15, 4.16 and
4.17. Also the solutions have been plotted against the radial similarity solution to give

an indication of their accuracy in figure 4.18.

As with the results in 1D, the error measure

lu— U2, = Z/A (u— U 40

where A; denotes the ith triangle has been calculated for the numerical solutions ob-
tained on the three different meshes and for a variety of the values m. These results are
summarised in figure 4.19. It can be seen from this figure that the numerical solution

is second order accurate in space for m = 1, but for higher values of m the order of
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the numerical method seems to be degraded. The error is now second order in space in
contrast to results obtained in one spatial dimension where we found that the error was
only first order accurate. This difference in the order of the numerical method may be
attributed to how the initial mesh is designed and shows that it is important to obtain

a good initial mesh for computations.

The precision of the numerical scheme also seems to lower as m increases. Again, this is
probably due to the fact that the solution has an infinite gradient at the moving bound-
ary for m > 1. This loss of accuracy and precision may be overcome by using different
initial meshes which have more mesh points clustered in and around the boundary of

the computational domain.

The moving mesh method was also applied to the PME with an initial condition which
is different from the self-similar solution. The boundary of the support for the initial

condition was designed to be non-circular and is described by the radial distance

a+ bcos (40)
r= 7

a+b

where ¢ = 1.0 and b = 0.2 and the variable 6 = atan (y) The initial condition for the

x

PME on this initial mesh was then taken to be u =1 — r— The PME with m =1
and this inital condition was then solved with the moving mesh method. Solutions and
meshes are shown for this test case in figures 4.20 and 4.21 at four different output
times. It can be seen from these figures that both the solution and mesh are attracted

towards the self-similar solution defined by the amount of mass contained in the initial

condition.

89



i
0.5

i
0.5

i
-0.5

i
0.5
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Figure 4.15: Numerical solutions to the PME with m = 1 at four different times. Nu-

merical solution computed with 941 nodes.
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m=2,t=0.01 m=2,t=0.1

Figure 4.16: Numerical solutions to the PME with m = 2 at four different times.

merical solution computed with 941 nodes.
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Figure 4.17: Numerical solutions to the PME with m = 4 at four different times. Nu-

merical solution computed with 941 nodes.
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Figure 4.18: Solutions to the PME plotted against the radial distance for m =1 (left),
m = 2 (middle) and m = 4 (right). The solutions were computed on the finest mesh

and are shown at t = 10.
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4.9 Summary

In this section the results that have been obtained for the solution of the porous medium

equation using the moving mesh method derived in chapter 3 will be summarised.

We began this chapter by illustrating some of the analytical properties of the PME,
in particular the scale invariant nature of the equation was shown. Also self-similar
solutions to the PME in radial co-ordinates were given, and the analytical self-similar
solutions were used throughout as a yardstick for the numerical solutions obtained. The
properties of the PME were then used to construct suitable monitor functions which

could be used in the moving mesh method that was derived in the previous chapter.

Firstly, the moving mesh method was used in conjunction with the monitor function
M = u. This monitor function had been used by various other authors as it is consistent
with the scaling properties of the PME. The resulting equation could then be solved
for the mesh velocity potential and from this the mesh velocity. The system of ODEs
was then integrated forward in time using a scale invariant forward Euler time-stepping
procedure to obtain the position of the updated mesh. We were then able to recover
the solution to the PME at the next time-level by inverting the conservation of monitor

function principle.

Numerical solutions were then obtained from this method with an initially equidis-
tributed mesh and initial solution. On comparison of the numerical solutions with the
exact solutions the method was found to be accurate in both the solution value and the
mesh position. The solutions were also found to exhibit many of the properties of the

continuous PME.

To obtain better resolution of the moving front in the problem we then chose to solve
the PME using the same method, but this time using a gradient monitor function.
Since the integral of the gradient monitor function is not conserved in time globally for
this problem, a scaled version of the gradient monitor function was derived which was
conserved. This modified monitor function was derived from considering the scaling
properties of the variables in the problem. We also considered how to adapt a general
monitor function into a scale invariant one so that it could be used within this method.

The numerical results obtained from the scaled gradient monitor function showed that
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the method clustered most of the nodes tightly in the moving front and hence other
regions of the solution were not as well resolved. Also due to the fact that mass was not
discretely conserved in this solution the front was found to be in the incorrect position

and therefore numerical errors increased with this choice of monitor function.

It should also be noted that for the mass and scaled gradient monitor function we were
able to recover the solution to the PME directly through the conservation of monitor
function principle, but for a general monitor function this may not be feasible due to
difficulties with inversion. In that case the solution can still be recovered by using the

ALE equation

d ou .
e udQ) = /(E—FV(UX)) dQ

_ / (V- ("Va) +V - (u%)) d2 = 0 (4.30)

to obtain fQ( p U d€2 on the moving mesh and then recovering u as in the case of the mass

monitor. This choice has the advantage of conserving mass.

The remainder of the chapter was concerned with the solution of the PME in two
spatial dimensions. In two dimensions we chose to use the mass monitor function to
generate our moving mesh, due to the fact that it gave better results in one dimension
when compared with the scale invariant gradient monitor function. This mass monitor
function was found to give satisfactory results in two dimensions. However it was found
that the method became less successful as the power in the porous medium equation

increased in terms of the error measure, although the front is clearly well resolved.

As a final note we outline what happens when there is a lack of scale invariance in the

problem being solved. For example, if we were solving the equation

u =V - (u"Vu) + f (u),

where f is a general function, then it would be unclear whether this problem is scale
invariant and for many choices of the function f it would not be possible to scale the

equation in a manner which leaves it invariant. In this case we still want to be able
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to apply the moving mesh method for a general monitor function and unless we could
identify a natural conserved quantity in the problem which could be used as a monitor
function to drive the mesh movement, we would have to normalise the monitor function

as described in chapter 3. The distributed conservation of monitor function principle

(3.20) then becomes

Qi(t)

where 6(t) is now a function of time and hence the monitor function is not conserved in
time (cf. (3.2)). The constants x; are chosen so that they sum up to unity and may be
chosen for example by an equidistribution strategy. Then, since no scale invariance exists
so that we can scale the monitor function in such a way so that the monitor function
is conserved in time, we must carry the extra variable 6 (¢). From the conservation
principle (4.31), using a normalisation process, we can obtain the modified velocity

potential equation for the moving mesh method given as

M
/ in-(Mng)dQ:—/ wia—dQ+/@»9,
(1) o O

where the variable 9(75) = j—f. It can be seen that if § = 0, and hence the monitor
function is conserved, we obtain the previous equation for the velocity potential (3.4).
To be able to solve this equation for the velocity x we need to determine Q(t) An
equation for the rate of change of the integral of the monitor function may come from

various assumptions. If the condition ¢ = 0 is used on the boundary of the domain then

an independent equation for 0 is given as

/ V- (M V) dQ:—/ 8—Md9+9‘,
0 a Ot

if boundary conditions for this equation, coming from the PDE being solved, are pre-
scribed. Then we are able to solve this system for the velocity potential for internal

nodes and also 6(t) sumultaneously [9).

In the next chapters we will consider the solution of both scalar and systems of hyperbolic

conservation laws using the moving mesh method derived in chapter 3. It will be found
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that, since the solutions to these problems may be discontinuous in space (and the fact
that we may be solving a system of equations), the solution to the PDE being solved
will not be able to be recovered through the use of the conservation of monitor function
principle as for the solution of the PME in this chapter. Therefore the solution will
have to be obtained through solving the PDE on the moving mesh, as in (4.30). In the
following chapters we will outline the use of a finite volume solver for the solution of the
Arbitrary Lagrangian Eulerian (ALE) form of the conservation law being solved. Also,
in the absense of scale invariance properties of the equation being solved we will have

to base our choice for the monitor function on properties of the solutions.
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Chapter 5

Hyperbolic Conservation Laws

5.1 Introduction

In this chapter the moving mesh method derived in chapter 3 is applied to the solution
of first order partial differential equations including hyperbolic conservation laws. Some
of the work may also be found in [98]. Hyperbolic conservation laws are time-dependent
partial differential equations which often arise from the mathematical modelling of phys-
ical processes where certain quantities are conserved. For example, in many fluid dy-
namics problems mass, momentum and energy are conserved and this leads to a system
of conservation laws. This type of equation also arises when viscous and dissipative
effects are ignored in higher order equations. Hyperbolic conservation laws take the

differential form

ou

—+V-f =0 0.1

VW =0, 6.)
where u (x,t) = (u1,...,un)" is an m-vector of conserved variables which depends on

the spatial variable x and the temporal variable t. The vector-valued function f is called
the flux function for the system and determines how the conserved variables change in
time. In general, the flux function is non-linear in the conserved variables u. The
underlying principle behind hyperbolic conservation laws is that, given the amount of
each conserved variable u (x,t) at a given place and instant, we are able to determine
the rate of flow, or flux f (u (x,t)), of this variable across any surface. Hence the change
in the conserved variables within a closed surface can be found. The variables w; for

¢t =1,...,m can be shown to be conserved in the following sense. The rate of change in
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time of the total integral of each of the variables, in the domain €2 with boundary 02,

is given by

d
— uidQ:—% fi(u)-dI' fori=1,...,m (5.2)
dt Jo 0

and therefore if boundary fluxes are ignored then the quantities

/uidQ fori=1,....m
Q

are constant in time and hence conserved.

The system of conservation laws given by (5.1) can be written in the quasi-linear form

ou of

a*‘a—g'vgzg

and is referred to as hyperbolic if any real linear combination of the Jacobian matrices
% have m real valued eigenvalues and a complete set of right eigenvectors. All the

conservation laws considered in this work will have this hyperbolic property.

To be able to solve the system of conservation laws given by (5.1), on the whole real

line, an initial condition, given by

Q(X> 0) = 4 (X)v (53)

is needed. The problem of solving the system (5.1) together with the initial condition
(5.3) is referred to as a Cauchy problem. In general the Cauchy problem cannot be
solved analytically to obtain an exact solution, thus there is a need for accurate numerical
methods to investigate the solutions to such problems. An example of a Cauchy problem
for a conservation law is that of the Riemann problem. The Riemann problem has initial
data of two constant states u; and up separated by a single discontinuity. As we shall
see later, many numerical methods for the solution of hyperbolic conservation laws rely

on the solution of the Riemann problem, e.g. Godunov’s method [42].

One characteristic feature of hyperbolic conservation laws is that solutions can evolve to

have unbounded derivatives even with smooth initial data. These solutions do not satisfy
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Figure 5.1: Figure showing how cell averages are updated by the fluxes through the cell

boundaries.

the differential form (5.1) in the classical sense at all spatial points since derivatives are
not defined at discontinuities in the solution gradient. Therefore the conservation law
has to be understood in some generalised sense and the notion of a weak solution is
introduced. A weak solution of the conservation law is defined as one that satisfies the

integral form of the conservation law given by

d
— dQ2 f-dI' - f(u) d2 =
7 Jyonae 0897~ [ V6oL an =0

for all once differentiable functions ¢ belonging to a suitable space. It can be shown that
the weak form of the conservation laws admits discontinuous solutions, such as shock

waves.

Some of the theory of hyperbolic conservation laws can be found in [57, 84, 100] with

good reviews of numerical methods for solving them in [60, 61, 93].

We now introduce some details of how hyperbolic conservation laws can be solved numer-
ically. There are special difficulties associated with the numerical solution of hyperbolic
conservation laws, many of them arising because solutions may be discontinuous. One
problem which arises for hyperbolic conservation laws is that the numerical solution may
not converge to the correct weak solution of the problem. A condition on the method

for it to converge to the correct weak solution can be obtained and will now be outlined.

A sufficient requirement on the numerical method for it to converge to the correct

solution is that the discretisation is written in conservative form. We will now consider
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the conservative form of the hyperbolic conservation law in one spatial dimension in
finite volume form. If we consider the conservation law (5.1) in one spatial dimension

and integrate over the control volume [z, z;,1] x [t", t"T!], shown in figure 5.1, we obtain

tn+1 tn+1

/:ng(x,tnﬂ) do = /:i“g(:v,t”) dr — [/tn f(u(zigq,t)) dt — /t f(u(zy,1)) dt] ‘

(5.4)

Now defining u?’ , to be the cell average of the solution within the control volume at ¢",
2

given by

1 Tit+1

w5 / u (1) da (5.5)

T

where Az = x;,1 — x;, then (5.4) becomes

- . 1 tn+l tn+1
u'l =u f(u(ziqr,t)) dt — f(u(zy,t)) de| . (5.6)
n tn

Sity ot Ag

If we now approximate the flux function by a time averaged one, given by

tn+1

1
Bo(noon) v 57 [t (5.7
where At = t"*1 — " then (5.6) becomes
" n At
EH‘E U1 T AL |:Ei+1 (EH%,EH%) - I, (gi_%,gi+%)] . (5.8)

This equation is a discrete conservative form of the conservation law in the sense that

N-—1 N-—1 N-—1
n+1 __ n _ _
Az Zui i Az EH% At [Ei+1 (Ei+§7ﬂi+g> F; (Ei—%7ﬂi+%>}7
i=0 =0 =0
N—-1
= Az EZ’_% — At [EN (uN_lagN+l> _EO (E—%7E%>] )
=0
N-1
= Ax u’ 4
=it+do
=0
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apart from boundary fluxes and is analogous to the continuous equation (5.2). Therefore
neglecting the boundary flux terms, the total amount of the conserved variables does not
change in time. This discrete form can be used to define a numerical method to evolve
the cell average values of the conserved variables. The time-averaged flux function F,;
at the i cell boundary is often referred to as the numerical flux function, as it is an
approximation to the true flux at this boundary. Equation (5.8) can now be used as a
method for updating the cell average of the solution in a given control volume and a
method resulting from this equation is referred to as a finite volume method. However,
if (5.8) is to be used as a numerical method we need to make a choice for the numerical
flux function. There are many ways in which this might be done, but perhaps one of
the most celebrated choices is that of Godunov. In [42] Godunov proposed a method for
solving the Euler equations of gas dynamics by solving local Riemann problems between
computational cells. Since the solution of the Riemann problem for the Euler equations
can be found analytically, Godunov suggested that given piecewise constant data in each
computational cell, local Riemann problems can be solved exactly or approximately
between cells using the wave structure of the solution and then these local Riemann
solutions can be pieced together to give a numerical solution to the conservation law.
This can be seen in figure 5.2. The size of the time-step At" = ¢"*1 —¢" is assumed to be
small enough so that the waves from neighbouring Riemann problems do not interact.
This method has been generalised by constructing polynomial approximations in each
computational cell at each time level and then solving local Riemann problems with

polynomial initial data [58].

Denoting the number of computational cells by N, Godunov’s method uses these N
constant states as the initial data for a series of NV — 1 Riemann problems which can
be solved and pieced together to give a numerical approximation to the true solution.
In principle these non-linear Riemann problems could be solved exactly at each cell
interface, but this process can be expensive numerically since it often involves solving
a (complicated) set of non-linear equations using an iterative procedure. Therefore, in
practice an approximate Riemann solver is usually employed since this is much cheaper

to implement, and in any case the “piecing together” step is of low order.

Godunov’s method was extended by Harten and Hyman [43] to solve hyperbolic conser-
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Figure 5.2: Figure showing the local wave structure of the Riemann problem in x —t

space.

vation laws on self-adjusting adaptive meshes. They used simple conservation principles
to derive the generalisation of (5.8) in a moving reference frame and found that the flux
function in the conservation law had to be shifted to take into account the motion of
the mesh. This led to the Arbitrary Lagrangian Eulerian (ALE) form of the conserva-
tion law. This method has been used for example by Stockie, Mackenzie and Russell
in [86] for the solution of one-dimensional hyperbolic conservation laws. The Arbitrary
Lagrangian Eulerian (ALE) form of the conservation law will be introduced in the next

section.

5.2 Arbitrary Lagrangian Eulerian (ALE) Form of
the Conservation Law

The idea behind the Arbitrary Lagrangian Eulerian (ALE) form of a conservation law,
originally introduced by Hirt, Amsden and Cook [45], was to improve the accuracy
of methods for solving the equations of fluid motion. As stated in chapter 2 Hirt et
al observe that the motion of the mesh does not have to be exclusively Fulerian or
Lagrangian; that is it does not have to be either in a frame fixed in time or moving
with the local fluid velocity. Therefore they transform the fluid equations into a general
frame of reference which is moving with an arbitrary velocity which could give Eulerian,

Lagrangian or some intermediate type of reference frame.

We now consider what happens to a conservation law when it is derived in a moving
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Figure 5.3: Figure showing the motion of computational cells in (x,t) space. The dotted

and bold lines show the true and approximate trajectories of the computational nodes.

reference frame (). We will assume that this reference frame is moving with velocity

x which will be referred to as the ALE velocity. By the Reynolds Transport Theorem

[72]
d )
G| wae= [ w4 ves) do
dt Joew Q(t)
and, using the differential form of the conservation law u, = —V - f and rearranging, we

obtain the ALE form of the conservation law in the frame moving with x as

d
— ng—l—/ V- (f—ux)dQ=0.
dt Jo Q)

Given x this equation can be solved to obtain a solution to the conservation law in a
moving reference frame. Notice that in the ALE form of the conservation law the flux
function has been shifted to take into account the motion of the reference frame. Also
when x = 0 we obtain the Eulerian form of the conservation law given by (5.1) and
when X is the same as the fluid velocity v, i.e. X = v, we obtain the Lagrangian form

of the conservation law.

