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Abstract

This thesis aims to study the asymptotic behavior of Toeplitz determinants D,,(f:(z))
by using the Riemann-Hilbert analysis. We consider the double scaling limits of Toeplitz
determinants with respect to symbol f;(z). This symbol possess m Fisher-Hartwig
singularities when ¢ > 0, and m + 1 if t — 0. We obtain the uniform asymptotics
for D,,(fi(z)) as n — oo which is valid for all sufficiently small ¢ in terms of Painlevé
V function. This study is divided into two parts: We first consider the case when the
seminorm |||3®||| < 1 for t > 0 and then the case of the Basor-Tracy asymptotics when
[|B®]]] =1 for some t. The latter case is further divided to the cases, |||3®]||| < 1 for
t>0and [||BD||| =1 for t > 0.

In the last chapter we present the computation of the magnetization of the 2D Ising
model in the high temperature regime T' > T, (i.e., t < 0) including all the details by

using the Riemann-Hilbert approach and the asymptotics of Toeplitz determinants.
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Chapter 1

Introduction

The aim of this thesis is to examine the asymptotic behaviour of Toeplitz determinants D,,( f:)
by using the Riemann-Hilbert approach, which has been used for solving many asymptotic
problems. The spontaneous magnetization problem for the 2D Ising model is a popular
example of the application of these types of problems in the field of statistical mechanics.

The second chapter presents a comprehensive examination of the related mathemati-
cal principles derived from functional analysis, alongside a historical context and established
methodologies employed in addressing the problem discussed in subsequent chapters.

In Chapter 3, double-scaling limits of Toeplitz determinants, defined by the Painlevé V
function o(x), are studied. Claeys, Its, and Krasovsky in [13] discussed the role of the function
o(x) in the asymptotic expansions. When ¢ > 0, the symbol f; possesses m Fisher-Hartwig
singularities with parameters a; € C and 3; € C, j = 1,...,m, and when t — 0, the
symbol possesses m + 1 Fisher-Hartwig singularities as a new singularity emerges at z = 1.
For sufficiently small ¢, we obtain uniform asymptotic of D, (f;) as n — oco. The focus of
our work involves the relation between orthogonal polynomials and Riemann-Hilbert problems
that are linked to our symbol. The Riemann-Hilbert problem and Toeplitz determinants will
then be related through the use of a differential identity. We look into two possibilities
because our symbol has at least m jump singularities when t — 0. Applying concepts from
[18] and [34], we analyze the seminorm |||3|®)|| < 1 in the first part of this chapter. The
expression we have here defines the Toeplitz determinant with m Fisher-Hartwig singularities

for t > 0 and the determinant with m + 1 singularities for ¢ — 0. Ehrhardt provides the
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identical solution for both of these asymptotic regimes, but with different parameters and,
hence, different asymptotics, as seen in [22]. In addition, we consider the seminorm where
[[|B®||| = 1, in which case, we have different possible subcases. In the first case we have
IBP|| < 1if t > 0, and when t — 0, we have |[|3!)||| = 1. This case describes the
transition between the asymptotic regime for Toeplitz determinants whose symbol has m
singularities and does not contain Fisher-Hartwig representations and the asymptotic regime
for Toeplitz determinants with Fisher-Hartwig representations. Thus by assuming this, the
asymptotic behaviour of Toeplitz determinants can be expressed as a linear combination of the
results obtained by Ehrhardt. We have two types of Fisher-Hartwig representations, the non-
trivial Fisher-Hartwig representation if 5y < 61 < ... < RBm_1 < NGBy, and the trivial
Fisher-Hartwig representation if there is an [ > 1, such that R8y) < RF1 < ... < KRB <
RBm—_i11 = ... = RBm. In the second subcase, we have the transition from the asymptotic
regime of a determinant with a symbol containing Fisher-Hartwig representations with m
singularities to the asymptotic regime of a determinant with Fisher-Hartwig representations
with m + 1 singularities in the symbol. In the last section we discuss the remaining cases
related to the double-scaling limits involving the Basor-Tracy conjecture and also matrix-valued
symbols.

In Chapter 4, we compute the magnetization of the 2D Ising model in the high temperature
regime 1" > T, using the Riemann-Hilbert approach and the asymptotics of Toeplitz deter-
minants D, (f;) with one generate Fisher-Hartwig singularity at z =1, a = 0 and 8 = —1
in more details. Previously, in [49] and [41], this result was obtained using physical argu-
ments and in [17] , the authors describe the analysis in words and claim the result. However,
here we provide more details of the first order term using the Riemann-Hilbert analysis. The
last section of this chapter contains open problems related to the transition from the high

temperature regime T' > T, to the critical temperate T' = T..



Chapter 2

Preliminaries

In this chapter, we present the necessary mathematical foundations that will be used in the
rest of the thesis. We will focus primarily on the analyticity of functions. Simply, the function
f(2) is called analytic at z if it is differentiable in a neighborhood of z, and called analytic in
the region U if it is analytic at every point z € U. The analytic function in the neighborhood

of z can be expressed as a Taylor series at every point z € U.

2.1 Hardy spaces and L? spaces

Definition 2.1.1. Let 1 < p < oo. We denote by LP(T) the space of all complex-valued

measurable functions on the unit circle T = {|w| = 1} with the norm:

1 27 ) l/p
Il = {52 [ Irepan}

The following are examples of particular LP spaces:

1. L°°(T) is the space of all measurable and essentially bounded complex-valued functions,

with the norm:

|| flloo =inf{C >0: |f|<C almost everywhere} < co.

2. L?(T) space is a Hilbert space of sequre-integrable function f : T — C with inner
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product (f,g) = 5= f027r f(e?g(etl) dh, and the norm given by
o L [T e
112 =5 ; | f(e”)]”do.

3. For 0 < p < o0, [P is the space of all sequences = (z;);en with the norm:

1/p
el = (Zmrp) < o0,

1€N
We define the Fourier coefficients f,, of a function f € L'(T) by

1 27 ) Cin
fo= 5 i f(e®ye=™m0qg. (2.1.1)

Definition 2.1.2. For 1 < p < oo, the Hardy space HP is defined by
HP(T) ={f € LP(T) : f, = 0 for all n < 0}.

For more information on the Hardy spaces and LP, we refer to [3], [36], and [39].

2.2 Toeplitz Determinants

A vast array of mathematical and physical problems can be formulated using Toeplitz matrices
and Toeplitz determinants. For specifics on the theory and applications of Toeplitz determi-
nants, see [11], and the more recent survey paper [17]. We start by providing brief definitions
of Toeplitz operators and multiplication operators.

Observe first that H2(T) is a closed subspace of L?(T). The orthogonal projection P of

L?(T) onto the space H?(T) can be expressed as follows:

P( i fnem") = ifnem (2.2.1)
n=0

n=—oo

The orthogonal projection P is referred to as the Riesz projection.

Definition 2.2.1. For1 < p < oo and ¢ € L*°(T), the multiplication operator My : LP(T) —
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LP(T) is defined as
Myf=of.
Definition 2.2.2. For f € L>(T) and 1 < p < oo, the Toeplitz operator T is defined on

HP(T) by

Ty = PMj. (2.2.2)

Let 1 < p < co. Since P is bounded from LP(T) to HP(T), it follows that 7’ is bounded

on HP(T).

Definition 2.2.3. The Toeplitz matrix corresponding to the symbol f € L'(T) with respect

to the basis {¢™%} is given by:

fo f-1 f-2 f-3---
T(f) = (fi-k)jk=0 = ol e : (2.2.3)

fo fi fo foree

where f, is the nth Fourier coefficient of f.

Remark 2.2.4. A bounded operator on I? is generated by the Toeplitz matrix (2.2.3) if and

only if f € L*°(T). The Toeplitz operator T on the sequence space 12(Z.y) is represented by

0

these matrices with respect to the standard basis {e,, = el . p > 0}. One way to observe

this is to let f € L°°(T), and then notice that

0o o0
Tfek - p Z fneinHeikH _ Zfrfkeira r=n+k
r=0

n=—oo

or by using the inner product in L? as follows:

(Trer,en) = (PMyeg, en) = (fer, Pren) = (fer, en)
L (27 i ko —ind L2 iy (ken)i6
_271/0 f(e”)e"e d0_27r/0 f(e)e db

= fn—k
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Definition 2.2.5. The n x n finite Toeplitz matrix T,,(f) is given by,

Jo  faa fo2 o fomey

b5l foo faa o fome2)

To(f) = (fi—k)o<jh<n—1 = (2.2.4)

fac1 fn—2 fn-z - fo

Moreover, D, (f) = det T,,(f) denotes the Toeplitz determinant.

Infinite Toeplitz matrices T'(f) play an important role in operator theory and functional
analysis, whereas truncated Toeplitz matrices T,,(f) have made considerable contributions to
several areas of mathematics physics, engineering, and linear algebra. Our goal is to study

what happens to Toeplitz matrices as their size tends to infinity.

2.3 Asymptotic behavior of Toeplitz determinants

Since we aim to study the asymptotic behavior of Toeplitz determinants D,,(f) as the size of
the matrix increases to infinity. It is important to introduce the following concepts that will

be utilized throughout.

Definition 2.3.1. 1. The notation f(z) = O(g(z)) as z — zo (i.e., f(z) is of order g(z))
means there exists a finite constant K > 0 such that |f(z)| < K|g(z)| for all z in a

neighborhood of zj.

2. Asymptotically smaller: the notation

f(z) =o(g(2)) as z— 2,

means that

lim
Z—20

3. Asymptotically equal: The notation I(z) ~ g(z) as z — zy, means

M’:1.

lim )

Z—r20
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In what follows, we will consider two types of symbols, beginning with Szegé, a symbol
f(2) that satisfies a certain smoothness condition, has no winding around the origin, no-
zeroes on the unit circle T, and has an analytic continuation in the annulus of T. This
will be followed by the introduction of the Fisher-Hartwig symbols which, instead of being
continuous or analytic functions, could have zeros, integrable singularities, and a non-zero

winding number.

2.3.1 Szego symbols

The story of studying the asymptotics of Toepitz determinants with the Szegd symbols starts

in 1915 when Szegd proved the following theorem, which George Polya had conjectured.

Theorem 2.3.2 (First Szegd Limit theorem [47]). Let f > 0 be a positive function, continuous

on the unit circle T. Then

108 Da(f) = (08 /o (23.1)

which can written as

Du(f) = exp{n(log f)o + o(n)}. (232)

In the 1940s, Onsager and Bruria Kaufman inspired him to revisit his calculations from
nearly four decades prior. The following is a well-known result that is still useful today and has
been generalized many times by a large number of mathematicians. Numerous mathematical

proofs from various fields can be found in Barry Simon’'s OPUC book [46], (also see [10] and

[11]).