5.3 Godunov’s Method on a Moving Mesh

We will now derive an ALE version of Godunov’s method in one spatial dimension. First

we define a set of finite volumes for the method. The spatial domain [a, ] is split into
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Figure 5.4: Figure showing the piecewise constant approrimations in each computational

cell.

N non-overlapping elements, [x;(t), z;41(t)] for i = 0,..., N — 1, which move in time.

The mesh points are also ordered as

a= J,’O(t) < xl(t) < e < IN_l(t) < .TN(t> =b

and time is discretised into a series of (unequally) spaced times ¢" with the size of
the time-step given by At" = t"*! — ", Having a varying time-step allows the use
of an adaptive time-stepping procedure, more details of which will be mentioned later.

Typical computational cells are shown in figure 5.3 in (x,t) space.

Godunov’s method assumes a piecewise constant approximation to the cell average in
each computational cell [z;(t),z;41(¢)] and this is shown in figure 5.4. Therefore the
approximate value (the generalisation of (5.5) on a non-uniform moving mesh) is given

by

1 zyq (1)

u’ ., = u(xz,t") dx
it Azzr; /zn(t) u{ )
2 1

where Az, =z, — a7, A discrete approximation to the conservation law written in
2
conservative form can then be derived based on conservation principles and is given as

(cf. (5.8))
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Figure 5.5: Figure showing the Riemann problem for the linearised system at node x;

with the initial states uy, and ugr for a 3-characteristic family of waves. The dashed line

shows the approzimate motion of the computational node between t™ and t"+!.
A:L‘n 1 A n
+1 _ 1+5 t = =
HZF% = (Ax"*?) 9?+% - m [Ei+1 (Ei+§vﬂz‘+g> -k (Ei—§>ﬂi+§>] ' (5.9)
i+3 i+3

In Godunov’s method on a moving mesh, the time-averaged flux function is defined to

be

1
F, <Qi—%7ﬂi+%> ~ A—t"/ fu(zg,t)) dt

tn

(cf. (5.7)) where f is now the ALE flux function taken to be f = f — ux.

In this work Roe’s approximate Riemann solver [80] will be used to evaluate the numer-
ical flux function in 1D. The main concept behind Roe’s approximate Riemann solver
is that rather than solving the original non-linear system of conservation laws, a locally

linearised version is solved. The linearised system of conservation laws is given by

u, + Au, =0,

where A is a locally linearised form of the Jacobian matrix a_f‘ Within each cell this

ou
matrix is taken to be a function of the left and right data u;, ug, ie. A= fl(gL,gR)
and these states are regarded as the left and right states of a Riemann problem. The

waves associated with the solution of this Riemann problem are shown in figure 5.5. The
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linearised system, together with the initial data for the Riemann problem, is much easier
to solve than the original non-linear problem since it is a constant advection problem

and can be solved exactly.

In [80] Roe suggested that at each interface between the states u; and up the matrix
A should have the following three properties in order to keep some of the properties of

the original system:

1. The linearised system should keep the hyperbolic nature of the original non-linear

system.

A(uy,up)is diagonalisable with real eigenvalues

and linearly independent right eigenvectors. (5.10)

2. The linearised system should be consistent with the exact Jacobian.

A(ug,up) — a—(g) smoothly as u;,up — u (5.11)
u

3. The linearised system should be conservative across discontinuities.

A(uy, ER)(HR —ug) = f(HR) — flug) (5.12)

Properties 1 and 2 ensure that the linearised system is consistent with the original
problem and also that the hyperbolic nature of the non- linear system is preserved by
the linearisation. Property 3 ensures that the linearised system is conservative and

treats shocks correctly.

Since the linearised system is hyperbolic the eigenvalues and the right eigenvectors of
the matrix A can be found. The eigenvalues and eigenvectors of A will be denoted by
A; and r; respectively for ¢ = 1,...,m. These represent wavespeeds and wave profiles of

the system being solved.

The jumps Au in the conservative variables u can then be decomposed across the cells

onto the eigenvectors r, as
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Au=up—u; = Z Qpr,, (5.13)
p=1

where a,, are called the wave strengths. Equation (5.13) is a set of m algebraic equations
which can be solved to obtain the wave-strengths o, for p = 1,...,m. It is shown in
[93] and [60] that the upwinded numerical flux for Roe’s method can be formulated in

three equivalent ways. These are given as

E(uLa UR) - f(uL) + Z )\Ij O{]O gpa
p=1

E(uLa UR) = f(ER) - Z A;_ ap £p7
p=1

m

Eluun) = 5 (1) + ) =5 S Wlay,

=1

where A\ = min(0, A,) and Af = max(0, \,).

In the moving case the numerical flux function needs to be modified to take into account
the movement of the mesh. This is done by shifting the eigenvalues of the original
linearised system in an Fulerian frame by the mesh velocity. The flux function f also
changes to the ALE flux function f = f — £ u. Therefore the numerical flux function at
the i'" intercell boundary with left and right data states u; and up on a moving mesh

is given by

1 - - 1 <~ -
F(uy,up) = 5 (Eu) +Eup) = 5> I, (5.14)

p=1
where Sxp = )\, — &} is the shifted wave speed. Once we have calculated the eigenvalues,
the right eigenvectors and the wave strengths for the system, we can then evaluate the
numerical flux function given by equation (5.14). (Of course we still need the ALE
velocities I for ¢ = 0,..., N.) This numerical flux function can then be used in the

conservative update formula to evolve the cell average values forward in time.

The finite volume method, together with this choice for the numerical flux function,

leads to a method that is only first order accurate. The method will therefore introduce
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diffusion into the numerical solution and hence tend to smear out discontinuities. It is
possible to include second order corrections to the finite volume method to produce a
second order accurate method. However, doing so may also introduce spurious oscilla-
tions near discontinuities. One way to obtain higher order accuracy without oscillations
is to use flux limiters [60, 93] which operate near discontinuities. In this way the flux
function is limited so that in regions where the solution is smooth we have second order
accuracy, but in the vicinity of discontinuities (where order of accuracy is less important
than monotonicity) we only have first order accuracy. We can write the limited form of

the flux function as

F(ug,ug) = Er,,(uz, ugp) + ®(0) [EHigh(HLauR) - ELow(ELaﬂRﬂ ; (5.15)

where F

Fro, and Fg, ., denote low (first) and high (second) order flux functions respec-

tively. The function ®(0) is called the flux limiter and is a function of a variable 6 which
identifies the local behaviour of the solution. The variable 6 is conveniently taken to
be the ratio of consecutive wave strengths. It can easily be seen from (5.15) that when
®(f) = 0 we obtain a first order flux function and when ®() = 1 we obtain a second
order flux function. When ®() has a value somewhere in between zero and one we

obtain some composite flux function. We now need to make a choice for the flux limiter

o(0).

It was shown by Sweby [87] that the flux limiter ® () should have certain properties to
ensure that the resulting method is total variation diminishing, that is the total variation
in the numerical solution is not increasing in time. One choice of ®(#) that we will use

in our numerical calculations is the superbee flux limiter of Roe [81] which is given by

®(f) = max(0, min(1, 20), min(6, 2))

and takes the greatest possible amount of flux up to the point where the ratio of con-
secutive wave strengths is % or 2. If we use the Lax-Wendroff flux as the high-order flux

function in (5.15), given as

m

1 At?
FHzgh ur,up) __GuL R 2Ax Z 2% L
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then can write our limited flux function as

SRR At <
Ele 1) = Eao ) + 5 3 ] (12 Sl ) 060y, (510
p=1 v
where F,,, is the first order Roe flux function given by (5.14) and Az; = $(Az,, 1+
Al’p%)- The variable 6, is given by the ratio of consecutive wave strengths to the left

if 5\p is greater than zero and to the right if 5\,, is less than zero.

Since the Roe scheme is explicit in time we also require that the mesh and time-step

satisfy a C'F'L condition. This condition is given by

(%).] | Bo)..

CFL = At max q | : Ao,

<1 (5.17)

T,

=

and constrains the time-step to be small enough that neighbouring waves do not inter-

sect.

It has been found that Roe’s Riemann solver does not satisfy an entropy condition and
so can produce non-physical solutions. This entropy violating solution may arise if a
sonic rarefaction occurs in the solution relative to the motion of the mesh. In this case
we will have that A, < 0 to the left of the wave and A, > 0 to the right of the wave. It is
therefore essential to modify the approximate Riemann solver when we have this case.
One method for doing this on a moving mesh is outlined by Harten and Hyman in [43]

and consists of modifying the wave speeds to obtain an entropy satisfying solution.

We will now consider a particular example of a hyperbolic conservation law that the
moving mesh method can be applied to. The equation that will be solved is a first order

scalar partial differential equation.
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5.4 Inviscid Burgers’ Equation

The inviscid Burgers equation in one spatial dimension has the form

1
up + (5 uQ) =0. (5.18)

This equation may also be written in quasi-linear form as

u +uu, =0

The inviscid Burgers equation is perhaps the simplest conservation law which exhibits
non-linear effects and is often studied to illustrate the structure of solutions. The equa-

tion is derived from the advection-diffusion equation

Up + UUy = € Uyy, (5.19)

when € — 0. Equation (5.19) is the simplest equation to include both non-linear and
viscous effects (and can be reduced to the linear heat equation by a Cole-Hopf trans-
formation as shown in Whitham in [100]). The case of vanishing viscosity (e — 0) is

considered for the solution of (5.18) in [100].

We now consider the scale invariance of the inviscid Burgers equation. We will seek a

set of transformations of the form

U — A%y - N t— M\t

which leave the inviscid Burgers equation, given by (5.18), invariant. Substituting these

transformations into the inviscid Burgers equation given by (5.18) we obtain

1
AT gy 4 AR (5 ff) =0.

Therefore the inviscid Burgers equation will be scale invariant under the transformation

(u,z,t) — (ﬁ,i,f) provided that
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l—a=p0-2aq,

or

a—[F+1=0

holds. A further condition is also required to uniquely determine the transformation; one
suitable condition comes from imposing the Dirichlet boundary conditions u(a,t) = A
and u(b,t) = B where a and b are the end points of the spatial domain and A and B

are constants. These boundary conditions can be written as

b
/ uydr =u(b) —u(a) = B — A = constant.

Therefore we shall require that the total jump in the variable u should be constant
in time and hold in the transformed co-ordinates (ﬂ,i, f) Substituting the change of

variables into this condition we obtain

b b
/uxdx:)\_“/ U dz,

which is scale invariant provided that o = 0. Therefore we have found that the inviscid
Burgers equation given by (5.18), together with Dirichlet boundary conditions, is scale

invariant under the transformation

A

U— U T — Az t— \t.

From these scale invariant arguments it can be seen that there are two invariant quanti-
ties in this problem, given as u and 7 and hence self-similar solutions may be sought of
the form u = f (%) Also, these arguments suggest that the monitor function M = u,
may be used for the solution of the inviscid Burgers equation. However, the gradient of
the solution is likely to be equal to zero in parts of the domain and therefore is unsuit-
able for use as a monitor function. Hence the modified monitor function M = 1+ « |u,|
is used here so that in regions where the gradient of the solution is zero, the mesh will

remain Eulerian.
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5.4.1 Details of an ALE Solver

In this subsection we briefly describe the application of Roe’s approximate Riemann
solver for the solution of the ALE form of the inviscid Burgers equation, which is given

by

g udm+/ 2(lzf—uyz:) dr =0

To be able to use the Roe approximate Riemann solver outlined in section 5.3 we need
to obtain the eigenvalues and eigenvectors of the Jacobian matrix for the equations
flux function. However, since the equation being solved is a scalar system, the single
eigenvalue of the equation is A = u. In the case of the Riemann problem the eigenvalue

is calculated by considering the Rankine-Hugoniot jump condition for the equation.

Therefore
)
[u]
where [-] = ‘g — -1, denotes the jump in the variable. Then since the flux function for

the inviscid Burgers equation is f (u) = 3 u® we have that

1.2 1 2] 1

SUR — 51U
AZBR—2Lf (ugr 4+ ur) .

[UR—’LLL] a 5

From equation (5.13) we have that the jump in the variable u is given simply by

Au = up —ur,

and replaces the product of the wave strength and eigenvector in the numerical flux
function given by (5.16). Therefore the ALE finite volume equation derived in section

5.3 has a much simpler form for the inviscid Burgers equation and is given by

A:L‘n 1 n
i+ At _ _
Wit = o | s = o (B (g ws ) = B (g )|
i+3 Az 2 Az 2 2 2 2

-1 21
z+2 z+2

where the limited flux function (5.16) is given by
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Plug,un) = 5 (Fur) + Flun)) = 3131 (1 (1= So131) #0)) Ao,

Here f = % u® — ui is the ALE flux function and A\ = X — ; is the shifted eigenvalue for

the inviscid Burgers equation.

In subsections 5.4.2 and 5.4.3 we will outline the use of two different monitor functions to
produce an ALE velocity for the solution of the one-dimensional inviscid Burgers equa-
tion by the method above. The results obtained using the different monitor functions
will then be compared with each other and with the traditional Eulerian method, which
can be seen as arising from the monitor function M = 1. The first monitor function
that we will consider for the adaptive solution of the inviscid Burgers equation is the

mass monitor function.

5.4.2 A Mass Monitor Function

In this section the moving mesh method derived in chapter 3, along with the finite
volume solver outlined in the previous section, will be used to solve the inviscid Burgers
equation in one spatial dimension. The first choice for the monitor function is the
“mass” monitor which is defined as M = wu. This choice leads to the mesh movement
being approximately Lagrangian. Therefore the nodes will move approximately with
the local fluid velocity %u This can be shown by considering the continuous version of

the moving mesh method derived in chapter 3 with the monitor function M = u. Thus,

from (3.4),

/g(ux) dx:—/utdx,
T

which upon using the inviscid Burgers equation (5.18) and rearranging becomes

0 R B
/%<u:v—§u)dx—0.

Therefore, simply integrating and using the condition that © = 0 when & = 0, we obtain

. 2
- = _0
ux 2U y
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which, using a limiting argument, finally gives us that = = % u. We will now outline the
use of the mass monitor function in the moving mesh method. Substituting this choice

for the monitor function into equation (3.17) gives

mz+1(t) ¢ ziy1(t)
/ ( > Tr=— / w; Uy dx.
zi1( 338 81’ zi_1(t)

The right hand side of this equation can be written in terms of the PDE being solved,
which in this case is Burgers’ equation. Therefore, substituting equation (5.18), we

obtain

[ AGHE /w) e (30) ¢
w; xr = X
xi_1(t) 895 ox zi_1(t) a[E

T

To obtain a weak form of the velocity potential equation we can integrate the left-hand

side by parts to remove one of the differential operators from ¢ to give

oo i+1(t) zit1(t) Gy, a¢ xm(t) 0 1
w; U / . = / dzx.
[ 8x] ) Jmaw O (91: —_— Y o

71—

The basis functions w; are equal to zero at the extremities of the integral and at the

edge of the domain ¢ = 0, so the first term disappears to give

/$z‘+1(t) ow; a¢ /$i+1(t) o <1 2)
— : = w; — | zu" | dx
@1 (t) 81‘ 8.ZC zi_1(t) 81: 2

for internal nodes. The finite element approximations can now be substituted and

expanded in terms of the linear basis functions to obtain a discrete numerical method.

The result of this is a weighted stiffness matrix system given by

K®=f, (5.20)

where




and

ziy1(t) 9 /1
zi_1(t) 8ZE 2

Once the numerical approximation to the mesh velocity potential has been obtained,
the mesh velocity can then be recovered weakly, as in chapter 4 for the PME, through
using equation (4.19). The mesh positions are then integrated forward in time using the

standard forward Euler time-stepping routine given as

X" = X"+ A X" (5.21)

where a suitable time-step At™ is calculated through (5.17). The velocity obtained from
this choice of the monitor function can then be used in the ALE integral form of Burgers’
equation to update the solution variable. The solution procedure will be highlighted at
the end of the next subsection and results obtained using this monitor function will be

shown in the subsequent section.

5.4.3 A Geometric Monitor Function

The next monitor function that will be considered is given by M =1 + « ]% , where
« is a constant. This monitor function is chosen from more geometrical considerations
of the solution structure. Since non-linear hyperbolic equations exhibit solutions which
contain regions where the solution gradient is very high, such as close to shock waves,
we would hope that a monitor function based on the gradient of the solution would
move mesh points into these regions and hence give better resolution of these features.
We will assume from now on that g—z > 0 (or % < 0) everywhere. The presence of
the 1 is because in regions of the domain the gradient u, will be equal to zero and
hence the matrices being solved will become singular. Therefore we require that when
this occurs the mesh movement should be Eulerian in these regions. The constant « is
included so that the relative amount of mesh adaption can be increased/decreased by
increasing/decreasing this constant. Also it should be noted that in practice the monitor

function will be smoothed to obtain a more regularised mesh, however this process will

be described in the numerical results section.