Theorem 2.3.3. (Szegé Strong Limit Theorem (SSLT) [25]). Ifln f(z) is sufficiently smooth
on the unit circle T (specifically, f(z) is the szegé symbol), then In f(z) € L'(T) and the

subsequent sum converges.

S Ikl e, (o) =5 [ e . (233)

k=—o0 T
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Then the following expression for the Toeplitz determinants:

n

o /Tlnf(ew)d0+2k(lnf)k(ln )k +o(1). (2.3.4)

k=1

InD,(f) =

2.4 Fisher-Hartwig symbols and their conjecture

In the 1960s, a variety of problems in statistical mechanics led to the consideration of sym-
bols for Toeplitz matrices with a higher level of complexity. These new symbols had zeros,
integrable singularities, and non-zero winding numbers in place of continuous or analytic func-
tions. Michael Fisher and Robert Hartwig had found an efficient technique for factorizing these

singularities; see [23]. These symbols are called Fisher-Hartwig symbols and defined as follows:

f(z) = ") 2= H |z — zj|2°‘jgzjﬁj(z)zj_6j, 0 € [0,2m) (2.4.1)
=0

for some m > 0, z; = et 0; € (0,2m),B; € C, Ra; > —%, and

™ if 0€0,0))
Isbis) = (2.4.2)
e~™8i | if 0 €[0;,2m)

where V(z) is analytic in a neighborhood of the unit circle T. The symbol has m + 1
singularities at z; = el j =0,..,m, 0; € [0,27) and the condition Ra; > —1/2 for
integrability. If o; € C is not zero, the root type exists, and if 3; # 0 for 3; € C the jump
type singularities are defined. In this thesis, it will be assumed that V'(z) is analytic in the
neighborhood of the unit circle. However, a result has been demonstrated in [16] for the more

general V(z), where the function is less smooth.

Remark 2.4.1. The Fisher-Hartwig symbols can also be written in other ways. The Riemann-
Hilbert analysis use the symbols in the form (2.4.1), while the operator-theoretic methods use

the following form:

£(2) = b(2) [] Iz~ 2P65,5,(2) (z€T), (24.3)

j=1
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where B € C, z; € T, and ¢, p, are defined as

b2;.8; = €xp {iﬁj arg(—g)} with argz € (—m,m). (2.4.4)
J

It is easy to show the equivalence between the two definitions. The authors using Riemann-
Hilbert approach have modified arg z, which has a significant impact on the function f(z),
and eliminated some of its components. The zj_ﬁj factors have been removed so that the work
can be more easily compared to others in the literature, and the 225=0% factors are removed
so that the work can be more accurately characterized by the Tracy-Basor conjecture in [16].

For example, in (2.4.3), the function b(z) and the function ¢"(*) in (2.4.1) are similar.

2.4.1 Fisher-Hartwig asymptotics

The asymptotic analysis of Toeplitz determinants with Fisher-Hartwig symbols has been im-
proved by multiple studies. To learn more about history see, [17]. In [37] and [38], Lenard
provided the full asymptotics for symbols exhibiting zeros on the unit circle with 8; = 0
and «; > —1/2. Fisher-Hartwig in [23] proposed a conjecture on the asymptotic behavior
of Toeplitz determinants, specifically in relation to symbols described in equation (2.4.3).
This conjecture was inspired by the research done by Wu [49] and potentially influenced
by Lenard’s calculations. In [48], Widom confirmed Lenard’s conjecture for o; € C, with
Ra; > —1/2,8; = 0 and V(z) is smooth, also he found an explicit description for the con-
stant E(z). Estelle Basor and J. William Helton evaluated pure Fisher-Hartwig singularities
using repeated approaches [6]. Bottcher and Silbermann derived in [9], a specific equation
for the determinant that contains these pure Fisher-Hartwig symbols. In his 1997 doctoral
dissertation, Ehrhardt [22] computed explicitly the asymptotics of the leading term of the

Toeplitz determinants with Fisher-Hartwig symbols in (2.4.1).

The pure Fisher-Hartwig symbol

V(2)

This function does not contain a nice function ¢”?), and has the following form

Wa (082, (2) = (1 = )P = )72, (2.4.5)
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where ¢ . is defined in (2.4.4), and wq, ., = le? — ei3 20 = 22| sin @FO‘.

G4+ a+B)G(1+a—p) G(n)G(n + 2a)
Dulf) = G(1+2a) Ginta+tBGn+a—3). (2:4.6)

If a£8 € Z_, then D,(f) equals zero. The Barnes G-function is defined by

G(Z + 1) _ (27T)z/26—z(z+1)/2—022/2 ﬁ {(1 + E)ne—z+22/(2n)’} (247)

n
n=1

where C' = 0.577... is the Euler’s constant. G(z+1) =I'(2)G(z) is an identity that illustrates
the similarity between the Barnes G(z) and I'(z) functions. From (2.4.7), we can also derive
the following asymptotic behavior as n — oo :

G(n)G(n+~v+9) N

Gt G 1 0) , o0,y7eC. (2.4.8)

Thus the asymptotics of Toeplitz determinants with pure Fisher-Hartwig singularities in (2.4.6)

can be written as follows,

Gl+a+p)G(l+a—p) o5

Dn(f) ~ G(1 + 2a)

(2.4.9)

The result on Fisher-Hartwig asymptotics was proved first by Ehrhardt when |||5]|] < 1
using operator theory (see, [22]), and subsequently, it was proved in full generality in [16]

using the Riemann-Hilbert method. Before stating Ehrhardt's result, the seminorm is defined

by:
= RB; — R 2.4.10
1811 = [R; — Rk, (2.4.10)
where ag = By = 0, and |[|3]|| = 0 if we have only one singularity, i.e., m = 0.

Theorem 2.4.2. Let f be defined as in (2.4.1) with V € C°,

|ﬁH| <1 and Oéj:l:ﬁj ¢ Z_
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for j =0,...,m. Then asn — oo

Dy (f) = exp {NVO +) k‘VkV—k} [T 0 (z5) (@900 (25)~ (s t%)
k=1 §=0
xni=o(e—53) T 1z- 2 [2BiBrmaon) (_Zk_y(aBu—anBy) (2.4.11)
0<j<k<m i€
X H Gaj+5j,aj*5j(1 +o(1)),
j=0
and
G(l1+ o+ 6)G(1 + aj — )
Gaitfio—fp: = L s 2.4.12
348505 —PB; G(l—|—204j) ( )
Here the Fourier expansion of the function V' (z) on the unit circle is denoted by
- K L [27iey ik
Viz) = Vi h Vie=— Vi(e™)e "db 2.4.13
(2) kzzoo k2", where V= o ; (e")e , ( )
and the Wiener-Hopf factorisation of the function eV (%) is defined by
00 —1
eV(2) = b (2)e"b_(2), by = eposzk, b_ =exp Z Vi 2. (2.4.14)

k=1 k=—o00

In [16] and [18], the authors re-prove Theorem 2.4.2 using the Riemann-Hilbert problem. In
addition, they make it work for functions V'(z) with less smoothness that satisfies the following

conditions:

PR AR

k=—o0

for some s such that
L+ 30 ol(Sag)® + (RBr)?]
I

s >
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2.4.2 Basor-Tracy conjecture.

The symbol f(e?) with two jump singularities, at z9 = 1, and z; = —1, were examined by

Basor and Tracy in [7], who considered the symbol

fe?) = 91,1/2(2)9—1,—1/2(Z)em/Q,

with o = 1/2 and 1 = —1/2, which means we have |||3]|| = 1. By performing direct

calculations, they determined that as n approaches infinity,

D) = U e apas/ara+ o).

The asymptotics for D,, f(z) were not of the general standard Fisher-Hartwig form. They
noticed that there is another Fisher-Hartwig representation for f(e’), where Sy = —1/2 and
B1 = 1/2. Thus, they determined that the asymptotics they obtained were actually given
by a combination of two Fisher-Hartwig asymptotic forms (2.4.11), one asymptotic form
corresponded to the symbol as |||3||| < 1, while the other was the Fisher-Hartwig singularity
for the symbol with zp = 1 and z; = —1 but with By = —1/2 and 8; = 1/2. The only
difference between the second and original symbol was a constant. This holds true for every

Fisher-Hartwig symbol.

2.4.3 Fisher-Hartwig representation.

Assume that we have a Fisher-Hartwig symbol f(z) in (2.4.1) with 5; # 0 or a; # 0 or both.
Then by replacing 3; with 3; +n; = Bj, where Z;‘ﬂ:o nj = 0 and let {ng,n1, ..., } € Z, we
obtain the function f(z;no,...,nm) which is called a Fisher-Hartwig representation of f(z).
Noting that the multiplicative constants are the only distinction between all Fisher-Hartwig
representations of f(z),

f(z) = ﬁzg” X (25105, M) (2.4.15)

j=0
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We are interested in Fisher-Hartwig representations where

m

D (RB; +ny)?, (2.4.16)

7=0
is minimal. There exists a finite number of such representations. There is a particular way to
find them, which was described in [16]. The group of all forms in (2.4.16) is denoted by M.

The representation of the Fisher-Hartwig is said to be degenerate if o; = (5 + n;) € Z_ for

some j. Let us use the following to describe the Orbit of 5 = (S, ..., Bm)
Op={B:6;=8;+n;, > n;=0}. (24.17)
§=0
The following is a way to describe the set M.

Lemma 2.4.3 (Lemmal.12 [16]). Only the following two alternatives are possible:

1. There is 3 € Og such that |||3||| < 1. Then § is unique, and it is the unique element

of M = {5}.

2. Thereis 3 € Og such that [1B]|| = 1. Then there are at least two of these f3’s, and
they all come from each other by applying the following rule repeated by adding 1 to
a ﬁj with the smallest real part and subtract 1 from a ﬁj with the biggest real part. In

addition, M = {3 € Og : |||B]|] = 1}.

Deift, Its, and Krasovsky in [16] proved the Basor-Tracy conjecture, which is the following

theorem,

Theorem 2.4.4. (Basor-Tracy conjecture) Consider the function f(z) defined by (2.4.1),

where Ro; > %1, B; € C,j=0,...,m, and suppose M is not degenerate. Then

m

Dn(f(z))zz<ﬂzjf> R(f(z;n0,...,nm))(14+0(1)), as n—oco,  (2.4.18)

J=0

where the sum represents all Fisher-Hartwig representations in M. Excluding the error term ,

every R(f(z;ng,...,nm)) represents the right side of the formula (2.4.11).
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2.5 The relation between Toeplitz determinants and

orthogonal polynomials

Let f(z) be a complex-valued function on the unit circle T. In this section, we will describe the
connection between Toeplitz determinants D,,(f) and the system of orthogonal polynomials
(OPs) with weight f(z). The orthogonal polynomials ¢y (2) = xnz" + ..., and ¢n(2) =
Xn2" + ... of degree n provide an important role in the asymptotic study of the Toeplitz
determinants. Assume that D, (f) # 0, for n = ng,ng + 1, ... for some sufficiently large ng.
Then by this condition, the polynomials ¢, (z) = xp2" + ..., and q@n(z) = Xn2" + ... of degree

n exist and satisfy the orthogonality conditions
L6251 g =360 [ Gl ) =210 (25.1)
T 2miz LR R 2miz noIm e

which alternatively can be written as

A dz .
L 6@ g = G =01 (2.5.2)
The polynomials can also be written as follows:
fo,0 foqa o fom
J1,0 fir o fim
1
n(2) = —m—=—1 .. ; 253
fn—l,() fn—l,l fn—l,n
1 z Ak
and
foo foi - fom-1 1
- 1 fio fir oo fipor 27!
bn(z7Y) = (2.5.4)

V DnDn+l

fn,O fn,l fn,n—l 27"
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Where f;; are the Fourier coefficients given by

o f —(i—3) )
fz] fzf] /]I‘f(Z)Z iz’ ( .5.5)
The leading coefficient is given by
Dy,
X Dn+1 ( )

Remark 2.5.1. If f(z) € LY(T), then the orthogonal polynomials that satisfy (2.5.1) and
(2.5.2) exist if and only if they are given by (2.5.3) and (2.5.4), as shown in Proposition 1.6.1,
of [33].

2.6 Riemann-Hilbert problems

Hilbert introduced the Riemann-Hilbert problem in his list of 23 problems around the 1900s
for the purpose of proving the existence of certain linear differential equations.

The Riemann-Hilbert problem is a mathematical problem that aims to simplify the analyti-
cal factorization of a specific matrix-valued function called V' (z) that is defined on an oriented
contour in the complex plane. Particularly, the Riemann-Hilbert problem is a boundary value
problem for analytic functions with scalar or matrix values.

A typical Riemann-Hilbert problem (X, V') is given by an oriented contour ¥ in the complex
plane and a function (jump matrix) V : ¥ = T — GL(n,C) which consists of finding the

unique matrix function Y'(z) that solves the following conditions:
RH-Y1  Y(z) is analytic in C\ X
RH-Y2 Y, (2)=Y_(2)V(z),z€ X
RH-Y3 Y(z) = I, as z — o0

where, Y (z) are the boundary values of Y (z) defined by

Yi(z) = il_)ﬂ; f(s), where s is on the + side
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Y_(2) = llg; f(s), where s is on the — side.

In particular, we say that the + side (respectively the — side) lies to the left (respectively
right) of the contour when on traverses it in the direction of the orientation. The problem
above for Y'(z) is normalized because it is close to the identity as z — oco. The solution
can be given by representing orthogonal polynomials as the solution of the Riemann-Hilbert
problem, which will be the focus of the upcoming chapter. This fact was noticed firstly in

[24], and then in [2] extended to the unit circle T.

Definition 2.6.1. Let v denote a smooth curve, which may be either an arc or a closed

contour. The Cauchy integral operator C' : LP(y) — LP(~y) can be expressed as follows:

N =g [ I ar (26.1)
Y

for z € ~.

The Plemelj-Sokhotskii equations, which we will present in the following statement, play
an essential part in the Riemann-Hilbert theory as they define the boundary values of Cauchy-

type integrals.

Lemma 2.6.2 (Plemelj Formulas, [1]). Let v be a smooth contour. For every f € LP(v) with

1 < p < oo, the Cauchy type integral has the following limit values:

Je(t) = %5 f + 5 v /f (2.6.2)

where fi denotes the limit as z approach v along a contour entirely in the 4+ region respec-
tively, and the integral v. pf ”) +dp exists in the Cauchy principal value sense, that is the

following limit exists,

/f(ﬂ)dﬂzv.p/(ﬂ)duz hm/ W 4, (2.6.3)

where By = {z : |z — t| < €}.

Corollary 2.6.3 (Corollary 1, [29]). If we have contour ¥ and a function (jump matrix)
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VX =T — GL(k,C), the additive Riemann-Hilbert problem is given by,

RH-Y1 Y (z) is analytic in C\ X

RH-Y2 Y (2)=Y_(2)+V(z2),z€X

RH-Y3 Y(z) =0, as z — o0

provides a solution that can be expressed explicitly in terms of the Cauchy integral

Y(z) = 1 V(z)

= dz. 2.6.4
27 Zz—sz ( )

2.7 Double-scaling limits

The double-scaling limits of Toeplitz determinants D, (f), with 0 < t < ty are defined as
uniform asymptotics of Toeplitz determinants which holds for 0 < t < ¢y for some small ¢y,
as n — oo at the same time. In both mathematics and physics, double-scaling limits are of

great interest because they may explain universal behavior (see, e.g., [15]).

2.7.1 Transition from Szego6 to one Fisher-Hartwig singularity

Let us have the following symbol:
a(z,t) = VB (z — ) @tB) (5 — et)(@=B) (5 (math) gmimlath) (2.7.1)

where a+ 3 is non-degenerate, and V' (z) is analytic in a neighborhood of the unit circle. For ¢
positive, the asymptotics of D,,(f;) are given by Szegé (see, Theorem 2.3.3), while, Theorem
2.4.2 can be used for t = 0, when the symbol has a Fisher-Hartwig singularity. The following

asymptotic behavior of D,,(f;) is valid uniformly for n — oo and with small 0 < ¢ < ty.

Theorem 2.7.1 ([13]). Let o € R, with a > —3, B € iR. The following asymptotic

expansion holds uniformly for D, (fi(z)) with respect to the symbol fi(z) in (2.7.1) with the
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error term o(1) as n — oo, and 0 < t < to, where tg is sufficiently small,

© etk etk
D, (t) = exp {nVO + nt(a+ 6)} exp { Z k[V,k — (a— B)T} {Vk — (a+ ﬁ)T} }

k=1

% Gospas(2nt) (1 + 0(1)),

(2.7.2)
where Go, 8, .-, IS the product of Barnes G-functions, and
2nt — 02432
Q(2nt) = exp { / de + (a? = 8 log Qnt}. (2.7.3)
0

The function o(x) is real analytic on (0,00) and exhibits the following asymptotic behavior

forx > 0:

o? = B2+ 5w — 21120 0(a, L1+ O()), -0, 20¢7Z

o(x) = 4 a® — B2 4+ O(z) + O(z'T2) + O(z' 2 log z), x>0, 2aeZ, (274)

(2 e ragrarm (L OG)), z — 00

with

I+ a+p8T1+a—-B)I(1—-2a) 1
B = T AT —a— AT+ 202 T+ 20" (275)

and T'(z) is the Euler’s T'-function.

2.7.2 Transition between one Fisher-Hartwig singularity and two
Fisher-Hartwig singularities

In [34], it was studied the double scaling limit for f; which is a symbol with one fixed Fisher-
Hartwig singularity on the unit circle T away from 1 with parameters a1, 81 and one emerging
Fisher-Hartwig singularity at 1 with parameters ag, 5. This symbol can be expressed as

follows:

fi(z) = eV Pz — 21092, 8, 21—51 (z — et)(@0F80) ( — g=t)(@0—F0) (;)(=a0tFo) g—im(ao+ho)

(2.7.6)
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They considered two cases, |||5]|| < 1 and |||B]|]] = 1. In the first case |||5]|| < 1, the
following result gives the asymptotic behavior of D,,(f;) with assuming that ap € R, ay € C,
g, Rap > —%, Bo € iR, 81 € C. The following asymptotic expansion with the error term

o(1) holds true as long as n — oo and 0 < t < t(, where t is sufficiently small:

9] —tk —tk
Dy (t) = exp {nVO + nt(ag + ﬁo)} exp { >k [V—k — (a0 — 50)67} [Vk — (a0 + ﬁo)%} }
k=1

2_p2 > eftk k
x nl417) xexp ¢ — (a1 — Bi) Vi — (a0 + /BO)T}ZI

—

o) 1
X exp { — (o1 + B1) Z [V—k — (a0 — 50)ek }Zl_k} X H Gojt8).0;-5;

J=0

X Q(2nt)<1 + 0(1)),
(2.7.7)

where G, 1;.0;,—p; and Q(2nt) are defined in (2.4.12) and (2.7.3) respectively.



Chapter 3

Transition asymptotics with a finite

number of fixed singularities

This thesis examines transition asymptotics for Toeplitz determinants with symbols f; that
have m Fisher-Hartwig singularities when ¢ > 0 and m+-1 Fisher-Hartwig singularities as a new
singularity emerges at z = 1 when t — 0. As our symbol contains at least m jump singularities,
we will consider two cases. Our analysis is based on the relationship between a Riemann-Hilbert
problem and the orthogonal polynomials with respect to our symbol f;(z) in (3.1.1). In this
chapter, we will first investigate the case when |||3®)||| < 1, where |||3®)]|| has been defined
in (2.4.10) but here with respect to the symbol fi(z) in (3.1.1). In particular, we use the
differential identity to connect the Riemann-Hilbert problem and Toeplitz determinants, and

also consider the case where |||3)]|| = 1 by applying concepts from [16] and [34].

3.1 The symbol

We consider a symbol z; = €%, where ; € (0,27), which has m Fisher-Hartwig singularities.
With the exception of zy = €% = 1, where 6y = 0, these singularities are located on the unit

circle. Moreover, an additional singularity appears at zg = €% = 1 when ¢ approaches zero.

fi(z) = f(z;t) = ar(2) x b(z), (3.1.1)

20
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with

at(Z) — V() (z — et)ao+ﬁ0 (z — e—t)ao—ﬂoz—ao+50€—i7r(oéo+ﬁo)

and

ﬁ.
b(z —Zflﬁfﬂ\z—zgl 7925,8;(2)2; 7,

0<O<by<---<b, <2r.