119



Substituting this geometric monitor function into equation (3.17) gives

xiy1(t) 0 a¢ zip1(t) 9 /ou
/xm(t) . O (( e 8x) (9x) de a/x,l(t) Wi ot (8w> dz. (5.22)

7

We now need to deal with the right hand side of the above integral and in particular

the term % (8—3) If the derivatives exist we can interchange the order of space and time
differentiation in the right hand side integrand of this equation. Then we may use the

inviscid Burgers equation given by (5.18) to obtain

zit1(t) o [0 zit1(t) 92 1
[ ) [ )
zi_1(t) at 8x zi_1(t) 8x 2

7

giving

Tit1(t) ) O zit1(t) 92 1,
/xil(t) wiﬁ_m (<1 + « 8x) Gx) dox = oz/zil(t) w; 922 <§u ) dzx.

To obtain a suitable weak form of this velocity potential equation we need to integrate

the right and left hand sides of the above integral equation by parts to obtain

0p1™ 0 guy 9
|1 — — 1 -
|:wz( +aax) ax:|1‘¢1(t) /ﬂﬂi—l(t) Ox ( +O‘ax) 8x
9 (1 zit1(t) 21 9 § /1
g G )
8]) fEi—l(t) Iifl(t) a{L' al'

Again, standard linear finite element approximations are substituted and expanded in

terms of the linear basis functions to obtain a discrete numerical method. The condition
that ¢ = 0 on the boundary of the domain is also used. The result of this discretisation

is a weighted stiffness matrix system given by

Ko =f, (5.23)

where

U\ Ow; 70 rmn® gy, oU\ Ou;
Kii‘{wz‘ (”“a) %} ‘/mm o (” ax) or

Ti—1 (t)
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and

o (1 zit1 () v gy, 9 (1
L= law; = ( =U? - “— ~ (ZU?) da.
f {aw Ox (2 )L“(t) a/:ci_l(t) Ox Jx <2 > !

The mesh velocity is recovered weakly using (4.19). The mesh is then integrated forward
in time with the standard forward Euler time-stepping routine (5.21) and the solution

to the inviscid Burgers equation is updated with the Roe scheme on a moving mesh.

The outline of the numerical method is therefore:

e Given an initial mesh and solution, calculate a suitable time-step using equation
(5.17).

e Solve the stiffness matrix system (5.20) or (5.23), depending on which monitor
function is being used, for the mesh velocity potential ® using the boundary con-
dition ® = 0.

e Recover the mesh velocity X using (4.19) and time-step the mesh using the forward
Euler time stepping procedure given by (5.21).

e Obtain the solution U on the new mesh by solving the ALE form of the inviscid
Burgers equation®.

e Repeat until the desired output time is reached.

Results will be shown for the adaptive solution of Burgers’ equation in the next section.

Tf the solution to the problem is smooth then the solution may be recovered using the conservation

of monitor function principle as in chapter 4 for the solution of the porous medium equation.
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5.5 Numerical Results IV

In this section we consider the solution to the inviscid Burgers equation on an adaptively
moving mesh generated from the moving mesh method derived in chapter 3. The solution
has been obtained for two different test cases which have been chosen to demonstrate the

features of the equation. The first problem that we will solve has the initial condition

1 for 0 <z < 55,

up(z) = £ (7—10x) for 5z <z <2, (5.24)
1 2
3 for £ <z <1,

which is a continuous ramp-type function and demonstrates the phenomenon that shocks

can arise from smooth initial data. This problem has the solution

1 for 0 <a < 5+t

u(w,t) = ¢ =0 for Lpp<a <2yl (5.25)
1 2, 1
3 forg+5t<x<1,

for 0 < t < t*, where t* = % At t = t* a shock forms and the solution to the weak form
of the problem is a shock wave given by

1 foro <543 (—1t),
+ % (t - t*)’

1

[~ g~

u(x,t) = (5.26)

1
3 f01r:1:>1

[e=]

for t > t*. In all the numerical simulations for this test case we will integrate the
problem forward in time until ¢ = 0.7 so that the shock has formed. The second test
case consists of initial data which is already discontinuous, with initial condition

1 for0<

IA
IN

[

(5.27)

up(z) =

A

for

A\

T

N[
N[

The solution to the inviscid Burgers equation with this initial condition can be found

simply using the Rankine-Hugoniot jump condition and is given as
g g J g

(2.1) 1 forOSmS%—F t (5.28)
u(zx,t) = ) )
for%+%t<x<1

>~

N =
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Figure 5.6: Eulerian solution to Burgers’ equation at t = 0.7 with initial condition

(5.24), computed on a mesh with 100 mesh points and CFL = 0.5. The bold red line

and the blue dotted line represent exact and numerical solutions respectively.

In the numerical simulations for this test case we will integrate the problem forward in

time until ¢ = 0.6 and transmissive boundary conditions will be used for the ALE solver.

These two test problems were solved on an adaptive mesh generated by the moving
mesh method using each monitor function. However, the test problems were first solved
on a fixed equispaced Eulerian mesh (as generated from the monitor function M = 1).
The problems were solved using four different sized meshes having 50, 100, 200 and 400
mesh points. The solution obtained using 100 mesh points for the first test problem
can be seen in figure 5.6 and results for the second in figure 5.7. These solutions were

computed with a C'F'L limit of 0.5 and used the superbee flux limiter.

The two test problems were then solved on a moving mesh generated from the monitor

function M = u, which led to approximately Lagrangian mesh movement. The problem
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Figure 5.7: Eulerian solution to Burgers’ equation at t = 0.6 with initial condition

(5.27), computed on a mesh with 100 mesh points and CFL = 0.5. The bold red line

and the blue dotted line represent exact and numerical solutions respectively.

was solved on initially equispaced meshes comprising of 50, 100 and 200 mesh points.
The solutions obtained on the mesh having 100 points can be seen in figures 5.10 and 5.8
for the first and second test problems respectively. Again the solutions were computed
with a C'F'L limit of 0.5 and the superbee flux limiter was employed. The mesh velocity
and the trajectories of the mesh points can be seen in figures 5.9 and 5.11 again for
the two test problems. It can easily be seen that the mesh movement is approximately
Lagrangian since the mesh velocity at the relevant output times is approximately @ =
% u. The Lagrangian mesh movement tends to compress the mesh points into the region
of the moving discontinuity and hence gives better resolution of it, which can be seen

in the mesh point trajectories in figures 5.11 and 5.9.

Lastly, the problems were solved using the monitor function M = 1 + «|u,|, where « is

a constant. The constant a was normalised by the maximum gradient by setting

124



t=0 t=0.23333

1 1
0.9t : 0.9}
0.8t : 0.8}
=} =}
0.7} : 0.7}
0.6 : 06}
0.5 : 05— .
02 04 06 08 02 04 06 08 1
X X
t=0.46667 t=0.7
1 . : : 1 :
0.9t : 0.9}
0.8} : 0.8}
o} =}
0.7} , 0.7l
0.6 : 0.6}
0.5 : : 05 :
04 06 0.8 1 0.4 0.6 0.8 1
X X

Figure 5.8: Solution to Burgers’ equation att = 0.7 with initial condition (5.24) obtained
with the moving mesh method with M = wu, computed on a mesh with 100 mesh points
and CFL = 0.5. The bold red line and the blue dotted line represent exact and numerical

solutions respectively.
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Figure 5.9: Figures showing the velocity of the mesh points at the output time t = 0.7

o
o
o
>

o
~
&

o

2

o
=

tim

o
w

o
N

°

(left) and the trajectories of the mesh points (right) arising from the use of the monitor

function M = u.
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Figure 5.10: Solution to Burgers’ equation at t = 0.6 with initial condition (5.27) ob-
tained with the moving mesh method with M = wu, computed on a mesh with 100 mesh
points and CFL = 0.5. The bold red line and the blue dotted line represent exact and

numerical solutions respectively.
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Figure 5.11: Figures showing the velocity of the mesh points at the output time t = 0.6
(left) and the trajectories of the mesh points (right) arising from the use of the monitor

function M = u.
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s

o= m,
@
where (3 is a constant chosen to determine the degree of mesh adaption. The problems
were solved on meshes comprising of 50, 100 and 200 mesh points. An initial mesh was
generated for the first test problem with the initial ramp function by equidistributing the
monitor function over the mesh and the initial mesh for the second test problem with the
initial discontinuous data given by (5.27) was produced by replacing it by a hyperbolic
tangent function. This function was then used to equidistribute the monitor function
over the mesh. Both the initial meshes were equidistributed using the algorithm found
in Baines [7]. It should be noted that the initial data given by (5.27), not the hyperbolic
tangent function, was then used on the adapted mesh as the initial setup for the second
test problem. To maintain accuracy of the numerical solution on the adaptive mesh it
is usually necessary to smooth either the mesh or the monitor function. However, since
the monitor function is solution dependent it is possible to merely smooth the solution

variable u. This was done by diffusing the solution in the following manner,

Uit 1 —Us  Ui—Ui—1
Tit1—T4 Ti—Ti—1

($i+1 - xz‘—1)

(ui>smoothed = u; +

This smoothing process can be applied as many times as required to obtain a smoothed
monitor to be used to generate the moving mesh. The solutions obtained on the mesh
having 100 points can be seen in figures 5.14 and 5.12. Again the solution was computed
with a C'F'L limit of 0.5 and the superbee flux limiter was employed. The mesh velocity
and the mesh trajectories can be seen in figure 5.15 for this choice of monitor function.
It can be seen from these figures that this monitor function causes mesh points to cluster

around the shock region and hence give better resolution of the solution.

The errors in the resulting numerical solution were computed for all three methods using

a weighted L;—norm given as

N
lu=Ully, =3 fulegot) = Ula g 0] Ary.
=0

The errors in the solutions are summarised in table 5.1 and 5.2 for the two test problems

and give a quantitative measure of the accuracy of the method. The errors are shown for

127



t=0 t=0.23333
1 1 ‘ ‘
0.9t 0.9t
0.8t 0.8t
=}
0.7} 0.7}
0.6 0.6
0.5 ‘ 0.5 ‘ ‘
02 04 06 08 02 04 06 08
X X
t=0.46667 t=0.7
1 ‘ 1
0.9t 0.9t
0.8} 0.8}
o}
0.7} 0.7l
0.6 0.6
0.5 ‘ ‘ ‘ 0.5 ‘ ‘ ‘
02 04 06 08 02 04 06 08

Figure 5.12: Solution to Burgers’ equation at t = 0.7 with initial condition (5.24) ob-
tained with the moving mesh method with M = 1+« |uy|, computed on a mesh with 100
mesh points and CFL = 0.5. The bold red line and the blue dotted line represent exact

and numerical solutions respectively.
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Figure 5.13: Figures showing the velocity of the mesh points at the output time t = 0.7
(left) and the trajectories of the mesh points (right) arising from the use of the monitor
Junction M =1+ « |uy].

128



t=0 t=0.2

1 1
0.9} ] 0.9}
0.8} ] 0.8}
5 5
0.7} ] 0.7}
0.6} ] 0.6}
0.5 : : 0.5 : : -
02 04 06 08 02 04 06 08
X X
t=0.4 t=0.6
1 1
0.9} ] 0.9}
0.8} ] 0.8}
5 5
0.7} ] o7l
0.6} ] 0.6}
0.5 : : : : : : :
02 04 06 08 02 04 06 08
X X

Figure 5.14: Solution to Burgers’ equation at t = 0.6 with initial condition (5.27) ob-
tained with the moving mesh method with M = 1+« |uy|, computed on a mesh with 100
mesh points and CFL = 0.5. The bold red line and the blue dotted line represent exact

and numerical solutions respectively.
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Figure 5.15: Figures showing the velocity of the mesh points at the output time t = 0.6

(left) and the trajectories of the mesh points (right) arising from the use of the monitor
function M =1+ « |uy].
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Figure 5.16: Figure showing plots of the time-steps for the Fulerian and moving mesh

methods.

both the first and second order in space versions of the Roe method. It can be seen from
these tables that the moving mesh methods give rise to much more accurate numerical
solutions in comparison with the Eulerian fixed grid method. For example, for the second
test problem the moving mesh method using the monitor function M =1+ «a/|u,| on a
mesh with 200 points can give a more accurate solution in comparison with the Eulerian

method calculated on a mesh with 400 mesh points.

Figure 5.16 shows the change in size of the time-step as the simulation with initial data
given by (5.27) is carried out. It can be seen that the magnitude of the time-steps, for
the moving mesh method with the monitor function M = 1 + « |u,|, oscillate in time.
This phenomena is caused by the fact that the mesh points cannot be restrained to lie
within the shock wave region and therefore periodically enter and leave the shock region.

This feature of the mesh movement is usually referred to as mesh racing.
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Method Error Error
(1st order) | (2nd order)
Eulerian
(Fixed)
N=50 0.03471 0.00987
N=100 0.02183 0.00551
N=200 0.01199 0.00254
N=400 0.00631 0.00127
Lagrangian
M=u
N=50 0.02030 0.00753
N=100 0.01074 0.00377
N=200 0.00538 0.00188
Geometrical
M =1+ a|u,
N=50 (5 = 0.5) 0.02403 0.00416
N=100 (6 =0.5) | 0.01294 0.00216
N=200 (5 =0.5) | 0.00692 0.00107

Table 5.1: Ly errors for fized and moving mesh methods for inviscid Burgers’ equation

with initial data (5.24).
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Method Error Error
(1st order) | (2nd order)
Eulerian
(Fixed)
N=50 0.02377 0.01391
N=100 0.01644 0.00508
N=200 0.00887 0.00254
N=400 0.00449 0.00127
Lagrangian
M=u
N=50 0.01780 0.00755
N=100 0.00893 0.00377
N=200 0.00449 0.00189
Geometrical
M =1+ a|u,
N=50 (8 =1) 0.01592 0.00222
N=100 (6=1) | 0.00711 0.00185
N=200 (#=1)| 0.00387 0.00098

Table 5.2: Ly errors for fized and moving mesh methods for inviscid Burgers’ equation

with initial data (5.27).
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5.6 The Compressible Euler Equations Of Gas
Dynamics

In this section we will consider the adaptive solution of the compressible Euler equations
of gas dynamics in one spatial dimension. The Euler equations in one spatial dimension
are a set of three time-dependent hyperbolic conservation laws which govern the motion

of a compressible, inviscid fluid. The Euler equations in differential form are given as

p pu
ov | | p?+p =0, (5.29)
E t v (E+p)

where p is the density, v is the velocity, p is the pressure and FE is the total energy
of the fluid being modelled. These three equations represent the conservation of mass,
momentum and energy. The Euler equations are a simplification of the more general
compressible Navier-Stokes equations of fluid dynamics, which model fluids with viscous
effects. The Euler equations are obtained by ignoring these effects, rather as ¢ — 0 in

the viscous Burgers equation of the previous section.

Since the Euler equations are three equations in four unknowns we need another equation
to close the system. The system is usually closed by prescribing an empirical law called
the equation of state (EOS) which attempts to describe the thermodynamic relationship
between the variables. In this work we will use the ideal gas equation of state so that

the total energy can be written as

P L,
E= + —pu”,
(v—-1) 2

where 7 is the ratio of specific heats for the gas, and in this work will be taken to be

v =14

To be able to use the Roe scheme outlined in section 5.3 for the solution of the compress-
ible Euler equations, given by (5.29), we need to find the eigenvectors and eigenvalues of
the Jacobian matrix for the flux function in the Euler equations. The Euler equations

can be written in quasi-linear form as
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Et—i_AEx:O?

where u = (p, pv, E)T and the Jacobian matrix A is given as

0 1 0
A= (y-1)-v*-c  @B-7v -1
sl(y=3)H-¢ H-(y-1v* ~qu

Here H is defined as the enthalpy of the gas and is given as

:E—{—p: c? 1

H
P v—1

and ¢ =, /% is the speed of sound in the gas. It can be shown that the eigenvalues A\,

for the Jacobian matrix A are

A =vV—cC Ay = A3 =v+c

and the right eigenvectors for the system are

1 1 1
Iy = vV—¢C Iy = v I's = v+c
H—-vec %1)2 H+wve

The wave-strengths «a,, are also needed for the solution of the Euler equations using
the Roe approximate Riemann solver and are obtained by solving the set of algebraic
equations that result from (5.13). Once these equations have been solved it is found

that the wave-strengths in a cell are given by

o0 = o (Bpte) =~ Alpr) — can),
ay = 7C_Ql(Ap(H—vQ)—vA(pv)—AE),

as = Ap— (a1 +as).
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where A (-) denotes the jump in the corresponding conserved variable. To obtain a
conservative discrete numerical method, the eigenvalues, eigenvectors and the wave-
strengths for the system need to be evaluated at a consistent cell-averaged state. In [80]
Roe found that a sufficient condition to satisfy the three properties (5.10), (5.11) and

(5.12) was that the Roe matrix should be evaluated at the Roe-averaged states given by

VPLVL + \/PRVR i — VPL Hy +\/pr Hr
VPL+ PR VPL+ PR

Here the subscripts L and R denote the left and right states at the cell boundary. The

P = \/PL PR, 0=

sound speed is also evaluated at this Roe-averaged state and is given by

L1
&= (y-1) (H—§@2).

We now have all the information that is required to apply the Roe Riemann solver for
the solution of the Euler equations. In the following subsections we will outline the
application of the moving mesh method derived in chapter 3 to the Euler equations
for specific choices of the monitor function M. We will begin by considering the mass

monitor function.

5.6.1 A Mass Monitor Function

In this section we will consider the adaptive solution of the compressible Euler equations
given by (5.29). Using similar monitor functions to those which were used for the solution
of the inviscid Burgers equation we will solve the Euler equations using the moving mesh
method outlined in chapter 3. The first choice for the monitor function is the mass
monitor M = p and, as with Burgers’ equation, this will lead to a moving mesh method
which is approximately Lagrangian. Therefore we expect that the computational nodes
move with the local fluid velocity, i.e. @ = wv. This is easily shown using the same
technique as in section 5.4.2. Let us consider the continuous version of the moving mesh

method derived in chapter 3 together with the monitor function M = p, so that



Now using the conservation of mass equation p, + (pv), = 0, given by the first Euler

equation in (5.29), in the above equation we obtain

/a%m:'c—v))dx:o,

which can be integrated, using the condition that v = 0 when = = 0, to give

p(t—v)=0.

Since the density p is positive we have that # = v. Therefore we conclude that this
choice for the monitor function will cause the mesh points to move approximately with

the fluid velocity.

We now describe the use of the monitor function M = p in the moving mesh method. If
we substitute this choice for the monitor function into the moving mesh equation (3.17)

we obtain the equation

$i+1(t) 0 ziy1(t)
/ ( ¢> dx——/ w; pe de.
zi_1(t) 81‘ ox zi_1(t)

The right-hand side of this equation can be written in terms of the Euler equations that

we are solving by using the conservation of mass equation p; + (pv), = 0 to give

Tiy1(t) Tiq1(t)
/ w; — ( 8¢> dr = / w; 9 (pv) dz.
zi—1(t) 8 al‘ xi—1(t) ax

We integrate the left-hand side of the above expression by parts to remove one of the

differentials from ¢, giving

|: a¢‘| xi11(t) xi11(t) 811}2 a¢ zit1(t) 0 ( )
w; p— _/ / w; — (pv) dz.
0 fo sy Joiaty 07 o e

Ti—1

Since the basis functions are equal to zero at the end points of the region of integration
and also we have the that ¢ = 0 at the ends of the domain the boundary term in the

above integral disappears. Therefore we obtain the velocity potential equation
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/lﬂl(t) ow; a¢ /%‘H(t) o ( )
— = w; — (pv) du,
@i_1(t) ax al‘ zi_1(t) 813

for all internal nodes. Once the finite element approximations have been introduced we

obtain the weighted stiffness equation

Ko=F,
where
Iz«&»l
K;j = —/ o (9w] dz
zi_1(t) 837 ax
and

@iy1(t) ) (o0)
fi:/ w; — (pv) du.
zi_1(t) 3x

To avoid proliferation of notation the finite element approximations to the density and
velocity of the gas are still denoted by p and v. Again, once the numerical approximation
to the mesh velocity potential has been obtained, the mesh velocity can be recovered
weakly using equation (4.19). The mesh is then integrated forward in time using a
standard forward Euler time-stepping routine with a suitable time-step given by (5.17).
The velocity obtained from this choice of the monitor function can then be used in the
ALE Godunov method (5.9) to update the solution variables. Results generated from

this choice of monitor function will be shown in section 5.7.

5.6.2 A Geometric Monitor Function

In this subsection we will outline the use of the geometric monitor function M = 1+
a|pz|, where «v is a constant to be chosen. We will assume that % > 0 (or % < 0) in
the remainder of the section. If we substitute this choice for the monitor function into

the moving mesh equation (3.17) we obtain the equation

2 09 w9 (9
/x“(t) Hor ((H 3x> ax) rea /xi1(t) wi 5 (3x> dr.  (5.30)
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We now need to deal with the right hand side of the above integral and in particular the
term aat (%). This term is dealt with in similar manner as in subsection 5.4.3 for Burgers’
equation. Therefore, following a similar procedure, we assume we can interchange the
order of differentiation on the right hand side. We now need to obtain an equation for
pi. This can be found from the conservation of mass equation given by p, = — (pv),.

Therefore

wiy1(t) o (dp ziy1(t) o2
i— | =— ) doe = — P —— dz.
/mi_l(w “or (&U) ’ /xH(t) Wi P07

Hence equation (5.30) becomes

zi41(t) o ap\ ¢ zit1(t) o2
wi— | [ 1+« ) ) dx:oz/ w; =— (pv) da.
/Iil(t) 6$ ( ( 6l’ 6l‘ zi_1(t) 81'2
Integrating by parts to derive a weak form of the velocity potential equation, we obtain
O wiy1(t) zit1(t) 9 ; o o
wi(1+a20) %2 - / Wi 40 20) 9y,
8x ox| - ox Oxr ) Ox
xzfl(t) Ty l(t)

P zit1(t) zit1(t) ow; 0
= |law;, — (pv)} —a/ — — (pv) du.
|: 8 zio1(t) @1 (t) 8:1: 833

Again, finite element approximations for p and v can be substituted and expanded
in terms of the linear basis functions w; to obtain a discrete numerical method. The
condition that ¢ = 0 on the boundary of the domain is also used. The result of this is

a weighted stiffness matrix system given by

Ko =f,
where the individual entries of the stiffness matrix are given as

Op\ Quwy| " ma® gy, dp\ Ou
K.. = (1 7y 2= — (1 it ')
Y {wz ( o 8x) Ox 1 /$i—1(t) Ox ( o 8:6) Ox de

Ti—1 (t)

and the entries of f are

0

zit1(f) i) Ao, O
e T
Oz ( ) xi—1(t) xi—1(t) Oox Ox ( )
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The finite element approximations to the density and velocity of the gas are still denoted
by p and v. We now have a matrix system that can be solved to obtain the velocity
potential ® and from this we can recover the mesh velocity X through equation (4.19).
The mesh can then be time-stepped using the same standard Euler time-stepping algo-
rithm that was used for the inviscid Burgers equation. The solution to the compressible
Euler equations is then advanced in time approximately by using the ALE Godunov

scheme with the approximate Roe Riemann solver.

Results for the Euler equations will be presented in the next section, solved on both static

and adaptive meshes generated using the monitor functions M = p and M = 1+ «a|p,|.
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5.7 Numerical Results V

In this section we will show results obtained for the compressible Euler equations of gas
dynamics using the Roe approximate Riemann solver on an adaptive mesh generated
by the method derived in chapter 3. For our test case we have taken the shock tube
problem of Sod [85]. This problem has a material interface which separates two regions
of gas initially at rest with constant, but different densities, pressures and energies. At
t = 0 the interface is broken and the gases are allowed to move into one another. The
resulting solution of the problem consists of a left travelling rarefaction wave and right

travelling contact and shock waves. The initial conditions for this problem are given as

(1.0,0.0,1.0) for0 <z <3

(p, v, p) = (5.31)

(0.125,0.0,0.1) for 3 <z <1

In all the numerical simulations we will output the solutions at ¢t = 0.2.

The Sod shock tube problem is firstly solved on an Eulerian mesh, that is one which is
static in time and equispaced. The problem was solved on four different meshes having
different numbers of computational nodes. These meshes had 50, 100, 200 and 400
nodes. The solution to the problem computed on a mesh with 100 nodes can be seen in

figure 5.17 and was computed with a CF L limit of 0.5 and the superbee flux limiter.

The same problem was then solved using the moving mesh method using the mass
monitor function M = p. This problem was solved on three meshes comprising of 50,
100 and 200 mesh points. The solution to the problem on the adaptive mesh with 100
nodes is shown in figure 5.18 and was again computed with a C'F'L limit of 0.5 and used
the superbee flux limiter. The velocity of the mesh points at the output time ¢ = 0.2
and the trajectories of the mesh points are shown in figure 5.19. It can be seen from
these figures that the mesh velocity is very similar to the true fluid velocity and therefore
the mesh is approximately moving with the fluid velocity. This type of mesh movement
tends to cluster points in regions where the gas is being compressed and expands the

mesh in regions where the gas is being rarefied.

The problem was then solved by the moving mesh method using the geometric monitor

function M =1+ «a/|p,| where the constant o was taken to be
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_ b

max |, |’
@
where 3 is a second constant which is selected to obtain the best possible solution error.
The moving mesh method with this choice of monitor function was used to solve the Sod
shock tube problem on three different meshes comprising of 50, 100 and 200 mesh points.
Again, as with the work presented for the solution of the inviscid Burgers’ equation,
we began the numerical simulation by producing an initial adapted mesh. Since the
initial conditions to the Sod shock tube problem are discontinuous we replaced it with a
hyperbolic tangent function and then equidistribute the geometric monitor function over
it to produce an adapted mesh using the algorithm found in Baines [7]. The problem
was then solved using this initial mesh and the initial conditions for the Euler equations
given by (5.31). The solution variables were also smoothed as in the inviscid Burgers’
section 5.5 to produce a smoothed monitor function. The solution to this problem on the
mesh with 100 nodes is shown in figure 5.20 and was again computed with a C'F'L limit
of 0.5 using the superbee flux limiter. The velocity of the mesh points at the output
time t = 0.2 and the trajectories of the mesh points are shown in figure 5.21. It can be
seen from the figure that the velocity of the mesh is very different when compared to the
real fluid velocity and tends to move mesh points into regions of the domain where the
gradient of the density is large. It can also be seen from these figures that this choice
for the monitor function tends to cause the mesh movement to approximately inherit

some of the wave structure of the solution.

Again, as with the results that were produced for the inviscid Burgers’ equation, we
calculated the error in the resulting numerical solution for all three methods using the
weighted L;—norm given as

[lu—Ul[,, = ZZ‘UP Tipist Up(mi+%7t) A$z‘+%’

p=1 =0

where m is the number of conserved variables.

The exact solution for the Sod shock tube problem does not exist in closed form, however
the solution may be obtained iteratively to any degree of precision by using an exact
Riemann solver. The exact solution used here was computed using the exact Riemann

solver found in [93]. The errors for the three different methods can be seen in table 5.3.
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Figure 5.17: Eulerian solution to the Fuler equations. Figure shows plots of the density,
velocity, pressure and internal energy of the gas at t = 0.2. The bold and dotted lines
represent the exact and numerical solutions respectively. The solution was calculated

with 100 mesh points.

The error table 5.3 shows that again the moving mesh method along with the geometrical
monitor function M = 1 + «a|p,| gives rise to numerical solutions at least twice as
accurate in comparison with both the FEulerian method and the moving mesh method
with the monitor function M = p. It can be seen from this table that the results obtained
from the moving mesh method with the mass monitor function produces results which
are less accurate than those computed with the Eulerian method. This is partly due to
the fact that the mesh movement causes slight oscillations in the solution around the
contact surface. The results using this monitor function are improved if smoothing is

employed.
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Figure 5.18: Solution calculated by the moving mesh method with M = p. The figure
shows plots of the density, velocity, pressure and internal energy of the gas at t = 0.2.
The bold and dotted lines represent the exact and numerical solutions respectively. The

solution was calculated with 100 mesh points.
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Figure 5.19: Figures showing the velocity of the mesh points at the output time t = 0.2
(left) and the trajectories of the mesh points (right) arising from the use of the monitor
function M = p.
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Figure 5.20: Solution calculated with moving mesh method with M =1+ «|p,|. Figure
shows plots of the density, velocity, pressure and internal energy of the gas at t = 0.2.
The bold and dotted lines represent the exact and numerical solutions respectively. The

solution was calculated with 100 mesh points.
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Figure 5.21: Figures showing the velocity of the mesh points at the output time t = 0.2
(left) and the trajectories of the mesh points (right) arising from the use of the monitor
function M =1+ a|py].
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Method Error Error
(1st order) | (2nd order)
Eulerian
(Fixed)
N=50 0.11282 0.03061
N=100 0.07234 0.01422
N=200 0.04461 0.00695
N=400 0.02473 0.00349
Lagrangian
M=p
N=50 0.13313 0.04034
N=100 0.08523 0.02012
N=200 0.05315 0.01069
Geometrical
M =1+ alp,|
N=50 (5 = 2.5) 0.06369 0.01003
N=100 (5 =2.5) | 0.03579 0.00576
N=200 (5 =2.5) | 0.02532 0.00396

Table 5.3: Ly errors for fized and moving mesh methods for the compressible Euler equa-

tions.
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5.8 Summary

In this chapter we have used the moving mesh method derived in chapter 3 to generate
adaptive meshes on which hyperbolic conservation laws have been solved. The chapter
began by considering how to adapt fixed grid finite volume methods onto moving grids.
Based on the work of Harten and Hyman [43], a finite volume method for the solution
of hyperbolic conservation laws was derived. It was found that to take into account
the motion of the mesh the flux function had to be shifted. The subsequent numerical
method employed the approximate Roe Riemann solver to solve local Riemann problems
between computational cells and was utilised to solve both the inviscid Burgers equation

and the compressible Euler equations on both moving and fixed grids.

Two monitor functions were used to drive the moving mesh method. One was the mass
monitor and was found to lead to the mesh motion being approximately Lagrangian.
The other monitor function was based on geometrical properties of the solution and was
designed to move mesh points into spatial regions where the gradient of the solution was
large. In this manner it was seen that the resulting adaptive mesh gave better resolution

of moving discontinuities.

For the inviscid Burgers equation we considered the test problem of a single moving
discontinuity. This problem was solved with the two types of mesh movement and
was compared to the numerical solution obtained on a fixed grid. It was found that
the moving mesh calculations gave more accurate numerical solutions in an aggregated

Li-norm.

The method was then extended to generate an adaptive mesh for the compressible Euler
equations. Using similar monitor functions to those which had been used for the solution
of the inviscid Burgers equation we obtained two different moving meshes. Again a mass
monitor function led to the mesh motion being approximately Lagrangian and a monitor
function based on the gradient of the fluid density led to a mesh movement that was
neither Fulerian or Lagrangian, but inherited some of the wave-structure of the solution
and hence clustered mesh points in shock, contact and to a lesser extent in rarefaction
waves. Again, the combined Li-norm of the solution error was computed for this test

problem and it was found that the results for the geometric monitor function were much
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more accurate when compared with the Eulerian method and the moving mesh method

with the mass monitor function M = p.

One drawback of the geometric monitor function M = 1+ «a|p,| was that the constant
« is undetermined and hence in numerical calculations we had to tune this parame-
ter. Although the solution seems not to be particularly sensitive to the choice of this
parameter, we would, in practice, not like to tune parameters. In the numerical exper-
iments it was found that the parameter a could be used to control the amount of grid
deformation and hence the amount of adaptivity. If the constant was taken to be too
small it was found that the resulting mesh adaption was slight. Alternatively, if it was
taken to be too large there would be large deformations in the mesh which would cause
the time-step of the numerical calculation to decrease significantly in time. Therefore it
would be advantageous to have some technique for choosing the parameter o depending

on the solution to the problem.

Another field of extended study could be the design of other monitor functions for this
test problem such as the ones found in [86]. In the next chapter we will use ideas
developed in this chapter to solve the two dimensional Euler equations on an adaptive

mesh.
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Chapter 6

The Euler Equations In Two

Dimensions

6.1 Introduction

In this chapter we will consider the adaptive solution of the compressible Euler equations
of gas dynamics in two spatial dimensions. In two dimensions the Euler equations are

given as

P pu pv
2
pu pu”+p puv
+ + =0 (6.1)
pu puv pv?+p

E t u (E+p) i v (F+p)
where p is the density, v = (u, v)T are the velocity components in the x and y directions
respectively, p is the pressure and E is the total energy of the fluid. Now the compressible
Euler equations in two spatial dimensions are a set of four hyperbolic conservation
laws since the conservation of momentum equation comprises of one equation for each
component of the momentum. Again, as with the one-dimensional system of Euler
equations, an equation of state (EOS) is required to close the system since we have four
equations in five unknowns. In this work we will again use the ideal gas equation of

state which in two spatial dimensions, given as

1
E= " +§P’V

(v—=1)
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where |[v[* = u? + v2. We will solve the compressible Euler equations given by (6.1)
using the moving mesh method that has been derived in chapter 3, and use a similar
solution procedure to the one for the solution of the one dimensional conservation laws
used in chapter 5. Therefore we will have to solve the ALE form of the Euler equations

which are given as

p p (u— 1) p(v—1)

N I It e I IR Cont 2
pv pv(u—1) pv(v—y)+p

E ) E(u—g)+up ) E(w—g)+uvp

where X = (&, ) are the ALE velocity components in the x and y directions, respectively.