When ¢ > 0, a;(z) is an analytic function in the annulus C\ ([0, e~ %] U [e!, 00]) containing the
unit circle, and it has an emerging singularity with strengths o and By at t = 0. We need
to compute the Fourier coefficients of log a(z;t) in order to derive the asymptotic behaviour,

and the findings are as follows:

(logai)o = Vo + t(ao + Po)- (3.1.2)
otk

(logar)y = Vi — (a0 + ﬁo)T. (3.1.3)

e—tk
(logay)—k =V — (g — BO)T. (3.1.4)

We compute a(z;t) Wiener-Hopf factorization, which produces,

log a;(z) = logay 4 (z) + (log ar(z))o + log ar,—(2),
where
e

log a; +( Z (Vk — (ap + ﬁo)ek >zk, loga;,—(z) = Z <V_k — (ap — Bo)

k=1 k=1

—tk
k:)z_k'
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If ¢ > 0, the following expression is produced by directly applying the Theorem 2.4.2 to the

symbol f;(z) in (3.1.1):

[e%S) —tk —tk
D, (f;) = exp{nVy + nt(ag + fo)} x exp { >k [Vk — (ap + ﬁo)e ] [V—k — (a0 — 50)6,{;} }

k=1

, 00 —th
=55) xHexp{ Z Vi — ()éo—i-,@o)ek )ij}

k=1

o otk
XHGXP{ (aj +B5) > (Vor — (a0 — Bo) 2 )ij}

k=1

y H B Zk’2 B5Br— agak)(z 61#)(04]% arBi) o H Go,+8;0,— Bj(l + 0(1)),
1<j<k<m J j=1

(3.1.5)

where the symbol f; possesses m Fisher-Hartwig singularities with strengths «; and 3;, j =
1,2,..m.
At t = 0, the symbol possesses (m + 1) singularities with a; and ; strengths, where

j=0,1,...,m. The following asymptotics are obtained by applying Theorem 2.4.2 again:

Dy (ft) = exp {nVo + Z kaV—k} X eXp{ — (a0 — fo) Z Vi — (a0 + Bo) Z V—k}
P =1

k=1

X HeXp{ = (aj + ;) ZV_kzjk} x HeXp{ — (o — BJ)ZVka} x n2i=0 (05 =)
=1 k=1 = -

% H ’Z Zk|2 Bkﬂj—akay)(z em)(&kﬁj—ajﬁk) X H Ga]—l—ﬁj,a] @7(1 + O( ))
0<j<k<m J 3=0

(3.1.6)

It is obvious that (3.1.5) with ¢t = 0 is incompatible with (3.1.6). Therefore, it is important to
find the asymptotics of Toeplitz determinants using the symbol (3.1.1) which is uniform for
0 <t < tg. We will employ the Riemann-Hilbert problem analysis as in [13], [14], [16] ,[18],

and [34].
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3.2 Summary of results

Theorem 3.2.1. Let f;(z) be defined as in (3.1.1), and assume that oy € R, a;j € C, j =
1,...,m, where |||8W||| < 1, and with the parameters ap, Raj > —%, Bo € iR, Bj € C. The
following asymptotic expansion is uniformly valid with an error term of o(1) as n approaches

infinity and 0 < t < ty, with the condition that ty is sufficiently small:

o0 otk "
Dy, (t) = exp {nVo + nt(ao + Bo) } exp { k |:V—k: — (ao — 50)7} [Vk — (o + 50)7} }

k=1 g
x p2i=1 (@G =B HeXp{ Z [Vk — (ao +ﬁ0)e:k}2§6}
k=1
m [o8) ftk m
X Hexp{ (aj + B) Z [V k— 060—50) }z]_k} X HGaj+/8ij‘j_ﬂj
j=1 k=1 Jj=0

x I 1z — af@sfeeion (L’?)(ajﬁk_akﬁj)fz@nt) (1 + o(1)),

Z,e’Lﬂ'
1<j<k<m J

(3.2.1)

where G, 1p;.a,—p; IS the product of Barnes G-functions defined in (2.4.12),
5 2nt A2 2
Q(2nt) = exp Q(2nt) = exp { / wdm + (® — B3) log 2nt}, (3.2.2)
0 X

and the function o(x) for x > 0 is defined in (2.7.4).

Theorem 3.2.2. Let o, ;j € C with R, Re,; > —1/2 and Py, B; € C. Suppose that

NBD||| < 1 fort >0, |||[8D]]| =1 att =0, and Bt = Bm with RBm_1 = RBm =

max{RG; : 1 < j < m}. Ifty is sufficiently small, then the following asymptotic expansion

holds as n — oo with a uniform error term o(1):

Dn(ft(z)) =D, <ft(z; Qp, O, Om—1, O‘maBO7Bj>Bmfl +1, Bm + 1)) X Q(Qnt)(l + 0(1))

m
+ H Z]_n X Dn <ft(27 Qg, aj? am—17am7/8075j75m—1 + 17 /Bm + 1)) K(Qnt)

j=m—1

xr’(”LO:B_O;O) X (jzzl(zy _ zy—1)> (t )Q(zm)( +o(1)),

(3.2.3)
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whereﬂ}:ﬁj,j:(),...,m—z Bkzﬁk—l,k::m—l,m, and

2% ap—Bo ™ e ~ i f oo B
X(t) = (1—82t> H elz 1 J+ﬂ7(1—e t2) (e Bf)exp{ —Ze th—k}

Jj=m—1 k=1

00 1 — e 2t ap+Bo M - ~
X exp { Z e_thk} + ( T ) H (1—e'z; (@5=85) (1 — e_tzj*l)aﬁﬁf

k=1 j=m—1

X exp { — Z ethk} exp { — Z eth_k}.
k=1

Remark 3.2.3. In addition to the trivial Fisher-Hartwig representation, we can define the
non-trivial Fisher-Hartwig representation of the symbol fi(z) att = 0 as Bo = Bo + no and

ﬁm = Bm — n1, where Bp = minRB; and B, = maxRB;. In this case, we have

Dulh(2) = R{ 3 P ) ) > B20)(1 -+ (1)) 4 (s 20t L0
K (2nt) n—2Po—1

x
ent I'(1 4+ ag + Bo)

Rt By ) ) (100

x Vi x Q(2nt) x x (1 — e 2t)=20=15 (1)

(3.2.4)

where R<f(z; Bo, Bj, Bm)> corresponds to the RHS of (3.2.1) for symbol f; with 3’s param-

eters and without the error term or Q(2nt),

(1) = [(%) e exp {2 i Vk(sinh(tk))} <1 _22_% > et

k=1

m—1 3 —1
X (1 — e_tzj)ijl _(O‘j_ﬁj) X (1 _ e_tzj_l) ] 1 (a'rn"!‘ﬁrn)

am_ﬁ;n —
Zm — € > _ 2% (co+Po)
- (Zm — e_t> exp { = V_k(smh(tk:))} X <1 — €_2t>

k=1

(3.2.5)

X (1= e )Tt (@m=Pm) (1 — ¢t )05 (amwm)].

Remark 3.2.4. Let ag,a; > —1/2, o, 3; € C, and |||BD||| = 1 fort > 0. Then the Toeplitz
determinant D, (f;) generated by the symbol f; in (3.1.1) has two possible asymptotics de-

pending on the position of 1.
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I Ifmin{RB; : 1 < j <m} < NPy < max{RNF; :: 1 < j < m}, then the asymptotics is

given by Theorem 1.13 of [16].

2. If Ry = min{RB; : 1 < j < m} or RBy = max{NG; : 1 < j < m}, then the
asymptotics is given by Theorem 3.2.2.
3.3 The Riemann-Hilbert problem formulation of or-

thogonal polynomials

Now we show how to formulate the orthogonal polynomial problem as Riemann-Hilbert prob-

lem, building on the work of [24]. We consider the following 2 x 2 matrix-valued function

Y™ (2) = Y(2), n > ng:
—1 X! Pn(§) fi(§)dE
Xn ¢n z z 2w "
Y(z) = A( ) Jre 21 5 oue | (3.3.1)
_Xn—lznild)n—l(z 1 —Xn-1 f ¢n 1 — )J;tfméng

Notice that Y(z) is the only solution to the following Riemann-Hilbert problem (see, e.g.,

[16]):
RH-Y1: Y : C\ T — C?*? is analytic.

RH-Y2: For z € T\ UJL,z;, where j = 1,...,m, Y(2) has continuous boundary values

Y, (z) and Y_(z), related by the jump condition

v =v ()| SEN (3.3.2)

0 1

RH-Y3: The asymptotic behaviour for Y(z) as z — oo is given by

Y(2) = (I + (9(%)) . (3.3.3)
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RH-Y4: As z — z;, we have
Y(z) = , if a; #0 (3.3.4)

and

Y(z) = 1) Ollogle =21 : if a;=0, B;#0. (3.3.5)
O(1) O(log|z — %)

The following proposition demonstrates how the previous Riemann-Hilbert problem relates to

the orthogonal polynomials (2.5.1) and (2.5.2).

Proposition 3.3.1. If the Riemann-Hilbert problem stated above is solved by Y (z) in (3.3.1),

then the polynomials ¢, (z) and ¢, (%) satisfy the orthogonal conditions (2.5.1) and (2.5.2).

Proof. The solution of the Riemann-Hilbert problem is denoted by Y'(z), and each entry
in the matrix is examined separately. Using the RH-Y3 condition, we can also observe the

asymptotic behaviour of each entry as z — oco.

2 P o anl anfl
Y(2) = Yii(2) Yia(z) _ +0(z") O( ) ' (33.6)

Ya1(2) Yaa(2) o1 0" +0("1)
Assuming n > 1, we will look at the first row of the jump condition in RH-Y2,

1 z7"fi(2)

:(Yll(z) 3’12(5))_ 0 1

() Yaolo))

+

When we match the values of the row vector, we get:
L (Yi)+(2) = (Yi)-(2)
2. (Y12)4+(2) = (Y11)-(2)2 7" fe(2) + (Y12)-(2)

We may observe from RH-Y3 (3.3.6) that Yj1(z) = 2™ + O(2" 1) is a monic polynomial of
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degree n. Let us denote p,(z) = Y11(2). The second row is

(Y12)4(2) = (Y12) - (2) + pn(2) 27" fi(2),

which is an additive Riemann-Hilbert problem. The answer, then, is as follows based on the

Plemelj formula:

(via)(s) = [ BT

§—z s"2mi
Expanding i and applying the asymptotics at infinity (Y12)(z) = O(z™" 1) as z — oo,

yields the following result:

1 [ pa(s)sT" fi(s) ds
a)(e) = [ B
= —jgoz_j_l/qrpn(s)s_"ﬂft(s);;
_ — -1 —n+j+1 ds
- j:OZ j /Tpn(s)s +]+ ft(s)2m’s

Since Y12 = O(2z7"71), we have

2mis

/p (55— L(8)ds 0 If j=0,..,n—1,
T

ol If j=n.
Notice that 0 < j < n — 1, implies that —(n — 1) < —n 4 j + 1 < 0, and therefore, p,(s)

satisfies

2ms

/P (5)s~ e d(8)ds _ 0 It k=0,.,n—1,
' it If k=n.

n

Consequently, we have unique polynomials p,(2) = X, ¢n(2).

For the second column, we have

1 27"fi(2)

:(Ym(Z) Y22(Z>>_ 0 1

(Ym(z) Y22(Z)>

+
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This yields the following
L (Ya1)4(2) = (Ya1)-(2)
2. (Ya2)4(2) = (Ya1)-(2)z " fe(2) + (Y22)-(2)

Again we observe that Y21 (z) is analytic in the complex plane from the first of the preceding
identities. Additionally, we observe that it is a polynomial of degree n — 1, denoted by p,,_1,
using the asymptotics condition (RH-Y3). From the second identity above and the Plemelj

formula, we find that

(n—1)
Yas(2) = /T Yar(s) fils)ds

s—z 2misn

Also, we deduce that
Yoo(z) = 27" 4+ Oz~ (") a5 2 5 o0

(see (RH-Y3)). As before, expanding =, we obtain

L [ puca(s)s~"fils) ds
/

Yao(z) = — -
2(2) z 1—s/z 2mi

> - - ds
== e paca(s)sT fuls) o

211

ds

omis

== [l G

J=0

Thus, we have

ds |=—-1 if j=n—-1

—n+j+1
/Tpn_l(s)s ft(8)27r'is . -
=0 if 0<j<n-—2

Note that 0 < j <mn — 2 is equivalent to —(n — 1) < —n+j+1 < —1. Let pp_1(s) =

~Xn-12""pn_1(z71). Then

- /T Bt (s s fi(s) =2 — 0

2mis

ds
2mis

_Xn—l/ﬁn—l(s_l)sn_l_n+j+lft(3)
T
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for 0 < 7 <n — 2. Therefore, for 0 < j7 < n — 2, we have

- ds

T (s)5—— =0.

/]I‘pnl(S)S G
Furthermore, in the case when 7 =n — 1, we obtain
ds ds
—n+n—1+1 _
[ st Fs) g = [ por() i)
ds
A -1\ n—1

= —Xn— n— — = —1.

Xn—1 /Tp 1(s77)s ft(5)27ms

Now, we will show that the solution given in (3.3.1) is unique . We first assume that

detY(z)=1 zeC\T.

By utilising (3.3.2), we have

(detY)i(z) = det(Yi(z)) = det(Y_(2)). det

= (detY)_(z).

As a result, by applying (3.3.3), we get

detY(2) =14+ 0(1/z) as z— oo.

Because of this, detY'(z) is bounded and entire, and since detY(z) = 1, by Liouville's
theorem, it is constant. The matrix-valued function Y'(2) is invertible since its determinant

equals one. Next we will examine the matrix X (z) defined by

X(2)=Y ()Y Yz2), zeC\T.



CHAPTER 3. TRANSITION ASYMPTOTICS 30

Observe that the function X (z) is well defined and analytic on C\ T. Further, for z € T,

= (I+0(1/2)).

Once again, we apply Liouville'’s theorem to get X (z) = I, which implies Y (z) = Y (z). Thus,

the solution in (3.3.1) is unique. O

3.4 The Nonlinear steepest descent method

In this section, we will analyze the solution of the Riemann-Hilbert problem for Y'(z) in (3.3.1)
for large n. The Riemann-Hilbert problem must endure a series of reversible transformations
in order to evaluate the asymptotic behaviour of its solution. In the 1990s, Deift and Zhou
introduced the method of nonlinear steepest descent (see [21]), which is one of the classical
techniques that can provide an asymptotically complete expansion for OPs. It includes a
sequence of transformations, each of which further simplifies the original Riemann-Hilbert
problem and brings us closer to the solution of Y (z). The goal is to discover a solution to the
Riemann-Hilbert problem R(z) that is close to the identity and whose jump matrix behaves
as the identity matrix; this is known as the small norm Riemann-Hilbert problem. Then, we
can reverse the transformations to obtain an answer to the original problem involving Y (z).

We address the analysis in a manner analogous to [13], [16], [18], and [34].
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The final transformation generates a Riemann-Hilbert problem with a small norm for the
function R(z), which can be expressed in the following manner:

The Riemann-Hilbert problem for R
(RH-R1): It is analytic in C\ ¥ — C2*2,

(RH-R2): It satisfies the following jump conditions,
Ri(z) = R_(z)Jr(z) z€ Xp. (3.4.1)
(RH-R3): As infinity, the function behaves as follows:
R(z)=T+0(z"") as z— . (3.4.2)

According to the standard theory for small-norm Riemann-Hilbert problems [19] and [20],

R(z) exists for n large and has a uniform behaviour for z € C\ X,

R(z) =T+ 0(n™1).

3.4.1 First transformation 7'(z) (normalization)

To fix the behaviour of Y (z) and to normalize the Riemann-Hilbert problems at infinity, we

define the first transformation 7'(z) as follows:

27"zl > 1
T(z) =Y(2) (3.4.3)
I dzl <1
where o3 is the Pauli matrix defined by
1 0
o3 = . (3.4.4)
0 —1

The function T'(2) in (3.4.3) solves the following Riemann-Hilbert problem:

RH-T1: It is analytic for 2 € C\ T .
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RH-T2: It has the following jump condition at z € T,

=1 | T done (3.4.5)

0 =z

RH-T3: At infinity, it behaves as follows:

T(2) = (I+0(z"h).

RH-T4 : The asymptotic behaviour as z — z;, j = 1,...,m, remains the same as

that of Y'(z) in (3.3.4) and (3.3.5).

Observe that the Riemann-Hilbert problems for Y (z) and T'(z) are equivalent, so if we can
solve one, we can solve the other using straightforward algebraic manipulation. Consequently,

the Riemann-Hilbert problem for T'(z) has only one solution.

3.4.2 Second transformation S(z)

This step (known as the opening of the lenses) will deform the unit circle as shown in Figure
3.1. Since the jump matrix V(z) in (RH-T2) has an absolute value of 1, oscillations happen
quickly when n is large. So, we will come up with a new transformation that makes this

behaviour on T exponentially small. Now, let us set up a new function as follows:

T(z), for z outside the lenses,
1 0
T(z) , for|z| >1 and inside the lenses,
S(z) = ft(Z)_IZ_n 1 (346)
1 0
T(z) , for|z] <1 and inside the lenses
—fi(z)71e" 1
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where the jump matrix Vi (z) is factorized,

1 0 0 fi(2) 1 0
Vr(z) = (3.4.7)
27 fi(2)7 1 —fe(z)7t 0 2fi(2)7h 1

= V]_(Z)VN(Z)‘/Q(Z).
This factorization has specific characteristics. The matrix-valued function f;(z) has analytic
continuation on the outside and inside of the unit disc. Observe that the off-diagonal terms

of V1 and V5 decay as expected.

Then the following Riemann-Hilbert problem can be solved using the function S(z):
RH-S1: S(2) is analytic for z € C\ X, where ¥ = UJL,(%; UX,UXY).

RH-S2: The boundary values are defined by the jump conditions

1 0
S (z)=5_(2) for z € UJLy(2; UXY),
ft(z)flzin 1

with the minus sign in the exponent on ¥;, and plus sign on E;.’,

0
Si(z) =85_(2) fi(2) for z € UTL X%

RH-S3: S(z) = (I+0O(z7!)) asz — ooc.

RH-S4: As z — z; (j = 1,...,m) and z € C\ T remains outside of the lenses,

O1) O(loglz — z;
S(z) = (1) Ollog |z = 2]) . a; =0, B;#0 (3.4.8)
0(1) O(log|z — 2l)

and

2 — zi])2%
S(z) = O O +0(z— =) . oy £0. (3.4.9)
O(1) O(1) +O(|z — z;])

The asymptotic behaviour for S(z) as z — z; in other sectors may be determined by ap-
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Figure 3.1: S(z) RH problems

plying suitable jump conditions. The Riemann-Hilbert problem (S(z),3) is referred to as a
deformation of the problem (7'(z),T).

Finding good approximations to S(z) in various regions of the complex plane is the sub-
sequent step of the steepest descent analysis. Let us begin by encircling each of the points z;

(j =0,1,...,m) by the sufficiently small discs
U, ={z:]z—z| <e}. (3.4.10)

By ignoring the jumps in U;”ZO(E]- U E;’) that tend to the identity matrix and are away
from U,,,7 = 0,...,m, we are left with the Riemann-Hilbert problem that is independent of

n and whose solution is a good approximation of S(z) away from the singularities z;.

3.4.3 Global parametrix N(z)

We consider the following problem with the parametrix N(z):
RH-N1: It is analytic for z € C\ T.

0 fi(2)
RH-N2: Ni(z) = N_(z) for z € T\ UjLy2;.

—fi(z)7t 0
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RH-N3: As z — oo, the function has the following behaviour: N(z) = (I + O(z71)).

The function D(z) can be used to solve this Riemann-Hilbert problem by ignoring U?:OUZJ.

and U}:O(Zj UXY). The following represents the function NV (2)

D(z)73 Hzl <1
N(z) = -1 0 (3.4.11)

D(z)7 dzl>1

where D(z) is the Szegé function associated with f;(z) defined by

211 T—Z

D(2) :exp{l/Tlogft(T)dT}. (3.4.12)

Notice that D(z) is analytic in C\ T and has the jumps
Dy(z) = D_(2)fi(2), z€T\Ujyz.

Similarly to [13], [16], and [34], we can explicitly solve this problem by utilizing the Szeg6
function D(z).