In the next section we will consider the solution of the two-dimensional compressible

Euler equations in ALE form given by (6.2).

6.2 A Finite Volume Solver in 2D

In this section we describe a method for solving hyperbolic conservation laws in two
spatial dimensions. In chapter 5 we considered the solution of one dimensional hyper-
bolic conservation laws on adaptively moving meshes by using the Arbitrary-Lagrangian
Eulerian (ALE) formulation of the equations. Using this formulation of the conservation
laws in a moving spatial domain, we derived a finite volume method which could then
be used to solve the equation being considered, when & was given. In two dimensions
we will use a similar methodology and determine the two-dimensional generalisation of

the ALE finite volume method.

Since we aim to solve the Euler equations on an unstructured triangular mesh we will
derive the finite volume method using triangular volume elements. We begin by consid-
ering a general system of hyperbolic conservation laws on a moving triangular control
volume A;. This triangular control volume can be seen in figure 6.1 and comprises of
three edges denoted by 0A;, 0Ay, 0A3 and has size |A;|. We now consider the ALE

form of a two-dimensional conservation law in this moving control volume given as
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Figure 6.1: Figure showing the triangular control volume A;.

d
< ng+/ V- (f—u%) dQ =0,
de AV A

where f = (f, g). We will denote the ALE flux function as f = f — ux. From this initial
statement of the integral ALE form of the conservation law we construct a conservative
numerical method analogous to the one that was produced in one spatial dimension.
We can use the divergence theorem to write the flux terms of this conservation law in

terms of a boundary integral to obtain

d _
—/ ng—l—j{ f-ndl'=0. (6.3)
dt Ja, oA,

We can write this path integral around the boundary of the control volume A; as a sum

of integrals around the boundary segments. Therefore

3
f-ndl'= % f-n. dl,
fimi ]Zl N, ’

where n; is the unit outward normal to the j edge of the triangular control volume as

shown in figure 6.2. From figure 6.2 it is straightforward to see that the outward normal

150



=>

Xj+1

Figure 6.2: Figure showing the j'™ edge OA; of the control volume A; and the unit

outward normal n; to this edge.

to the j* side can be written in terms of the angle 6; between the z-direction and the

outward normal n;. Therefore we may write the unit outward normal as

n; = (cos §;,sin 6;).

Using this notation, the flux term for the conservation law can be written as

f-n,dl = 0;f+sin 0;g) drI,
Zf;A I Il] Z}g (COS 1 S1n ]g)

where f and g are the ALE flux functions in the z and y-direction respectively. Therefore,
substituting this expression for the flux of the conservation law into equation (6.3) we

obtain

RS MU
— udf) + cos 6;f+sin 0, g) dI' = 0. 6.4
dt A; le aAj( ’ ’ ) ( )

If we take the cell average value of the conserved variables in the control volume A; to

be
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o/
u, =—— [ udQ,
A A,

where |A,| is the size of the control volume, then equation (6.4) becomes an equation

for the evolution of the cell average value of the conserved variables and is given as

3
— (JA] w,) + Zj(lgA (cos 6;f+sin 6;g) dI" = 0. (6.5)
= J

Up until now we have made no numerical approximations in the derivation of equation
(6.5), but to obtain a numerical finite volume method we now need to make a choice for
the method of approximating both the time derivative and the intercell flux. We will
use the forward Euler approximation for the time derivative in equation (6.5) to obtain

the semi-discrete system

N
w = ||A":|1} u— A"+1| Zfim cos 0; f + sin 6, g) dr (6.6)

We still need to make a choice for the approximation to the flux functions. This can be
done by exploiting the rotational invariance of the hyperbolic conservation laws being
solved. For example, the ALE flux terms for the two-dimensional Euler equations can

be written as

coS ij—i- sin 0, g = R;lf(Rj u),

where R; = R (6;) is a rotation matrix given as

1 0 0 0
0 cosf sinf 0
R(0) = (6.7)
0 —sinf cosf 0
0 0 0 1

and R;' = R™' (0;) is given as
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1 0 0

0
cosf —sinf 0
0

0
R71(0) = (6.8)
0 sinf cosf
0 0 0 1
With this simplification equation (6.6) becomes
N L B Z leRud (6.9)
=i |An+1| u; An+1| .

Notice that the quantity G = R; u is the value of the conserved variables rotated to align
with the outward normal n; in the new rotated cartesian co-ordinate system x = (Z, 7).
The conservation laws in this new co-ordinate system become a one-dimensional system

given by

4, +£(ﬁ)m =0.

Therefore, for the compressible Euler equations this system becomes

p P (ﬂ—;ﬁ) 0
i pi (i —&)+p 0

g + ) = (6.10)
po po (ﬁ—x) 0
. E (d—:%) +up | 0

We can make the approximation for the integrals around the control volume

]{ R (Rju) dl' ~ L; R;'f;,
04

where L; is the length of the j™ edge of the triangular control volume A;. Our finite

volume scheme (6.9) together with this approximation then becomes

A
= {’An+’1|—z \N“] ZL R;'E, (R;u). (6.11)
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Figure 6.3: Figure showing the local Riemann problem between the two constant cell

centered states uy, and ug.

We now have a cell-centred finite volume method which can be used to evolve the
cell averages of the conserved variables. However, we still need to make a choice for
determining the flux through the computational cell. As in one dimension we will use
Godunov’s method to determine the intercell flux by solving local Riemann problems
between neighbouring cells using the cell centred values as initial conditions. This can
be seen in figure 6.3. The Riemann problem for the Euler equations only needs to be
solved in the direction normal to the edge that separates the neighbouring cells. So we
may rotate the initial conditions for the Riemann problem using the rotation matrix
(6.7) so that the variables align with the outward normal of the edge and then solve
the z-split system of equations given by equation (6.10). The solution of the Riemann
problem can then be obtained by rotating the solution back onto the original cartesian

co-ordinates by using the matrix (6.8).

In two spatial dimensions we will use the HLLC approximate Riemann solver of Toro,
Spruce and Speares [94] to determine the intercell flux. The details of this approximate

Riemann solver will be given in the following section.
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6.3 An ALE HLLC Riemann Solver

In this section we will outline the use of the HLLC Riemann solver of Toro et al [94].
Harten, Lax and Van Leer [44] originally proposed a method for obtaining intercell
Godunov fluxes referred to as the HLL approximate Riemann solver after its authors.
This Riemann solver assumes a wave configuration of the solution consisting of two
waves separating three constant states, where the speeds of the waves are given by some
suitable algorithm. However the HLL Riemann solver can lead, in some cases, to poor
accuracy of contact and shear waves, as the solution technique does not explicitly include
these in the wave configuration. Therefore, due to this deficiency in the HLL Riemann
solver Toro, Spruce and Speares [94] developed the HLLC Riemann solver, where the C
stands for contact. They restored the contact wave into the assumed wave configuration
so that the solution to the Riemann problem consists of three waves separating four
constant states. The speeds of these three waves will be be denoted by S, S* and Sk
and are assumed to separate the four constant states u;, uj, uyp and up. Also # will
denote the velocity of the intercell boundary. The five possible cases for the structure of
the assumed ALE HLLC Riemann solution are shown in figure 6.4. Using conservation
principles it is possible to obtain expressions for the numerical flux function. We will

briefly outline how the flux function can be obtained for case (b) of figure 6.4.

We now apply the conservation law over the control volume between the left cell bound-
ary and the motion of the intercell boundary at the start and end of the time-levels.
At the start of the time-level the amount of the conserved variable between the left cell
boundary and the intercell boundary is % Az u;. This amount then changes in time by
the flux through the left and intercell boundary F; and Fj;;~. Therefore the amount

of the conserved variable at time At is given as

1
B Azuy + At (Fp —Eypre) - (6.12)

Alternatively, the amount of the conserved variable can be calculated by considering the

amount of the conserved variable at At. Thus we can write this as

1
§A:EQL—(SL—:1’C) Atu; + (Sp — &) Atuj. (6.13)
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Therefore equating the expressions (6.12) and (6.13) and rearranging we obtain the

HLLC flux function for case (b) given as

Frurre =Fp, +(SL— ) (up —uz).

Applying similar techniques for the rest of the possible wave configurations it is possible

to write the ALE HLLC flux function as

E, if S, —4 >0,
Fi =F, + (S, —a)(u} —u;) ifS,—2<0<S"—1,
Friee =4 2 (F; +Fp) if S* — i =0, (6.14)
Fr=Fp+ (Sp— &) (up—ug) ifS"—&<0<Sgp—1,
( Er if Sp—i < 0.

Estimates for the wave speeds S, S* and Sk and also the values uj, uj, of the conserved
variables in the star region, i.e. the region between the waves Sy and Sg, now need to

be obtained to fully determine the HLLC flux function given by (6.14).

The value of the conserved variables for the compressible Euler equations uj and uj
can be obtained by applying the Rankine-Hugoniot jump conditions across the waves

Sr, S* and Sg. By doing this we obtain the conditions

Fp=F, +50 (up —up),

Fp=F; + 5 (u}, —u}), (6.15)

Fr=Fr+ Sk (ui —ug).
We also enforce the conditions that the velocity of the fluid in the z-direction and the
pressure does not jump across the central wave S*. The condition that the velocity
component v in the y-direction does not to jump across the waves S; and Sg is used.

These conditions can be written as

pi, =i =1, (6.16)
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Figure 6.4: Figure showing the five possible cases for the ALE HLLC approximate Rie-

mann solver.

157



We also set S* = u*. Using the Rankine-Hugoniot conditions given by (6.15) and the
conditions (6.16) we obtain an expression for the values of the conserved variables in

the star region given by

- 1 ]
Sk — >
Uy = pK e | o
SK _S* VK
i %4—(5*—“[() S*er

Here the subscript K denotes either the left state L or the right state R.

We will now state the choice of the wave speeds S, S* and Si. Given estimates for the
pressure p* and the velocity u* in the star region then we may choose the wave speeds

to be

S, =ur —crLqr S*=u" Sr=UuUr+ Ccrqr (618)

where

+1 * . *
[1—1——727 (p}ffl)] if p* > pg.

This quantity distinguishes between whether we have a shock or rarefaction wave. If the

K = (6.19)

wave is a shock then the first case in (6.19) is chosen and the wave speed estimates are
approximations to the shock speeds. Alternatively, if we have a rarefaction wave then
the second case in (6.19) is chosen, and gives us an estimate for the speed of the head

of the rarefaction wave.

We also need to obtain estimates for the velocity u* and pressure p* in the star region. In
this work we will use the wave speed estimates from [93] which are based on the exact
Riemann solver of Toro. The pressure and velocity estimates will now be described.

Given an initial estimate of the pressure in the star region given as

1 1

5 (pr + pr) — §(UR—UL) pc

p:nit =
where p =1 (pp + pr) and € = 1 (¢, + cr),
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o If Pmin < pfmt < DPmaz and Ip@ < 2 where Pmin = min (pLapR) and Pmaz =

min

max (pr, pr) then

p* = max (t0l>pinit> )
. 1 (pr —p1L)
ut = 5 (ug + ugr) 255

where tol = 0.0001.

o If p¥ ., < Pmin then

W=

C C ?
Lz+ Rz

CL"‘CR_’YTl(UR_uL)]

(prL) (pr)

e ()]

where z = 72—_1
v
e Otherwise
o= gz (po) pr + 9r (po) pPr — (ur — uy)
gz (po) + gr (po)
1 * *
ut = B (ur +ug) + [(p" — pr) 9r (P0) — (0" — pL) 9L (Po)]

where

(v+1) px’ (y+1

for K = L, R and pg = max (pin, 0).
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Figure 6.5: Figure showing the area swept out by the edge A — B in time At.

We also need to obtain a value for the speed of the intercell boundary . Since we will be
solving the Riemann problem across the common edge in the normal direction between
two computational cells this intercell boundary speed & translates into the speed of the
edge in the normal direction. The evaluation of the edge velocity is considered by Zhang
et al in [104]. They obtain the speed of the edge by calculating the area AS swept out
by the edge of the moving control volume and dividing this by the size of the time-step
and the length of the edge L. Therefore the velocity is given by

AS

In [104] the area swept out by the edge is calculated in the following manner. Consider
the edge connecting the points A and B which are located at the positions x4 and xp
which move in time to the points A’ and B’ which are located at the positions x4 and

X g1, respectively. This motion of the edge is shown in figure 6.5.

The total area swept out by the edge is then calculated by splitting it into two triangular

regions where the size of these regions add up to the total area in the sense that

AS = AS; + ASs,

160



where

ASl = ‘rAA’ XI‘AB’

1
(ZL’B/ — T A —At (I'B —I'A)) AtyA — 5 (yB’ — Yar —At(yB _yA)) At,IA

NSRS NN

and

ASy = BB X Bl

N

. . 1 . .
(ypr = yar = Atyp) Atip — 5 (wp — 20 — Atip) Atgp,

N —

An outline for the use of the ALE HLLC approximate Riemann solver is therefore

e Given initial estimates for the velocity of the fluid in the z-direction u* and the

pressure p* in the star region, compute the wave speeds given by (6.18).

e Then compute the states of the conserved variables in the star region given by

(6.17) and also calculate the velocity of the intercell boundary given by (6.20).

e Calculate the ALE HLLC approximate Riemann flux function given by (6.14) and

use it in the finite volume scheme given by (6.11).

The resulting finite volume method with the use of the HLLC approximate Riemann
solver is only first order accurate in space and time, but in the following section we will

describe how higher spatial accuracy can be achieved.

6.4 The MUSCL Technique of Van Leer

The finite volume method together with the HLLC approximate Riemann solver which
has been described in sections 6.2 and 6.3, respectively, will result in a first order accurate
method in space and time. Therefore to obtain higher order numerical approximations
to the conservation laws being solved we need to use some other technique. The tech-
nique that will be used in this work to obtain a high resolution solution is the Monotone

Upwind Schemes for Conservation Laws (MUSCL) technique of Van Leer [58]. This

161



Figure 6.6: Figure showing the three surrounding computational cells used to construct

a gradient plane.

technique is a multidimensional slope limiting method which constructs piecewise poly-
nomial data from the initial piecewise constant data. The values of the reconstructed
data are then calculated at the cell boundary of each side and these values are then
used to solve the local Riemann problem. This procedure will now be outlined in more

detail.

As stated above, we can attain a higher order of numerical accuracy for the solution of
hyperbolic conservation laws by producing a higher order polynomial reconstruction of
the solution in each computational cell. In this work we will produce a linear recon-
struction of the conserved variables in each computational cell, given initial constant
data. This reconstruction technique will lead to a numerical method which is second
order accurate in space, that is a method for which the exact solution is obtained for

linear data.

This process of reconstructing linear functions in each computational cell is outlined in
Hubbard [54] for use on unstructured triangular and quadrilateral meshes. Let @ denote
the constant cell average value of the solution in a computational cell, then we can

produce a linear reconstruction within the computational cell in the following manner,

=
Il
=
_l_
-
=

(6.21)
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where r is the position vector relative to the centroid of the triangular computational
cell and L is a gradient operator. This gradient operator can be constructed by tak-
ing the three computational cells surrounding triangle 0 and forming a triangle with
anti-clockwise ordering of its indexes. This triangle with vertices ijk formed from the
centroids of the three surrounding computational cells is shown in figure 6.6. The gra-

dient operator is then defined for each conserved variable u; for [ = 1,...m as

o for n,, > €
V (Aijk) = o (6.22)
otherwise
0

\
where € is a set tolerance taken to be 107!, The components of the vector n =

(ng, My, Ny, ) come from

n = (P; —Py) x (P; = Py),

where

Pz - ('rz’ayzw (Ul)z) for z = Zaj7k

Choosing the linear operator L to be the gradient operator (6.22) leads to a second-
order accurate method. Given the linear reconstruction to the piecewise constant data
in each computational cell we can then calculate the value of the conserved variables
immediately to the left and right of a common edge; for example for the triangles denoted
by 0 and j these values of the conserved variables are denoted by ug; and u; and shown
in figure 6.7. These values are calculated by taking the value of the position vector r
in equation (6.21) to be the vector from the centroid of the cell to the midpoint of the
edge. These values of the conserved variables at the common edge of the computational
cells are then used as the initial values for solving the local Riemann problem in the

HLLC approximate Riemann solver.

Although this procedure will lead to a method which is second order accurate in space it

can cause the numerical method to create new extrema if the solution is rapidly varying.
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Figure 6.7: Figure showing the gradient planes constructed in a set of computational

cells.

Therefore to eliminate the formation of unphysical oscillations we need to modify this
gradient so that the scheme will satisfy a local maximum principle at the midpoints of
the computational cells. The scheme can be made to satisfy a maximum principle if a

limiting process is applied to the gradient planes which have been reconstructed.

This limiting process is carried out by applying a limiter function to the gradient oper-
ator to ensure that no local extrema are created at the intercell boundary. In this work

we will use the Limited Central Differences (LCD) limiter described in [54]. The limited

gradient plane is given as

Licp=alL

where o = min aj and
k=123

2 Mo0)if gy, - L > max (uy, — g, 0),

rog- 44
- in(U, —-U,,0 : 1
Qe = MEO) if ro; - L < min (u;, — u,, 0),
rog
1 otherwise.

Since the resulting finite volume scheme with the HLL.C and MUSCL linear reconstruc-

tion is explicit in time it must satisfy a CFL type condition. It has been shown that
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schemes using this type of limiting process will not produce new local extrema at the

cell edge mid-points if the time-step satisfies the condition that

A" < Al

~ 3 max |\ - ng|’
k=1,3

(6.23)

where )\ is the wave speed of the system being solved across the edge k of the compu-

tational cell A;.

We have now outlined the use of a high resolution method for the solution of hyperbolic
conservation laws on an unstructured adaptively moving mesh. In the following sections
we will describe the use of the moving mesh method detailed in chapter 3, using both

the mass monitor function and a geometric monitor function.

6.5 A Mass Monitor Function

In this section we describe the use of the mass monitor function in the moving mesh
method that was derived in chapter 3 to generate an adaptively moving mesh for the
solution of the two dimensional compressible Euler equations of gas dynamics. The mass
monitor which was used for the solution of one dimensional hyperbolic conservation laws
in the previous chapter is given as M = p. If this monitor function is substituted into
the moving mesh velocity potential equation given by (3.21), taking q = 0 and @w = 1,

we obtain the equation around the patch of computational cells 0€2;

o
w22 ar - Vs - pvod = — [ w2 ag.
B ot
0Q;(t) n Q;(t) Q4 (1)

The boundary integral around the patch of computational cells is equal to zero since the

basis function w; is equal to zero on this boundary and on the boundary of the domain

we have the boundary condition ‘g—i = 0. Therefore the velocity potential equation for

® becomes

/ YV, - pV(I)dQ:/ wi@dQ.
(1) @ O
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We now need to obtain an expression for p; to substitute into the above equation.
This relationship for the rate of change in time of the density function comes from
the conservation of mass equation, which is the first equation in the system of Euler
equations (6.1) and given as p; = —V - (pv). Therefore substituting this expression into

the velocity potential equation we obtain

/ Vw;, - pVOdQ = —/ w; V- (pv) dS2.
Qi(t) Q;(2)

This equation for the approximate velocity potential ® becomes a stiffness matrix system
once the linear finite element approximations have been made. This stiffness matrix

system has the form

Ko =/,

where the elements of the stiffness matrix are given as

Qi (t)

and the elements of the load vector are

fi:—/ w; V- (pv) d§2.
Qi (t)

Once the numerical approximation to the mesh velocity potential has been obtained, the
mesh velocity can then be recovered weakly by solving the mass matrix system (3.22).
The mesh is then integrated forward in time using a standard forward Euler time-
stepping routine. The ALE velocity resulting from this choice of the monitor function
can then be used in the 2D ALE finite volume method that has been outlined in sections
6.2, 6.3 and 6.4 to update the solution variables. Results generated from this choice of

monitor function will be shown in section 6.7.

6.6 A Geometric Monitor Function

In this section we will outline the use of the geometric monitor function M = 1+« |Vpl|?

in the moving mesh method derived in chapter 3. This monitor function will be used to
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generate an adaptive mesh on which the two-dimensional compressible Euler equations
can be solved. If this monitor function is substituted into the moving mesh velocity

potential equation given by (3.21), taking q = 0 and w = 1, we obtain the equation

0
f w; (14 |Vpl) 9. dF—/ Vw; - (1+a |Vpl’) VodQ =
% (t) On Qi(t)
_/ w; (14« |Vp|2)t dQ
Qi (1)

on the patch of computational cells 9€2;. We now need to obtain an expression for the

rate of change of the monitor function

(1+a Vo), =a (IVo),.

Expanding the differentiation of time and reversing the order of spatial and temporal

differentiation we obtain

Oz(|Vp]2)t = 2aVp-(Vp),

= 2aVp-Vp, (6.24)

We now need to obtain an expression for p; to substitute into the above equation.
This relationship for the rate of change in time of the density function comes from
the conservation of mass equation, which is the first equation in the system of Euler
equations (6.1) and given as py = —V - (pv). Therefore substituting this expression into

equation (6.24) we obtain

2aVp-Vp, = —=2aVp-V(V-(pv)).

Thus we have obtained the relationship that

(1+a|Vp]?),=—2aVp-V (V- (pv))

which can be weakly enforced and substituted into equation (5.30) to give
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0
% w; (1+a |Vpl ) d) -dI' — / Vw; - (1+« |Vp|2) VodQ =
F[9) (t) Qi (t)
2 / w; Vp-V (V- (pv)) dQ.
Qi(t)

The variables p and v will both be approximated by piecewise linear functions, so the
integral on the right-hand side of this equation has to be integrated by parts since the
momentum pv will be a quadratic function and the second derivatives will not be well-
defined. The right hand side of this equation can be dealt with by writing this integral

as a sum of integrals over each cell in the patch. Therefore we have that

AlsinQ;(t)

w; Vp-V(V-(pv)) dQ = w; V VV dQ
/w) bV (V- (pv)) Z / b V(Y- (pv))

We will assume that Vp is constant over the cell and therefore can be taken out of the

integral to give

Z / w; Vp-V(V-(pv)) dQ = Z vp/ w; V (V- (pv)) dQ.

(t)

This integral may now be integrated by parts to give

Alsin Qy(

Z Vp {]{ J(t)in~(pv) dI‘—/Aj(t)Vin-(pv) dQ}

Once the finite element approximations to the density, velocity and the velocity potential
denoted by p, v and ® respectively have been introduced and expanded in terms of
linear basis functions the equation for the approximation to the mesh velocity potential

becomes a stiffness matrix system given by

Ko =/,

where the elements of the stiffness matrix are given as

0
Ki; :]{ w; (1+a |Vpl ) wj - dIl’ — / Vuw; - (1+« |Vp|2) Vw,; dQ
asz-() Q;(t)
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and the elements of the load vector f are

AlsinQ(t

(1)
fi=20 > Vp- f in~(pV)dI‘—/ Vuw; V- (pv) dQ 3.
7 08, (1) A5(t)

Once the numerical approximation to the mesh velocity potential has been obtained,
the mesh velocity can then be recovered weakly by solving the mass matrix system
(3.22). The mesh is then integrated forward in time using a standard forward Euler

time-stepping routine given by

)Sn—&-l — }571 T Atn }Sn

The velocity generated from this choice of the monitor function can then be used in the
2D ALE finite volume method that has been outlined in sections 6.2, 6.3 and 6.4 to
update the solution variables. Results generated from this choice of monitor function

will be shown in section 6.7.
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6.7 Numerical Results VI

In this section we will show results obtained for the two dimensional compressible Euler
equations of gas dynamics using the HLLC approximate Riemann solver on a genuinely
two-dimensional adaptive mesh generated by the method derived in chapter 3. As our
test problem we have chosen to solve the cylindrical generalisation of Sod’s shock tube
problem. The problem consists of a circular region with radius % containing gas at high
pressure and density which is initially at rest. Outside of this circular region the gas is
at low pressure and density and is also at rest. At ¢ = 0 the membrane between the two
regions of gas is removed and the two regions of gas are allowed to move into one another.
The resulting solution to the problem has the same structure in the radial direction r
as the one-dimensional Sod shock tube problem. Therefore the solution consists of a
shock and contact wave which move away from the high pressure, density region and a
rarefaction wave travelling into the high pressure, density region. The solution to the
problem differs slightly from the one-dimensional Sod shock tube problem in that the
solution has depressions caused by the cylindrical geometry of the problem. The initial

conditions for this problem are given as

(1.0,0.0,0.0,1.0) for 0 <r <4

(P, u, v, p) = (6.25)

(0.125,0.0,0.0,0.1)  for i <r<1

In all the numerical simulations we will give the solutions at t = 0.2.

This problem was first solved using the HLLC method on an Eulerian mesh with 20000
computational cells and 10201 nodes and can be seen in figure 6.8. The numerical
solution obtained for this problem is shown in figure 6.9 and shows plots of the density,
velocity components in the x and y directions, respectively, pressure and the specific
internal energy of the gas. There does not exist an exact solution to this problem
in closed form, so as a reference solution we solved the problem as a one-dimensional
radially symmetric problem. The compressible Euler equations written in radial co-

ordinates r are given as
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Figure 6.8: Initial mesh generated for the Eulerian computations.

P P Urad P Urad
1
PUrad | T | platp | =5 PV ad
E ¢ Urad (E + p) , Urad (E + p)

where v,,4 is the radial velocity of the gas. This system of conservation laws was then
solved using a one-dimensional Roe approximate Riemann solver with 5000 mesh points
to produce a comparative “exact” solution. The two-dimensional solutions obtained were
plotted against the radial distance and compared with the one-dimensional reference

solution. These results can be seen in figure 6.10.

The same problem was then solved using the moving mesh method along with the mass
monitor function M = p. The initial mesh for the computation was equally spaced

and is shown in figure 6.8. The solution on the moving mesh is shown in figure 6.11
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max|A;|
min|A;|

min |A,| max |A,|

Eulerian 2.0 x 107* 2.0 x 1074 1

Lagrangian | 3.6343 x 107° | 6.0584 x 10~ | 16.6699

Geometric | 5.6867 x 1075 | 5.2327 x 107* | 9.2017

Table 6.1: Table showing the maximum and minimum size of computational mesh cells

in the final mesh att = 0.2.

and again these solutions are plotted against the radial distance so that they could be
compared with the reference solution. The final mesh at t = 0.2 for this computation is
also shown in figure 6.13. It can be seen from this figure that the computational cells
are compressed in regions of the solution where the gas is also compressed. Therefore
many of the mesh points tend to cluster in the spatial region between the contact and

shock waves.

The cylindrical shock problem was then solved on a moving mesh obtained from the
use of the moving mesh method with the monitor function M = 1+ « |Vp|>. In the

simulations the constant o was taken to be

g

max |Vp|*’
x

where (3 is a second constant which determines the degree of mesh adaption. In numerical

computations it was found that we obtained adequate numerical results with 5 = 20.

Solutions for the compressible Euler equations for this choice of monitor function can
be seen in figure 6.14. The solution obtained has also been plotted against the radial
distance and is shown in figure 6.15. The final mesh for the problem at ¢ = 0.2 has also
been displayed in figure 6.16 and shows mesh points being clustered in regions of high
density gradient, such as in the shock and contact waves and also in the rarefaction

wave.

In table 6.1 the maximum and minimum size of the computational cells for the three

different methods is shown and gives us an indication of the stiffness of the mass matrices
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being solved. The stiffness of the mass matrix systems is known to be proportional to

the relative size of the largest to the smallest computational cell [97]. Therefore

_ max |A]
~ min |A]
We find that the moving mesh method with the mass monitor function produces the

stiffest matrices to be solved.

As a final test problem for the two-dimensional Euler equations we considered a con-
verging cylindrical shock problem. Initially at ¢t = 0 the problem comprises of a circular
region with radius 100 containing gas at low pressure and density which is initially at
rest. Outside of this circular region the gas is at high pressure and density and is also
at rest. At ¢t = 0 the membrane between the two regions of gas is removed and the two
regions of gas are allowed to move into one another. The solution then consists of a
converging shock wave followed by a converging contact wave and a diverging rarefaction
wave. The shock then reflected at the origin of the domain and shock then interacts
with the converging contact wave. The result of this interaction is a diverging shock
wave, a converging contact wave and also a weak shock wave converging towards the

origin. The initial conditions for this problem are taken to be

( ) (1.0,0.0,0.0,1.0) for 0 < r <100 (6.26)
p7 u7 U? p - .
(4.0,0.0,0.0,4.0) for 100 < r < 250

The problem was solved by Glaister in [41] as a one-dimensional cylindrically symmetric
problem. The results for this problem were computed until ¢ = 90 when the shock and
contact waves interact on the domain [—250,250] x [—250,250]. This problem was
simulated with the three methods used here and results are shown for the Eulerian
method in figures 6.17 and 6.18. The results obtained for the moving mesh method
together with the mass and the geometric monitor functions are shown in figures 6.19.
6.20 and 6.22, 6.22 respectively. The final meshes for the moving mesh computational

are shown in figures 6.21 and 6.24 for the mass and geometric monitor functions.

On comparing the three solutions obtained for this problem we find that the moving

mesh method together with the geometric monitor function leads to a more accurate
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numerical solution. The region in which the shock and contact waves interact is better
resolved and hence gives a better numerical solution in this region. Also with this type
of mesh movement we have found that multidimensional effects are less pronounced,
therefore the solution has retained its cylindrical symmetry better in comparison with
both the Eulerian method and the moving mesh method with the mass monitor function.
It can also be seen from the figures that none of the methods resolve the fine features
of the solution. The problem was also solved with the Eulerian method on a finer mesh
which has 40401 nodes and 80000 computational cells. The solutions obtained for this
simulation are shown in figure 6.25 and show that, even when the number of compu-
tational cells had been quadrupled, the solution to the problem was still possibly not
as accurate as the moving mesh method together with the geometric monitor function.
This Eulerian solution is still very smeared in the region of the shock, contact wave
interaction. The peak in the density in this region is much higher in comparison with
the moving mesh method, but it seems to be in the wrong position. This error in the
position and the smearing of the shock is probably due to a break in the symmetry
of the problem as the initial shock wave is reflected off the origin of the domain. The
moving mesh method with the geometric monitor function obtains a better solution due
to the fact that is it able to cluster mesh points tightly at the origin when the shock is

reflected and hence symmetry errors are kept to a minimum.
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(6.25). Figure shows plots of

.9: Solution of the Fuler equations with initial data

Figure 6

density, velocity components in x and y directions, pressure and specific internal energy

computed with the Eulerian method.



Figure 6.10: Solution of the Euler equations with initial data (6.25). Figure shows plots

of density, radial velocity v.q.q = Vu? + v, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)
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Figure 6.11: Solution of the Euler equations with initial data (6.25). Figure shows plots
of density, velocity components in x and y directions, pressure and specific internal

energy computed with the moving mesh method with M = p.
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Figure 6.12: Solution of the Euler equations with initial data (6.25). Figure shows plots
of density, radial velocity v.qq = Vu? + v?, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)
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Figure 6.13: Plot of the final mesh at t = 0.2 obtained for the solution of the Fuler

equations with the moving mesh method with M = p.

179



Figure 6.14: Solution of the Euler equations with initial data (6.25). Figure shows plots
of density, velocity components in x and y directions, pressure and specific internal

enerqy computed with the moving mesh method with M =1+ « |V,0\2.
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Figure 6.15: Solution of the Euler equations with initial data (6.25). Figure shows plots
of density, radial velocity v.qq = Vu? + v?, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)
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Figure 6.16: Plot of the final mesh at t = 0.2 obtained for the solution of the Euler

equations with the moving mesh method with M =1+ « |Vp\2.
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Figure 6.18: Solution of the Euler equations with initial data (6.26). Figure shows plots
of density, radial velocity v,q.q = Vu? + v2, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)
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Figure 6.20: Solution of the Euler equations with initial data (6.26). Figure shows plots
of density, radial velocity v,q.q = Vu? + v2, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)

186



200

150

100

50

y
o
N

XA

-100

-150

0
-200 -150 -100 -50 0 50 100 150 200

Figure 6.21: Plot of the final mesh at t = 90 obtained for the solution of the Euler

equations with the moving mesh method with M = p.
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Figure 6.23: Solution of the Euler equations with initial data (6.26). Figure shows plots
of density, radial velocity v,q.q = Vu? + v2, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)
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Figure 6.25: Solution of the Euler equations with initial data (6.26). Figure shows plots
of density, radial velocity v,q.q = Vu? + v2, pressure and specific internal energy plotted
against the radial direction. (Note that the numerical solution obtained at all points has

been plotted against the radial distance.)
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6.8 Summary

In this chapter the moving mesh method derived in chapter 3 has been used to generate
moving meshes upon which the two dimensional compressible Euler equations of gas
dynamics have been solved. In two dimensions a finite volume method was obtained
in section 6.2 on an unstructured triangular mesh for the solution of the arbitrary
Lagrangian Eulerian (ALE) form of hyperbolic conservation laws. This ALE finite
volume method was then used in conjunction with an ALE HLLC approximate Riemann
solver which was outlined in section 6.3. Due to the fact that this numerical method led
to a scheme that was only first order in both space and time we then used a MUSCL
technique with the LCD limiter, described in section 6.4, to obtain higher order in space

results.

The use of multidimensional generalisations of the monitor functions used in one spatial
dimension for the compressible Euler equations was then outlined in sections 6.5 and
6.6. In two dimensions we used the mass monitor function M = p and the geometric

monitor M =1+ « |V,0|2 to generate an adaptively moving mesh.

In section 6.7 we applied the moving mesh method using both the mass and geometric
monitor functions. We produced results for a two dimensional generalisation of the one
dimensional Sod shock tube problem, which has similar conditions to the Sod shock
tube problem, but against the radial distance. The moving mesh methods were then
compared which each other and the standard fixed grid Eulerian method. The computed

solutions were all compared with the one dimensional reference solution.