Lemma 3.4.1. By figuring out the integral with respect to our symbol fi(z) in (3.1.1), we

obtain the following simple formula for the function D(z):

TI ()t (2 — el oot hoein(@ot i) exp 3730  Vizk}, |2 <1

D(z) =
[T7L, (F52) 700t (2 — e ) mootPozeo o exp {3702 Vogpz™F), 2] > 1
(3.4.13)

Proof. We will first calculate the log f;(7), following the procedure described in [34]:

log fi(1) = V(7) + Zﬁj log T — Zﬁj log z; + ZQO@' log |7 — 2]

Jj=1 j=1 j=1
+3 10g.g,.5,(7) + (a0 + fo) log(r — ¢') + (ap — fo) log(r — ™) (3414)
j=1

— (o — Bo) log T — i (o + Bo)-
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The first function, V(7), is analytic. We can expand -1~ =1 4+ % + % + ..., for |z| < 1,

T—Z2 T T

and by applying the residual theorem, we have

1 1 1
— V(T)drf {...+V_lr‘1+V0+VIT+...}{T+:2+...}dr

211 TT — 2 - 271’1 T
o0
= Zszk
k=0
Expanding i = —% -5 - ;—; — ... for |z| > 1 yields the following result,
1 V 1 1
— (T)dT:—, {...—l—V_lT_l—i-Vb—i-‘/lT—i-...}{——7—2—...}617'
2 Jr T — 2 27 Jr z oz

o0
= — Z V,kz_k.
k=1

We apply integration by parts, the substitution 7 = €, and the residue theorem to obtain

the following:

E}i; Bj / logr __ Z}”:l. Bj / log()ic
27 TT— %2 27 T €e¥—z
m . ) 2 m,_ . 21 ]
= ijl.ﬁj [imog(@w - 2)] - Lj_l.ﬁj / ilog(e® — z)do
27 0 27 0
m m_ ) ] _
= Zﬁj <log(1 - z)> — ZJ_I‘/BJ / og(T = 2) dr.
st 2mi T T

(3.4.15)

For |z] < 1, we have

> Bi [ logT i 1 L a2 1
= = " 6i(log(t—2) — 5= [ {logr — 2 — 5 — 33—
211 /T T — ZdT j=1 ﬁj< il ?) 2mi /11‘ 08T T 272 T dT)

(3.4.16)
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and for |z| > 1

Z;n:15j log T 1 _ 72 1
9 AT—sz_ZB]<m+IOg(Z_1) 5 z/ m—i—logz—;—ﬁ—... - d7'>

7j=1
—Z@(log (z—1) logz>.
7j=1
(3.4.17)
Combining the residue theorem with the above expansion, we get:
—3" B [ logz; — 2 Bilogzy, |2 <1,
21 6 / L SR (3.4.18)
2mi TT —Z
07 |Z| > 1.
Now, we define h,; by setting
ha,(2) = |2 = 2j|% = (2 — 2;)™/2(z7" = 27 1)™9/2 = M (3.4.19)

(22je5)03 %"

where

3m, for 0<6<0;
lj = (3.4.20)

m, for 0; <0<2rm

and z = eie,zj = ewi,ﬂj #0, 0 <60 < 27. We then write

T

1 / Z}nﬂ 205 log |7 — Z]\ / ZJ 1 205 log(T — 25) — Z;.”:l o 10g(TZjeizj)d
211 dr = 27TZ

T—Z T—Z

/Z] 1204J10g7—zj /z " ojlog(T ) 0
" 2mi C 2mi

T —Z T —Z

/Z] 1 o log( zj /Z] 1 o log(e’ )dT
2 T—2z 2 T—Z

(3.4.21)

We can evaluate the first term in (3.4.21) and the expansion that follows by using the residue
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theorem as follows:

00 — k
1 —z;) =1 1 J 3.4.22
og(1 — z;) = log(exp(im)) + log(z;) kzl ’ ( )
Recall that,
oo Zn
log(1 — z) = —Zl — for lef<1. (3.4.23)
Consequently,
20 log(T — 2 Zm: 205 log(z — 2j), 2| < 1,
/Zf 1205108(7 = %) | [ 2= ’ (3.4.24)
27i T —Z
0, |z| > 1.

The second term was evaluated in (3.4.16) and (3.4.17), and the third one in (3.4.18). In

order to determine the final term, we note that

a; log( i1 2 log g:;,6,
L /Z] p @ log(e )dT: 1 /Oégog(e)dTJrO‘J 1 /WdT, (3.4.25)
i T

T—2z 271 T—2z Bj 2mi T—z

where

i log 9z;.8; (1) dr — L i ampB; ir i /277 T3 dr

2 Jr T —2 2mi T—2z 2 T—z
2 .

= — ”BJ 21,/Wmﬂjdm

2m TT — z 21 Jo. T — 2
y (3.4.18), we get
1 loggz- 6(7—) iﬂ-ﬁj - 27r7, f027r %rﬂﬁid for|z\ <1
o T, ds= (3.4.26)
Ty T—z o infB;

—251 fowi Ldr, for|z| > 1

and

27
2L' i}
2w Jo, T —2

dr = B;(log(1 — z) — log(z — z;) — im).
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In this case, we have

1 log g, 5,(T) Bjlog(z — zj) — Bjlog(l — z),

P dr =
21 Jp

T —Z

Bjlog(z — zj) — Bjlog(z — 1),

Thus, by combining (3.4.18) and (3.4.27), we obtain

1 / o log(eilj)d a;(log(z — z;) — log(1 — 2)),
Y e R =\ M
T

2me T—Z
o (log(z — z;) — log(z — 1)),

Therefore, we have for |z| < 1,

m

T—Z

1 / > 2alog|T — 2
211 T

Jj=1

39

for |z] <1,
(3.4.27)

for |z] > 1.

for |z] <1,
(3.4.28)

for |z] > 1.

dr=> (20‘1' log(z — 2j) — ajlog(l — z) — ima; — ajlog 2

— ajlog(z — zj) + o log(1 — z))

m
= Z (aj log(z — zj) — ajlogzj — iﬂ'Oéj),
j=1

and for |z| > 1,

1 / > iy 2alog |1 — 24
T

21 T—2z

Using the residue theorem, and the expansion of log(7—e") = log(e'™)+log(e!) —>pe; <

dr = ajlog z — o log(z — zj).

(3.4.29)

(3.4.30)

eftTk
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we find that
1 ! — —2t
/ (a0 + fo)log(T —€') , (040+-50)/ P N
2m T T—Z 271 T 2
ALy 2
. -2 -3 T
—2t
= (a0 + Bo) (iTr +t—etz— 6722 — ) (3.4.31)
) O etk .
:(Oég—i—ﬁo)(Zﬂ—l—t—ZTz)

k=1

= (ao + fo) log(z — ¢'),

and for |z| > 1,

1 1 —él =2t
g (a0 + fo) log(r =€), _ (00 + fi) / {mt Tt }
27 Jr T—Z 271 T 2
(3.4.32)
-1 T 72
Similar to the previous integral, but this time by using the expansion
log(r — ™) = log(r) — Y —— ¢ k (3.4.33)

k=1

we have, for |z] < 1,

1 [ (a0 —PBo)log(r—e™) . (a0 —fo) | [ log(r) —t -1
2m'/T T—z dr = 2mi [/TT—sz_‘_/E{_etT

R 1,z (3.4.34)

= (a0 — Bo) (10g(1 —z)— i7r>.
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Now, for |z| > 1, we continue in the same manner, but now using (3.4.17), we get

s /T (00 — Bo)loa(r — ™), (a0 — o) [ /T log(r) , /T [—etrte

21 T— 2 21 T — 2z

Ca TRV ...}dT]

(3.4.35)
= (ag — fo) log(z — 1) — (a0 — fo) log
—2t
“ (o — ety 8 2
(a0 ﬂo)( e "z 5 z )
~ (a0 — ) tog(z — 1) ~ log(z — 1)),
Utilizing the previous results, for |z| < 1, we have
1 — 1
/ (=00 +B0)108(7) ; _ (_ o + ) <log(1 - m), (3.4.36)
2w Jr T—z
and for |z| > 1, we have
1 — 1
/ (=0 + fo) Og(T)dT = (—ap + Bo) <log(z —1) —log z> (3.4.37)
27 Jr T—z
and by using (3.4.20), we get
1/ —im(oo+Bo) —im(ag+ fo) for |z[ <1, (3.4.38)
2mi Jp T—z o

0 for |z > 1.

By multiplying all of the above results together, the formula for the Szegé function (3.4.13)

is produced. O

Note that the jump matrices S(z) and N(z) are not uniformly close to one another near
singularities z;. Consequently, we must construct local parametrices at these points in the
subsequent step. After that, we match them with N(z) on 9U.,, and the desired asymptotics

is obtained.
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3.4.4 Construction of the local parametrices at fixed singulari-
ties

Now we will examine separately each intersection where we have opened the lens (Riemann-
Hilbert problem for S(z)). In the neighbourhood U, we will construct the local parametrices
P, at zj,j = 1,...,m. We need a sectionally analytic matrix-valued function that satisfies
the following Riemann-Hilbert problem for P(z;). The study is based on the work of Deift,
Its, and Krasovsky [16], [18], and also on [34].

The Riemann-Hilbert problem for P(z;)
RH-P1: P, (z) is analytic for z € U,; \ ¥ = Uj_o(Z; UX; U EY).

RH-P2: The boundary values are related by the following jump conditions,

1 0
sz,-i-(z) = szw—(z) zZ e UZ]' N (U}:0<2j U E;'/»v
ft(z)flzi” 1

with the minus sign in the exponent on X;, and plus sign on X7,

P, (z) =P, (2) L U, N (U2,

’ —fi(2)t o,

RH-P3: For z € U, \ ¥, the following uniform asymptotic holds as n — oo (this is

known as a matching condition):

P (z2)N7'(2) = I+ o(1). (3.4.39)

RH-P4: For z — z;,j = 1,...,m, the jump conditions are identical to S(z).

First, we investigate RH-P1, RH-P2, and RH-P4 in order to construct sz(z), and then we
turn to RH-P3. A series of procedures will be completed to accomplish this construction.

Step 1: Reduction to constant jumps
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Figure 3.2: ¥ RH problem

First define the following transformation that maps the z-plane to the &-plane:

£(2) = nlog Zi (3.4.40)
J

where log z > 0 when z > 0 and the logarithm has a cut on the negative half of the real axis.
The neighborhood U.; is transformed into a neighborhood of zero in the -plane by this trans-
formation. Now, we select the form of the intersection between the neighborhood U, and
the contour in the Riemann-Hilbert problem for S(z) such that their images are straight lines
under this transformation. The function £(z) is analytic and one-to-one which maps an arc
of the unit circle to an interval along the imaginary axis. The values in sectors I, 11, I11,IV
correspond to the interior of the unit circle, and £ values in sectors V, VI, VII,VIII corre-
spond to the exterior of the unit circle. In order to address the non-analyticity of |z — 2;|,
we added an additional jump contour to ¥ in the neighborhood of z;, which is the pre-image
of the real lines I'g and I'7.

Then, we will present the following auxiliary function Fj(z) defined in [16] by

m

Fyj(2) = exp {; loga(z: t>} [LC)%2 ] heu (g (2

k=1 k£j

- (3.4.41)
e~ e [ IV, VI
X ha;(2)

e e IIIIV,VII,VIII.

It is not difficult to show that F)j(z),j = 1, ...,m is analytic in the intersection of each quarter
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—plane with £(U,,) and includes the following jumps:
§—p ; g jump
Fji(2) = Fj_e ™4 €Ty

We can show this by using the definition (3.4.41), which states that

m

Fj =exp {; log a(z; t)} H(i)ﬂ‘“/2 I how(2)g5,(2)'/?

k=1 k#j

X hay (z)e*imj ,
and

1 2
F;_ =exp {2 log a(z; t)} H(Z—)’Bkﬂ H hak(z)ggk(z)1/2
k=1 “F kot
X ha,(2)e ™.