It was found that the mass monitor led to an approximately Lagrangian method and
tended to cluster mesh points in between the shock and contact wave where the gas was
being compressed, as in the one-dimensional results. The moving mesh method together
with the geometric monitor function produced a mesh in which points were clustered
in regions of the solution where its gradient was high, such as in shock, contact and

rarefaction waves.
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Chapter 7

Discussion

7.1 Summary

In this chapter we summarise the findings of the work carried out in this thesis and
suggest some further research that could be carried out. The extent of the original work
carried out by the author is also detailed. The thesis begins in chapter 1 by outlining
different types of adaptive methods for the solution of differential equations. Also in this
chapter we described the main three types of numerical adaption, techniques which were
referred to as h-, p- and r-adaption. It was also stated that in the thesis we would only
consider the r-adaption technique, which consists of dynamically moving the positions
of the computational mesh nodes in time in an attempt to increase the accuracy of the

numerical method. The outline and aims of the thesis were also stated.

In chapter 2 some commonly used moving mesh methods and grid generation techniques
were described. The notion of an adaptive mesh being produced as a one-to-one map-
ping from a background computational domain onto the physical domain in which the
problem is being solved was introduced and it was shown how the various properties of
the mesh in the physical domain can be controlled by this mapping. We then went on
to introduce the notion of the of a monitor function in the context of the equidistribu-
tion principle, due to de Boor [16]. It was pointed out that in one spatial dimension
many moving mesh methods are based on this equidistribution principle and from this
principle the concept of moving mesh partial differential equations (MMPDES) can be
derived. We also gave examples of several monitor functions that have been used for

the solution of both ordinary and partial differential equations.
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In chapter 2 we also noted that in general moving mesh methods fall into one of two
categories, velocity and location based methods, which differ in the fact that velocity
based methods target the rate of change of the mapping from the computational to

physical domain &(z(&,t),t) and location based methods target the mapping x(&,t).

We then went on to consider multidimensional extensions of the ideas introduced in
one spatial dimension. It was found that the equidistribution principle does not easily
extend to higher dimensions, since the natural extension is an underdetermined system.
Therefore in higher dimensions we described alternative routes which researchers have
followed in generating an adaptive mesh. Many of the methods outlined in this chapter
can be formulated as minimisation problems. In most cases, functionals were derived
which could be used to control properties of the mesh. Also the idea of a monitor matrix

to control the properties of the mesh was described.

Subsequently in chapter 2 we described the classical Lagrangian method in fluids in
which the motion of the mesh is chosen to move with the local fluid velocity, and the

generalisation of this known as the Arbitrary Lagrangian Eulerian (ALE) method.

Finally in chapter 2 we considered geometric integration techniques in which discrete
approximations to systems are constructed in such a manner so that the discrete system

inherits as many properties of the continuous problem as possible.

In chapter 3 we derived a moving mesh method using monitor functions. This moving
mesh method was based on a conservation of monitor function principle in time. It was
then shown that a mesh velocity is induced by prescribing that the mesh obeys this
conservation principle. The resulting Eulerian form of the conservation law obtained
for the velocity of the mesh is an equation for the velocity, but is known to be an
underdetermined system for spatial dimensions higher than one. Therefore we chose
to prescribe the curl of the mesh velocity to obtain a unique velocity field. Using this
condition we then obtained an elliptic PDE for a mesh velocity potential, from which
the velocity of the mesh could be recovered. An interpretation of the method was also
given in terms of modelling the mesh as a pseudo-fluid in which the monitor function
acts as the pseudo-density function. The mesh velocity was then found to be the velocity

of the pseudo-fluid.
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We chose to generate the velocity of the mesh through a finite element method, therefore
in this chapter we derived weak forms of the equations for the mesh velocity potential
and the equation for the recovery of the mesh velocity. These weak forms could then
be used in a finite element framework to obtain a unique mesh velocity. The velocity is

used to advance the mesh forward in time using an ODE time-stepping method.

In chapter 4 we considered the solution of the porous medium equation (PME) using
the moving mesh method derived in chapter 3. We began this chapter by examining the
scale invariance properties of the PME and detailing how a radial self-similar solution
can be constructed. The scale invariance properties of the PME were then utilised to
develop a scale invariant moving mesh method. We first considered the moving mesh
method with the monitor function M = u, which is designed to conserve “mass” in the
discrete sense. A scale invariant time-stepping routine was used to advance the mesh
forward in time. In the case of the PME with M = u we found that once the new
adaptive mesh had been found, the solution to the problem could be recovered directly
through the use of the conservation of monitor function principle. Results for this choice
of monitor function were shown and it was found that the method produced accurate
numerical solutions in a suitable norm. We also found that the solutions seemed to be
correctly attracted to the self-similar solution as time increased. Also it was found that

the scaled error in the solution was approximately invariant in time.

We then went on to consider the solution of the PME using the same moving mesh
method but with other choices for the monitor function. It was described how to modify
general monitor functions to produce scale invariant monitor functions, with particular
reference to the gradient monitor function M = |u,|. This monitor function was chosen
as we expected that it would cluster many of the computational nodes within the steep
moving front of the solution. Results were shown for the moving mesh method together
with the gradient monitor function. It was found that recovering the solution directly
with this choice of monitor function led to a less accurate method overall in the norm
chosen in comparison with the mass monitor which was probably due to the fact that
there was no constraint for the numerical solution to conserve mass in the discrete sense.
Since this problem is characterised by the total mass in the solution this turned out to

have a detrimental effect. It was however noted that the mass conserving property of
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the solution could be maintained by using the Arbitrary Lagrangian Eulerian (ALE)
form of the PME to solve the PME on the mesh generated from the gradient monitor

function.

At the end of chapter 4 we extended the moving mesh method together with the mass
monitor to the solution of the PME in two spatial dimensions. Results were shown
for solutions to the PME with a variety of the powers m. The solution to a problem
with non-self-similar initial conditions was also presented and it could be seen how the

solution was attracted towards the self-similar solution as time increased.

Chapters 5 and 6 described the development of the moving mesh method to solve non-
linear hyperbolic conservation laws, both in one and two spatial dimensions. In chapter
5 we considered the adaptive solution of the one-dimensional inviscid Burgers equa-
tion and the compressible Euler equations of gas dynamics. Since the solution to the
equations being solved could not be recovered through the use of the conservation of
monitor function principle the ALE approach was needed to recover the solution on the
moving mesh. A finite volume scheme was used to solve the conservation law. It was
found that to incorporate the velocity of the mesh in the method we had to solve the
conservation law in a general frame of reference and hence we derived the ALE form of

the conservation law.

In chapter 5 we also solved both the inviscid Burgers equation and the compressible
Euler equations on an adaptively moving mesh generated from one of two monitor
functions. The first monitor function we considered was the mass monitor and it was
found that this choice led to the mesh motion being approximately Lagrangian. The
second monitor function was designed by considering the structure of the solution to
hyperbolic conservation laws. A geometric monitor function based on the gradient of
the solution was utilised to move mesh points into regions of the domain where the
gradient of the solution is high, such as in moving discontinuities. For both the inviscid
Burgers equation and the Euler equations it was found for various test problems that
the moving mesh method together with the geometric monitor function led to more

accurate numerical solutions.
Chapter 6 considered the solution of the compressible Euler equations in two spatial
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dimensions. In this chapter a generalisation of the one-dimensional ALE finite volume
method was derived which was then used in conjunction with an ALE HLLC approx-
imate Riemann solver. This method gives only first order accuracy in both space and
time. Therefore to increase the accuracy of the numerical approximation we used the
MUSCL method of Van Leer together with the LCD slope limiter. We then outlined the
use of the mass monitor function and a generalisation of the one dimensional geometric
monitor function which was used for the compressible Euler equations. These monitor
functions were then used in the moving mesh method to generate a moving mesh in two
spatial dimensions. We applied the method to a cylindrical shock problem, which can
be seen as a generalisation of the one-dimensional Sod shock tube problem in the radial
direction. Results were obtained for the two monitor functions and then compared to

the standard Eulerian method.

The introductory chapters 1 and chapter 2 and the applications to hyperbolic problems
in chapters 5 and 6 are entirely the work of the candidate. The method chapter 3 and
the PME application chapter 4 parallel the work of Baines, Hubbard and Jimack [8, 9],

but there are some original sections, namely sections 4.4 to 4.8.

7.2 Discussion of Similarity in Hyperbolic Systems

In this thesis we solved both the porous medium equation and the compressible Eu-
ler equation of gas dynamics using the moving mesh method. However, the solution
procedure of these two equations was based on very different aims. The aim of the
moving mesh method for the solution of the PME was to produce a numerical method
which was scale invariant and hence inherited many of the continuous properties of the
continuous equation. Using this property of the continuous equation we were able to
construct solutions to the problem which were attracted to the self-similar solution as
time advanced. In contrast, the solution technique for the Euler equations consisted
of designing monitor functions which characterised the geometrical properties of the
solution and in this manner we hoped that certain features of the flow would be well

resolved by the mesh.
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Figure 7.1: Self-similar solution to the compressible Euler equations in radial co-

ordinates. Figure shows plots of density, velocity and pressure at four different times.

An interesting extension of this work could be to solve the Euler equations using similar
scale invariant techniques that were used for the PME. For example one problem for the
Euler equations which does exhibit scale invariance is that of the point source solution
derived by Taylor [89, 90] and Von Neumann [74], which is also often referred to as the
Sedov blast wave problem [11]. This problem consists of a very intense blast wave which
propagates outwards from an initial high energy state. The early stages of this problem
are described by the PME with the specific choice for the power m taken to be roughly
5 [11]. However later stages of the evolution are described by the compressible Euler

equations in radial co-ordinates given as

p pu i pu
pv | +| poi+p = pv? ;
E t v (E+p) v (E+p)

where d is the number of spatial dimensions. It can be shown [11] that the variables of
the radial Euler equations, together with the condition that the total energy is conserved

in time,

00 00 1
/ Erdlqr — / <L 4= pv2> r4~1 dr = constant in time,
0 0 Y= 1 2

are invariant under the scalings



where the variables p, v and p are the density, velocity and pressure of the gas and r and
t are the spatial and temporal variables respectively. It can also be shown that under
these scalings the Euler equations have a unique self-similar solution. The structure of
the self-similar solution consists of a shock moving outward from the origin of the domain
with speed s and a continuous transition of the solution behind the shock. Ahead of
the shock the gas is at rest and has a constant density po. This region also has zero

pressure. Applying the Rankine-Hugoniot jump conditions across this blast wave we

find that

2 v+ 2

2
= ——35, ; = 8
1 P 7_1/)0 Dy 7+1Po

us

where the subscript f denotes the value of the variable immediately to the left of the

shock. From scaling arguments we know that

A 2 2

@R f =@ = q,

where a is a constant. Therefore the trajectory of the blast wave must have the form

2
ry=atdr?

and hence the speed of the blast wave is given by

2
atdz 1,

ST dt2

Substituting this expression for the shock speed into the Rankine-Hugoniot jump con-

ditions we obtain the relationships

2 2 4 y+1 2 2\
Uy = —— ——atd+ ' pr = 00, pf:7+1p0 <d+2atd+2 1) .

(7.1)

Also from this scale invariance argument it is easy to see that the quantity
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is invariant in time, and hence we may seek a self-similar solution to the problem in
terms of a function of this invariant quantity. Thus we may assume that the solution to

the radial Euler equations have the form

r 4 r?

=po R =——-V =—F>5p 5P 7.2
p=pR(E) v Ve TEETakE (€) (7.2)
which upon substituting these ansatzs into the radial Euler equations we obtain a set

of three ODEs,

(V1) Za—+ +dV =0

oV op
(Ing) = d(ng)

g (0 (7)) + e =

for the solution of V', P and R. Boundary conditions for this ODE system at £ =1 are

vV -1) R +2P+RV(V—¥):0 (7.3)

obtained by equating the relations (7.1) and (7.2) and are given as

v+ 2 2

R)="—3 V=g PO=—7 (7.4)

It is possible to solve the ODE system given by (7.3) together with the boundary condi-
tions (7.4) for the functions R, V', P from which the self-similar solution can be obtained

and is given by

2(d—1) 2 (d2+4)—(d—2)(3d—2)vy+4d(d—2)
v+1 d 0+~v\ D2 (d2—7y)0+2(y—1)+d C=CH-D+)[EH-D+2)
p= p0¢92(7*1)+d _
—1 y+1 (2 — d)y + (3d — 2)
4 i e [146\TE g4 G20
U= ——————at @2f26-D7d [ 7Ty
(d+2)(v+1) 2 v+1

2 (d2+4)— (d—2)(3d—2)y+4d(d—2)

<d(2 -0 +2(y—1)+ d) T @O DDA D+
(2—d)y+ (3d—2)

Y

200

Y



Figure 7.2: Scaled variables for self-similar solution to the compressible Euler equations

in radial co-ordinates. Figure shows plots of scaled density, velocity and pressure.

d—1
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(d(2 — )0 +2(y—1)+ d) (@+2)(Z—) (- 1)42)
(2—=d)y+(3d—2)

where 6 is a new variable which ranges between zero and one. It should be noted that
this solution is only valid for 1 < v < 2. This solution can be seen in figure 7.1 and the

scale invariant quantities can be seen in figure 7.2.

We could therefore use ideas from chapter 4 to produce scale invariant monitor functions
to produce an adaptive mesh for this problem. For example, it is straightforward to show

that the monitor functions

Ty * o de
t vz p.rdr and Er®dr,
0 0

where F is the total energy, are scale invariant for this problem.
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7.3 Further Research

We conclude this thesis by considering some other possible areas of further research.
There are a variety of avenues for further research using the moving mesh method that
has been used in this thesis. One could solve many other partial differential equations or
apply the method to the PDEs already solved in other contexts, as well as devising more
complicated test problems such as the Mach reflection test problem for the compressible

Euler equations.

Alternatively, we could pursue the design of different monitor functions which could
result in a more accurate and robust method [13]. Error estimates may be used as
monitors if available, or monitor functions may be designed to bring out particular
features of the solution. For example, it may be advantageous for the solution of the
compressible Euler equations to have a monitor function based on the curvature of
the density, or some other variable, to move mesh points into shock and contact wave
regions. This type of monitor function may also be combined with the already utilised
gradient monitor function. Therefore a more general form of a monitor function for the

solution of the Euler equations could be

M=1+ap,+Bp,+705.+000,+e€ps,,

where o and 3 are constants to be chosen. The monitor function may also be based on

other variables such as entropy in the case of the Euler equations, as in [86].

Also the velocity q and the variable w in the moving mesh have not been exploited
in this work. In all the results produced in this thesis these two quantities have been
chosen to be q = 0 and @w = 1. Since these values lead to the mesh generated being
irrotational. However, in some circumstances it may be advantageous to have a mesh
which has some rotational properties. For instance, if a mesh is generated which is
highly skewed due to the presence of large amounts of vorticity in the solution then
we may want to choose the curl of the mesh velocity in such a way as to minimise the

amount of skewness in the mesh.

We may also investigate how the solution of the problem being solved depends on the ini-

tial mesh chosen. For the two-dimensional results obtained for both the porous medium
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equation and the Euler equations we used a relatively uniform initial mesh, however we
may be able to obtain more accurate results by using an initially adapted mesh. For
example, we could use a least-squares fit with adjustable nodes to produce an initial
mesh [6]. Alternatively it may be possible to construct a non-uniform mesh from an
uniform mesh by using the moving mesh method described in this thesis. This could be
done by considering the initial grid generation as a steady state problem and advancing

the mesh forward in pseudo-time to produce an adapted mesh.

Lastly, the computational efficiency of the moving mesh method may be investigated to
discover whether the method is more or less efficient when compared to other commonly

used methods.

203



Bibliography

1]

S. Adjerid and J.E. Flaherty. A moving finite element method with error es-
timation and refinement for one-dimensional time dependent partial differential

equations. STAM Journal on Numerical Analysis. Vol. 23, Issue 4, 778-796, 1986.

D.A. Anderson. Adaptive mesh schemes based on grid speeds. AIAA Paper 83-
1931 311-318, 1983.

D.A. Anderson. Application of adaptive grids in transient problems. In Adaptive
Computational Methods for PDE’s, SIAM, Philadelphia. 208-223, 1983.

D.G. Aronson. The porous medium equation. In “Nonlinear Diffusion Problems”,

Lecture Notes in Mathematics, No 1224. Springer-Verlag, 1986.

B.N. Azarenok. Variational barrier method of adaptive grid generation in hy-
perbolic problems of gas dynamics. SIAM Journal of Numerical Analysis. 40,
651-682, 2002.

M.J. Baines. Moving finite elements. Oxford Science Publications, 1994.

M.J. Baines. Grid adaption via node movement. Applied Numerical Mathematics.

26 7T7-90, 1998.

M.J. Baines, M.E. Hubbard, and P.K. Jimack. A Lagrangian moving finite element
method incorporating monitor functions. In proceedings of the 3rd workshop on

numerical methods for partial differential equations, Hong Kong, 2003.