44

(3.4.42)

Thus, we derived the jump at £ € Iy by comparing F} . and F}; _. Similarly, we can confirm

the jumps in other sectors.

F]H_(Z) = Fj7_€2m'aj £ els.

F]H_(Z) = Fj7_6maj Eelz3uly.

(3.4.43)

(3.4.44)

Using the function (3.4.19) of f;(z) and the definition of the function Fj(2) in (3.4.41), the

following relations are obtained,

Fj(2)? = fi(z)e 2™ g5l (2), e LILV,VI

J

Fj(2)* = fu(2)e*™ g5 (), £ eIl IV,VILVIII

(3.4.45)

(3.4.46)
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Then, we search for a function P, (z) of the following form:

-1
sz(z):P(l) i 0 ZEnos/2,
0

The plus sign is used when |z| < 1 and minus sign when |z| > 1, which corresponds to
EeLIIIII, IV and £ € V,VI , VII,VIII, respectively. In order to satisfy the conditions
from (RH-P1),(RH-P2), and (RH-P4), P (z) must be constant.
Step 2: Riemann-Hilbert problem for ¥;(¢) and the solution
Using the map in (3.4.40), this constant jump problem P(!) produces a model problem U,;(€)

which is defined in &-plane. Set
PU(z) = w;(6), (3.4.47)

where W;(&) satisfies the Riemann-Hilbert problem on the contour I' = U?Zlfj,
RH-W;1: ¥; is analytic for £ € C\ T.

RH-W¥;2: WU, satisfies the following jump conditions:

0 L
(8 = ¥,;-(8) . ; Eerly, (3.4.48)
—e~ B 0
0 e~ B;
54 (8) =¥, -(8) , , ¢ eTs, (3.4.49)
_ezwﬁj 0
V) (§) = Wy (&), §elsUly, (3.4.50)
1 0
Uj4(8) = ¥5,-(8) ; (3.4.51)

—etim(Bi—205) q
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where the plus sign in the exponent for £ € I's, and the minus sign for £ € T'y

1 0

Uj4(8) = ¥5-(8) ‘ , (3.4.52)
_eEim(Bi+2a5) q

with plus sign for £ € I'g, and the minus sign for £ € ['g .

RH-¥;3: As £ — 0 with £ € C\ T outside the lenses,

V;(z) = o) Ollogle) , a; =0, B #0, (3.4.53)

O(1) O(log¢])

and

Ui(z) = OE™) O™ +06™) Y (3.4.54)

O(E™) O(E™) +0(E™)

The solution of this problem was explicitly solved in terms of confluent hypergeometric

functions (see, [16]).

Proposition 3.4.2. ([16], Proposition 4.1) Let oj = 3; ¢ Z_ for all j = 1,...,m. Then a

solution for the W;(&) Riemann-Hilbert problem in sector I is given by:

Vi1 Y12
v =ve= " "7, (3.4.55)
Wior Wja0

where

Uj11 =90 (a + B, 1+ 20, £)emhites)emt/2

; — (B tous N1+ «a; — 55)

Uogg = —E%(1 + a; — Bi, 1+ 20, e €)™ Bitey)ed/2222 T 20 1))
4,12 EYY(1 + oy — B aj,e”"E)e ¢ (o + By)
. T(1+a;+5;

o1 = —& %1 — ;4 Bj,1 — Qaj’g)em(ﬂrhj)effﬂw

I'(aj = ;)
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and
U)o =& (—ay — B, 1 — 2a5,e ™ )e 4 b2,

The solutions for the other sectors are reconstructed by using (3.4.48)-(3.4.52). Step 3:
The matching condition

We multiply ¥;(&) by the analytic function E(z) from the left. Then we get
PW(2) = E(2)T;(¢). (3.4.56)
The precise E(z) will be given later. Thus the parametrices that we have are

P, = E(2)W;(&)F; /?;%n0s/2 (3.4.57)

J J

Then, on the boundary, we will match this solution with N(z) for large n. To accomplish

this, E(z) must be close to the following

N(z) ZTos 21 (g).

The limit for z € OU,; and n — oo is equivalent to { — oo. Consequently, we must determine
the asymptotic expansion of W;(£) using the classical results in [8] and [28] for the confluent

hypergeometric function W;(€). As |2| — oo with —3T < argz < 3T,
Y(a,c,x) =271 —a(l4+a—c)z™t +O(x™?)]. (3.4.58)

In addition, this result can be applied to v(a, c, &) and ¥ (a, c,e~""¢) for 0 < arg & < 27 when
el
Applying this result to (3.4.55), we obtain the asymptotics as £ — oo in sector I, which

remains unchanged in sector I because of the correct triangular structure of the jump ma-
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trices.

() _ I
v =)

2 _ 92 P(1+o;—B5) im(B;+40;)
- I+2 ra f;) g et ) oy
+a i) —im(Bs s
— e, gy e o) —(af - B)) .459)
et (285 +a) 0

x P03 =E03/2
0 e—im(B;+2a;)

£—>OO,£€I,II,QJ'ZEBJ75—1,—2,...

To achieve the asymptotic behaviuor in other sectors, we employ the relevant jump matrices

that yield the following results:

w0 (e) = v ) = v e, (3.4.60)
oWy — oD (g) — g L P
Po=vo=ve| e (3.4.60)
e*lﬂ' j 0
(VIID) jon  (VID) jon (1) 0 —e
W = u e = ele | . (3.4.62)
elﬂ' j O

The following result is obtained by substituting this asymptotics into the condition on E(z)

(see (3.4.39)):
P, (2)N7'(z) = E(2)W;(&) Fj(2) "2 N~! = I + o(1). (3.4.63)

The function E(z) is then obtained in sectors I and I as follows:

__nog e—iﬂ(?ﬁj-i-aj) 0
E(z) = N(2)¢%78 Fy 7z, 2 . cel Il (3.4.68)
i .
0 ezﬂ(ﬂj+2&j)
For more information on how to find the asymptotics of the matrices E(z) for the remaining

sectors using the asymptotics in (3.4.59), see [16] and in particular (4.42)-(4.50) therein.

Thus by applying (3.4.47), (3.4.57), (3.4.64), and Proposition 3.4.2, the construction of
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the parametrices P,; has been completed for U, .
Similarly to [16], we derive the unique expansions in u = z — z; as u — 0. Recall (3.1.1),

and the factorisation of V' (2), and from (3.4.13), (3.4.19),(3.4.40), (3.4.41), we get
Fj(z) = njef?’i”a/sz_ajuaj(l +0(u), u==z-—z Eel, (3.4.65)

where

. Jj—1 m N Br/2
n; = exp{loga(z;;t)/2} exp{ - Z;(Zﬂk - Z 5k> } H (Z) |zj — 2|,

k=1 k=j+1 kit
(3.4.66)
D(z) = [Ju®*% Zj_(aj+ﬂj)e—iﬂ(aj+ﬁj)(z — ¢t)y@otBo g—im(ao+fo)
= (3.4.67)
exp { Z szf}(l + O(u)),
k=0
and

§(2) = nlog — + O(u?) = n--(1+ O(w)). (3.4.68)

J J

By combining them, we obtain the following:

2 0 k
( D(Z) ) — Vo exp Y szj;k (1- Zjeft)(aoJrﬁo)(l _ eftzl—l)f(ao*ﬁo)
EPiFy(2) expd_pey Voiz; !

NCT
% n72ﬁjet(a0+ﬁo) X e’L’ﬂ'(Olj*QBj) X H <Zj”r> ‘Zj - Zk‘Qﬁk(l + O(u))
.\ Rk€
k#j

(3.4.69)

According to (3.4.64), det E(z) = ¢™(®=55) holds in all &-plane sectors. It is also essential to
remember that det (&) = e"™(%=%)_ According to Liouville's theorem, det v;(€) contains
no jumps. As a result, the singularities at zero are removable as fta; > —%, and the constant
value of the function can be determined by applying (3.4.59). By combining these observations
and noting that det P,; =1, it is possible to conclude that P;; is unique and that its inverse
exists, and so, sz(z)PZj(z) = I. It is also important to note that by constructing P, (2),

which has the same jumps as S(z), it follows that S(z) P, (z) " has no jumps, so it is analytic

near z;. This means that the singularities are removable. The singularities at z = z; are at
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most O(|z—zj|2%) or O(log |2—2;|), which can be seen by applying (3.4.8), (3.4.9), (3.4.53),
and (3.4.54).

Observe that the error term in the equation (3.4.63) is

11

L. wgos -
—)ynRBiosif RBj € (=5, 3)-

o(1) = n~ R O
n

Next, we will extend (3.4.63) to figure out the first correction term A;(z) in the asymptotic

series in inverse powers of n satisfying
P, (2)N7Y(2) = T + Ay (2) + n~RBir3O(n=2)nRPios, (3.4.70)

By considering further terms, we can then extend (3.4.59) to discover a complete asymptotic

series. By multiplying out the matrices in (3.4.64), we obtain

0 D(2)¢~5i FL 12 eim(85+20;)
E(z) = r . (3.4.71)
—E1_21 eim(a;—B;) 0
In addition,
E190190Fj27"2D(2)™t B0 01 F; '2"/2D(2
PN =" g =) A ) (3.4.72)

E21\I/1’12sz_n/2D(Z)_l —Egl\Ilele_lzn/QD(Z)

After that , by substituting in (3.4.71), and using (3.4.59) for v, ;,, yields the following result:

2
2 2 nT(1+a;+B5) [ D(2) in(2B8; —a;
Ml =g Pita;—8) (D& \
n aj—Pj z —im (28 —a; 2 2
—Z} T(a,48,) <£ﬁij> e—im(285—ay) (aF = B7)
(3.4.73)

Then, we will look for the 12 element of the correction that will be required in what
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follows:

[Z;levo €xp { Z Viz; } exp { Z Vorz; } (1—zje” )(O‘0+B")

j=1 k=1
-t —1\—(apo— @ Zj
x(1—e tzj 1) (@0—=Po) w etl@o+bo) H (;c) |2 — Zk‘wk
k#j
X exp{ <Zak — Z ak> }n_zﬂj(—i_aﬁﬁj) (1+ O(uw)).
Nt I(a; - B;)
(3.4.74)
In addition, we observe,
1 “j 2
—=——4+0(z— 2 Z— 2z 3.4.75
5 ’I’L(Z _ Z]) ( ]) J ( )
3.4.5 Local parametrix at emerging singularity
Before constructing the local parametrix at zy = 1, we will present the Riemann-Hilbert

problem for Painlevé V equation, which plays an important role in describing the transition in

[13] and [34]. For the reader’s convenience, we recall the relevant theory.