M.J. Baines, M.E. Hubbard, and P.K. Jimack. A moving mesh finite element
algorithm for the adaptive solution of time-dependent partial differential equations

with moving boundaries. Applied Numerical Mathematics, 2004. To appear.

204



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

G.I. Barenblatt. On some unsteady motions of a liquid or a gas in a porous

medium. Prikl. Mat. Mekh. 16, 67-78, 1952.

G.I. Barenblatt. Self-similarity and intermediate asymptotics. Cambridge Univer-

sity Press, 1996.

G. Beckett, J.A. Mackenzie, and M.L. Robertson. A moving mesh finite element
method for the solution of two-dimensional Stefan problems. Journal of Compu-

tational Physics. 168, 500-518, 2001.

K.W. Blake. Moving mesh methods for non-linear parabolic partial differential

equations. Ph.D, Department of Mathematics, University of Reading, 2001.

K.W. Blake and M.J. Baines. A moving mesh method for non-linear parabolic
equations. Numerical Analysis Report 2/2002, Department of Mathematics, Uni-
versity of Reading, 2002.

D. Boffi and L. Gastaldi. Stability and geometric conservation laws for ALE
formulations. Computer Methods in Applied Mechanics and Engineering, Vol.
193, Issues 42-44, 4717-4739, 2004.

C. De Boor. Good approximation by splines with variable knots II. Springer
Lecture Notes Series 363, 1973.

J.U. Brackbill. An adaptive grid with directional control. Journal of Computa-
tional Physics. 108, 38-50, 1993.

J.U. Brackbill and J.S. Saltzman. Adaptive zoning for singular problems in two
dimensions. Journal of Computational Physics. 46, 342-368, 1982.

J. Buckmaster. Viscous sheets advancing over dry beds. Journal of Fluid Mechan-

1es. 81, 735-756, 1977.

C.J. Budd, S. Chen, and R.D. Russell. New self-similar solutions of the nonlinear
Schrodinger equation with moving mesh computations. Journal of Computational

Physics. 152, 756-789, 1999.

205



[21]

[22]

[25]

[26]

[27]

28]

[29]

C.J. Budd and G. Collins. An invariant moving mesh scheme for the nonlinear
diffusion equation. Technical Report 19/08/96, School of Mathematics, University
of Bath, 1996.

C.J. Budd, G.J. Collins, W.Z. Huang, and R.D. Russell. Self-similar discrete
solutions of the porous medium equation. Philos. Trans. Roy. Soc. London A.

357, 1047-1078, 1999.

C.J. Budd, W. Huang, and R.D. Russell. Moving mesh methods for problems with
blow-up. SIAM Journal on Scientific Computing. Vol. 17, 305, 1996.

C.J. Budd and M. Piggott. The geometric integration of scale-invariant ordinary
and partial differential equations. Journal of Computational and Applied Mathe-
matics. 128, 399-422, 2001.

C.J. Budd and M. Piggott. Geometric integration and its applications. Handbook
of Numerical Analysis. Vol. 9, 35-139, 2003.

W. Cao, W. Huang, and R.D. Russell. A study of monitor functions for two
dimensional adaptive mesh generation. SIAM Journal on Scientific Computing.

Vol. 20, 1978-1994, 1999.

W. Cao, W. Huang, and R.D. Russell. A moving mesh method based on the
geometric conservation law. SIAM Journal on Scientific Computing. Vol. 24, No.

1, 118-142, 2002.

W. Cao, W. Huang, and R.D. Russell. Approaches for generating moving adaptive
meshes: location versus velocity. Applied Numerical Mathematics 47 121-138,
2003.

N.N. Carlson and K. Miller. Design and application of a gradient-weighted moving
finite element code, part I, in 1-D. SIAM Journal on Scientific Computing. Vol.
19, 728-765., 1998.

N.N. Carlson and K. Miller. Design and application of a gradient-weighted moving
finite element code, part II, in 2-D. SIAM Journal on Scientific Computing. Vol.
19, 766-798, 1998.

206



[31]

[32]

[33]

[34]

[35]

38]

[39]

[40]

[41]

H.D. Ceniceros and T.Y. Hou. An effficient dynamically adaptive mesh for poten-
tially singular solutions. Journal of Computational Physics. 172, 609-639, 2001.

G.R. Cowper. Gaussian quadrature formulas for triangles. International Journal

for Numerical Methods in Engineering. 7, 405-408, 1973.

J.M. Coyle, J.E. Flaherty, and R. Ludwig. On the stability of mesh equidis-
tribution strategies for time-dependent partial differential equations. Journal of

Computational Physics. 62 25-39, 1986.

B. Dacorogna and J. Moser. On a PDE involving the Jacobian determinant. Ann.

Inst. H. Poincare, 7, 1990.

I. Demirdzic and M. Peric. Space conservation law in finite volume calculations of
fluid flow. International Journal for Numerical Methods in Fluids, Vol. 8, 1037-
1050, 1988.

Vit Dolejsi. Angener. Users Guide, 2001.

E.A. Dorfi and L.O’C. Drury. Simple adaptive grids for 1-D initial value problems.
Journal of Computational Physics. 69 175-195, 1987.

A.S. Dvinsky. Adaptive grid generation from harmonic maps on Riemannian

manifolds. Journal of Computational Physics. 95 450-476, 1991.

C. Farhat, Philippe Geuzaine, and Celine Grandmont. The discrete geometric
conservation law and the nonlinear stability of ALE schemes for the solution of
flow problems on moving grids. Journal of Computational Physics. 174 669-694,
2001.

R.M. Furzeland, J.G. Verwer, and P.A. Zegeling. A numerical study of three
moving-grid methods for one-dimensional partial differential equations which are
based on the method of lines. Journal of Computational Physics. 89 349-388,
1990.

P. Glaister. Flux difference splitting for the Euler equations in one spatial co-
ordinate with area variation. International Journal for Numerical Methods in

Fluids, Vol.8, 97-119, 1988.

207



[42]

[49]

[50]

S.K. Godunov. Finite difference method for numerical computation of discontin-

uous solutions of the equations of fluid dynamics. Mat. Sb. 47, 271, 1959.

A. Harten and J.M. Hyman. Self-adjusting grid methods for one-dimensional
hyperbolic conservation laws. Journal of Computational Physics 50, 235-269,
1983.

A. Harten, P.D. Lax, and B. Van Leer. On upstream differencing and Godunov-
type schemes for hyperbolic conservation laws. SIAM Review. Vol. 25, No, 1,
35-61, 1983.

C.W. Hirt, A.A. Amsden, and J. L. Cook. An Arbitrary Lagrangian-Eulerian
computing method for all flow speeds. Journal of Computational Physics 14, 227,
1974.

W. Huang. Practical aspects of formulation and solution of moving mesh partial

differential equation. Journal of Computational Physics. 171, 753-775, 2001.

W. Huang. Variational mesh adaption: isotropy and equidistribution. Journal of

Computational Physics. 174, 903-924, 2001.

W. Huang, Y. Ren, and R. Russell. Moving mesh methods based on moving mesh
partial differential equations. Journal of Computational Physics. Vol 113, pages
279-290, 1994.

W. Huang, Y. Ren, and R.D. Russell. Moving mesh partial differential equations
(MMPDESs) based on the equidistribution principle. SIAM Journal of Numerical
Analysis. Vol.31, No.3, 709-730, 1994.

W. Huang and R.D. Russell. Analysis of moving mesh partial differential equations
with spacial smoothing. SIAM Journal on Numerical Analysis. Vol. 34, Issue 3,
1106-1126, 1997.

W. Huang and R.D. Russell. A high dimensional moving mesh strategy. Applied
Numerical Mathematics. 26, 63-76, 1997.

208



[52]

[53]

[54]

[55]

[58]

[61]

[62]

W. Huang and R.D. Russell. Moving mesh strategy based on a gradient flow
equation for two-dimensional problems. SIAM Journal on Scientific Computing .

Vol. 20, No. 3, 998-1015, 1999.

W. Huang and R.D. Russell. Adaptive mesh movement - the MMPDE approach
and its applications. Journal of Computational and Applied Mathematics. 128,
383-398, 2001.

M.E. Hubbard. Multidimensional slope limiters for MUSCL-type finite volume
schemes on unstructured grids. Journal of Computational Physics. Vol 155, pages

54-74, 1999.

A.S. Kalashnikov. Some problems of the qualitative theory of non-linear degen-
erate second-order parabolic equations. Russian Mathematical Surveys. 42, 2,

169-222, 1987.

E.W. Larsen and G.C. Pomraning. Asymptotic analysis of nonlinear Marshak

waves. SIAM Journal on Applied Mathematics. 39, 201-212, 1980.

P.D. Lax. Hyperbolic systems of conservation laws and the mathematical theory
of shock waves. SIAM Regional Conference Series in Applied Mathematics. No.
11, 1972.

B. Van Leer. Towards the ultimate conservative difference scheme v. A second
order sequel to Godunov’s method. Journal of Computational Physics. 32 101-
136, 1979.

R.J. LeVeque. CLAWPACK software.
http://www.amath.washington.edu/rjl/clawpack.html.

R.J. LeVeque. Numerical methods for conservation laws. Lectures in Mathematics,

ETH Zurich. Birkhauser Verlag, 1992.

R.J. LeVeque. Finite volume methods for hyperbolic problems. Cambridge Texts
in Applied Mathematics. Cambridge University Press., 2002.

R. Li, T. Tang, and P. Zhang. Moving mesh methods in multiple dimensions based

on harmonic maps. Journal of Computational Physics. 170, 562-588, 2001.

209



[63]

[66]

[68]

[69]

[70]

[71]

[72]

73]

S. Li, L. Petzold, and Y. Ren. Stability of moving mesh systems of partial differ-
ential equations. SIAM Journal of Scientific Computing. Vol. 20, No. 2, 719-738,
1999.

G. Liao and D.A. Anderson. A new approach to grid generation. Applicable
Analysis, No. 44, 285, 1992.

G. Liao, F. Liu, G.C. De La Pena, D. Peng, and S. Osher. Level-set-based de-
formation methods for adaptive grids. Journal of Computational Physics. 159,

103-122, 2000.

F. Liu, S. Ji, and G. Liao. An adaptive grid method and its applications to steady
Euler flow calculations. SIAM Journal on Scientific Computing. Vol. 20 No. 3 ,
811-825, 1998.

F. Liu, S. Ji, and G. Liao. An adaptive grid method with cell volume control and
its applications to Euler flow calculations. SIAM Journal on Scientific Computing.

Vol. 20, 1999.

K. Miller. Moving finite element. II. SIAM Journal on Numerical Analysis. Vol.
18, Issue 6, 1033-1057, 1981.

K. Miller and R.N. Miller. Moving finite element. I. SIAM Journal on Numerical
Analysis. Vol. 18, Issue 6, 1019-1032, 1981.

J. Moser. On the volume elements on a manifold. Transactions of the American

Mathematical Society. Vol. 120, No. 2, 286-294, 1965.

L.S. Mulholland, Y. Qiu, and D.M. Sloan. Solution of evolutionary partial differen-
tial equations using adaptive finite differences with pseudospectral post-processing.

Journal of Computational Physics 131, 280-298, 1997.

B.R. Munson, D.F. Young, and T.H. Okiishi. Fundamentals of fluid mechanics.
John Wiley and Sons., 1990.

J.D. Murray. Mathematical biology. Pages 238-241. Berlin New York: Springer,
1989.

210



[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[83]

[84]

[85]

J. Von Neumann. The point source solution. Collected Works. Vol. VI, 219-257,
1947.

R.E. Pattle. Diffusion from an instantaneous point source with concentrated de-
pendent coefficient. Quarterly Journal on Mechanical Applied Mathematics. 12,
407-409, 1959.

L.R. Petzold. A description of DASSL: A differential / algebraic system solver.
SAND 82-8637, Sandia Labs, Livermore, CA, 1982.

Y. Qiu and D.M. Sloan. Numerical solution of Fisher’s equation using a moving
mesh method. Strathclyde University Mathematics Research Report. No. 97/22,
1997.

Y. Qiu and D.M. Sloan. On multiple solutions of a convection-diffusion boundary
value problem produced by an adaptive mesh method. Strathclyde University
Mathematics Research Report. No. 97/42, 1997.

Y. Ren and R.D. Russell. Moving mesh techniques based upon equidistribution,
and their stability. SIAM Journal of Scientific Statistical Computing. Vol. 32,
Issue 3, 1992.

P.LL. Roe. Approximate Riemann solvers, parameter vectors, and difference

schemes. Journal of Computational Physics 135, 250-258, 1981.

P.L. Roe. Some contributions of the modelling of discontinuous flows. Lecture

Notes in Applied Mathematics, 163-193, 1985.

B. Semper and G. Liao. A moving grid finite-element method using grid defor-
mation. Numerical Methods for Partial Differential Equations. No. 11, 603-615,
1995.

J.A. Sethian. Level set methods - evolving interfaces in geometry, fluid mechanics,

computer vision and material science. Cambridge University Press, 1996.
J. Smoller. Shock waves and reaction-diffusion equations. Springer-Verlag, 1983.

G.A. Sod. A survey of several finite difference methods for systems of nonlinear

hyperbolic conservation laws. Journal of Computational Physics 27, 1-31, 1978.

211



[36]

[39]

[90]

[91]

[92]

J. Stockie, J. Mackenzie, and R. Russell. A moving mesh method for one-
dimensional hyperbolic conservation laws. SIAM Journal of Scientific Computing.

Vol 22, No.5, pages 1791-1813, 2001.

P.K. Sweby. High resolution schemes using flux limiters for hyperbolic conservation

laws. SIAM Journal on Numerical Analysis Vol. 21, No. 5, 995-1011, 1984.

H. Tang and T. Tang. Adaptive mesh methods for one- and two-dimensional
hyperbolic conservation laws. SIAM Journal of Numerical Analysis. Vol. 41, No.
2, 487-515., 2003.

G. Taylor. The formation of a blast wave by a very intense explosion. I. theoretical
discussion. Proceedings of The Royal Society of London. Series A, Mathematical
and Physical Sciences. Vol. 201, No. 1065, 159-174, 1950.

G. Taylor. The formation of a blast wave by a very intense explosion. II. the
atomic explosion of 1945. Proceedings of The Royal Society of London. Series A,
Mathematical and Physical Sciences. Vol. 201, No. 1065, 175-186, 1950.

P.D. Thomas and C.K. Lombard. Geometric conservation law and its application
to flow computations on moving grids. AIAA Journal, Vol. 17, No. 10 1031-1037,
1979.

J.F. Thompson, F.C. Thames, and C.W. Mastin. Automatic numerical generation
of body-fitted curvilinear coordinate system for field containing any number of
arbitrary two-dimensional bodies. Journal of Computational Physics. 15, 299-

319, 1974.

E.F. Toro. Riemann solvers and numerical methods for fluid dynamics. Springer-

Verlag, 1997.

E.F. Toro, M. Spruce, and W. Speares. Restoration of the contact surface in the

HLL-Riemann solver. Shock Waves 4, 25-34, 1994.

J.L. Vasquez. An introduction to the mathematical theory of the porous medium

equation. Shape Optimisation and Free Boundaries. Kluwer Academic, pages 347-

989, 1992.

212



[96]

[99]

[100]

[101]

[102]

[103]

[104]

J.G. Verwer, J.G. Blom, R.M. Furzeland, and P.A. Zegeling. A moving grid
method for one-dimensional PDEs based on the method of lines. In Adaptive

Methods for Partial Differential Equations, 160-175, SIAM, 1989.

A.J. Wathen. Realistic eigenvalue bounds for the Galerkin mass matrix. IMA
Journal on Numerical Analysis, 7 449-457, 1987.

B.V. Wells, M.J. Baines, and P. Glaister. Generation of Arbitrary Lagrangian-
Eulerian (ALE) velocities based on monitor functions, for the solution of the
compressible fluid equations. Proceedings of the ICFD Conference 2004, OUCL
Ozford. Submitted to International Journal on Numerical Methods in Fluids, 2004.

A.B. White. On selection of equidistributing meshes for two-point boundary-value

problems. SIAM Journal on Numerical Analysis. Vol.16, No.3, 472-502, 1979.
G.B. Whitham. Linear and nonlinear waves. New York: Wiley-Interscience, 1974.

A.M. Winslow. Numerical solution of the quasilinear Poisson equation in a nonuni-

form triangle mesh. Journal of Computational Physics 2, 149-172, 1978.

A.M. Winslow. Adaptive mesh zoning by the equipotential method. Lawrence
Livermore Laboratory Report UCID-19062, 1981.

Y.B. Zel’dovich and A.S. Kompaneets. Theory of heat transfer with temperature
dependent thermal conductivity. Akad. Nauk SSSR, Moscow. 67-71, 1950.

H. Zhang, M. Reggio, J.Y. Trepanier, and R. Camarero. Discrete form of the GCL
for moving meshes and its implementation in CFD schemes. Computers Fluids.

Vol. 22, No. 1, 9-23, 1993.

213