Riemann Hilbert-Problem for Painlevé V

We consider the second order ordinary differential equation

20\ 2 do do do do do do
) = (o—a—+2 % 4 adl _
(xdaﬁ) ( v T2 ) 2o ) <dx> <d +a0+60><dw+a0 50)’
(3.4.76)

which is the o-form of the painlevé V equation

1 1 1 —1)2 b C 1
w = (_|_ >u92c—u;p+ (u ! ) <Au—|—> +—u+DM (3.4.77)
x x U T 1

20 u—1

studied by Jimbo, Miwa, and Okamoto in [30] (see also [31]).

For the equation above, we have the following parameters,

1 1 1
A= (a0 - fo)?, B= —5 (a0 + Bo)?, C=1+2B;,, D= —5 (3.4.78)
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According to [13], the Painlevé V equation has a solution that can be written as follows:

+oo
o(z) = / v(€)dE. (2.4.79)

Furthermore, the function o(x) can be formed directly in terms of the Riemann-Hilbert

problem given below. Consider the contour I' = U?Zl I'; in the complex plane C with

;= 1 + 6i7r/4R+, Iy = 1 + 62'371'/4IR—|—7 [y = 1 + €i57r/4R+,
2 2 2 (3.4.80)

1 ,
Ti=g+eTRY, T5=(1,00), Tg=(0,1).

The Riemann-Hilbert problem for V.
(RH-W1): W is analytic for £ € C\T.

(RH-¥2): U has a continuous boundary value on I'\ {0, 3,1} with the jump conditions

given as follows:

U (€)= T_(€) , EeTy, (3.4.81)

Vi (§) =v_(S) , , el (3.4.82)
—e—im(ao—Po) 1

1 0
V(@) =v_(&) | , €€y, (3.4.83)
eim(ao—po)  q
1 —eim(ao—po)
Y () =V_(¢) ey (3.4.84)
0 1
Ui (6) =W _(§)e”™h% ¢ eTs, (3.4.85)
U (&) = U_(€)e ™@0=ho)os ¢ e T, (3.4.86)

(RH-¥3): As & — oo, ¥ has the following asymptotic behaviour for certain matrices
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Cl == 01(337 «, B)v

¥(e) = (1+ S+ 0 g bome B, (3.4.87)

(RH-W4): ¥ has the following limiting behaviour

(a)
’£|(o¢0—,30)/2 |5|—(ao—50)/2

V() =0 as £ —0. (3.4.88)
’f‘(%*ﬁo)ﬂ ’E‘*(QO*ﬁo)/Z

= 1|*(a0+/3’0)/2 |€ — 1|(a0+50)/2
vE) =0 as {— 1. (3.4.89)
€ — 1|—(C¥0+BO)/2 = 1|(a0+B0)/2

(c) WU is bounded in a neighborhood of 1/2.

Now, we will construct the parametrix at 29 = 1. Similar to the parametrices at z;,j =
1,...,m, P, will be constructed at zyp = 1 which satisfies the same jump conditions as the
Riemann-Hilbert problem for S(z) in the neighborhood of zy with a small fixed radius. Then,
on the boundary of U, we will have a matching condition with the Riemann-Hilbert problem
for N(z). This will be accomplished by following a series of steps similarly to [13] and [34].
Step 1: Assuming the Riemann-Hilbert problem for W is solvable, define the following func-
tion,

(N z) = 620356’8003\11</\ + ;,w> G(\; x)%"?’ei%(aofﬁo)‘” (3.4.90)

T

for 23\ > 0, respectively. The function G(X;x) is analytic in C\ ((—o0, —=3] U [F, +00))

and defined as follows:

GOnz) = (A + Sy~(@o=Bo) () — Dy(ao+ho) Ag=mileo—Bo) 4 5 (3.4.91)

2 2

where —m <arg(A+§) <7, 0 <arg(A - §) < 27.
The matrix-valued function ®(\; x) in (3.4.90) solves the following Riemann-Hilbert prob-

lem for z > 0:
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(RH-21): @ : C\ U?:l67”‘(2]‘_1)/4]1@'F — C2*2 is analytic, with the rays ¢™(2~D/4R+

as shown in Figure 3.3.

(RH-(®2): @ has the following jump conditions on U?Zle”i(Qj_l)/4R+ \ {0}:

1 G\a)™t . .
BN\ =D_(N) (i) . as Ae (eMMRTUTIRT) (3.4.92)
0 1
and
1 0 . .
By (N\)=D_(N) . as A (ETARTUSTARY). (3.4.93)
—G(A\z) 1

(RH-®3): @ has the following behaviour as A — oo,

dN) =T+0\1h). (3.4.94)

(RH-®4): & is bounded near 0.
Proposition 3.4.3 (Proposition 3.1 of [13]). We have

1. If Rag > —1/2, the Riemann-Hilbert problem for ® has a unique solution for all possible

finite numbers of positive x—values {x1, ...,z }, where x; = z;(a, B) and k = k(«, B)

2. Ifag > —1/2, (g is real), and Ry = 0, then the Riemann-Hilbert problem for ® has

a unique solution for all x > 0.

3. If Rayg > —1/2, the asymptotics for & as X\ — oo is valid uniformly for x € (0, 00),

with the exception of the set {x1, ...,z }.

The preceding proposition was proved in [13] by Clyaeys, Its, and Krasovsky.

Step 2: We will map the jump matrices for ® into the jump matrices for S in the neigh-
bourhood of zy = 1 by defining the conformal mapping that maps 1 to 0 and e** to +x/2,
respectively.

Az) = 2% log(2), (3.4.95)
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Figure 3.3: ® RH-problem

where log z > 0 when z > 0 and the branch is cut along the negative axis. Consequently, we
require that e*(z) = 2", and so,

xr = 2nt. (3.4.96)

Here A\(z) translates ¥; and X3 close to 1 onto the jump contour LJ‘;*:le"'”(%_l)/4IR+ for ®.

Step 3: We search for the parametrix P, with the form:
P, (z) = E(2)®(A(2); 2nt)W (2), (3.4.97)
where W (z) is given by,

—G(\(2))78/22m98/2 f,(2) =3/ 2, for |z] <1

W(z) = (3.4.98)
G(\(z))~8/22793/2 f,(2)73/20y for |z] >1
and
01
o1 =
10

Noting that the branch points of G cancel with those of f;, so W(z) is analytic in U,, \ T.
To satisfy the conditions for the construction in which P,; has the same jump condition as
S(z), we must assume that E(z) is analytic in the neighborhood of z.

Step 4: We attempt to fix E(z) in a way that satisfies the matching condition P,,N~! =

I 4 o(1) on the boundary of U,,. Consider the behaviour of the parametrix P,, on the
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boundary of U,. By utilising (3.4.95), we have
IA(2)] > cen  z € 00Uy,

Using Proposition 3.4.3, as n — oo and 2nt remains bounded away from {1, z2, ..., 1}, we
can use the asymptotic behaviour of ®(z) in (3.4.94) to demonstrate that ®(z) approaches
identity as z — oo, and we have
1
P, (2) =E(z)({+O(=))W(z), as n— o0 (3.4.99)
n
uniformly with respect to 0 < t < tp and z € 9U,,. We assume that et lie inside U,, for

small tg. As n — oo, by (3.4.91) and (3.4.98), we have

o1 0
.zl <1
s 0 01
W(z) = n (3.4.100)
0 01
, 2| >1
o1 o0

E(z) = N(2)W(z)~ L (3.4.101)

By utilizing the jump for N(z) and W (z), we can easily show that E(z) is analytic in the

whole area U, of 1. Then, from (3.4.11) and (3.4.101), we get the following asymptotics:

E(z) = n%% as n — oo (3.4.102)

uniformly for 0 < ¢ < ¢y, and z € 9U,,. The asymptotics for the matching condition for
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z € OU,, can be obtained using this and (3.4.99):

Pyy(2)N(2)™ = E(z)(I + O(1/n)) E(2) ™"
(3.4.103)
= I +n %01 /n)n"%as n — oo

for 0 < t < to uniformly. Thus, we conclude the construction of the local parametrix at zg
holds if 2nt is away from the set {x1, ..., x%}.

The singularity at zp is removable because P, has the same jump conditions as S(z), so
S(2)P,,(z)~! is analytic in a neighborhood of 2y = 1.

Now we will compute the first correction term Aj(z) in the asymptotic series in inverse

powers of n:

P (2)N(2)7! = I + Ay (2) + n~%0o30(1 /n?)n?Foos, (3.4.104)

Then, utilising (3.4.98), (3.4.101) and (3.4.11), we obtain

0 1 0 -1
D(z)73 W (2) t®(A(2))W (2) D(z)™ 9, |z| <1

Py (2)N(2) ™" = 10 10
D(2)73W (2) '@ (A\(2))W (2)D(2) 3, |z] > 1.

(3.4.105)
Denoting the elements of the matrix ®(\(z)) by = ®;; for i, j = 1,2, setting G(\(2),z) = G,

and applying (3.4.98), we get

Doy D(z)2G*1z"ft(z)*1q§21

for|z| <1
P ( )N( )71 D(Z)_zGZ_nft(Z)(I)lg (O]
0 (2)N(2)"" =

(oD D(z)2G_lz”ft(z)¢21

for |z| > 1.
\ D(Z)_QGZ_nft(Z)(I)lg @11
(3.4.106)

To figure out the asymptotic behaviour of these, the behaviour is evaluated as z — e*.

Choosing the convenient region |z| < 1 and taking u = z — e** — 0, by the Szegé function
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defined in (3.4.13), we obtain,

[T, (1 =z “lemt)aithi(1 — e=2t) 0P tlaotBo) exp { > oreo Vketk}(l + O(u))
D(z) =

TT/2 (1 — zje™) 7@ thi(1 — e 2) 20t ho exp { -3 V_ke_tk}(l + O(u)

(3.4.107)
By (3.4.91),

G(A\(z);x) _nzﬁo(log ) (@0~ BO)(log )0‘0_502"6_”(040—50)

n2ﬁou—(ao—ﬂo)e—t(ao—ﬁo)(Qt)ao-l-ﬁo e—tneQiﬂﬁo(l + O(u)) y— et

n25ouao+ﬂoe—t(ao+ﬁo)(Qt)—ao+ﬂoetne—iﬂ(ao—ﬁo)(1 + O(u)) 2y et

(3.4.108)
Taking into account the symbols (3.1.1) and (3.4.19), we get
e H] 1( _1 *t)2aae (0 —Bj) pim(a; —B;) (aJ Bi)
x (1 — e~ 2t)aotfoya0=Foe2tao (1  O(u)), z— et
f(zt) = (3.4.109)

VN T (1 — zjet)2e ehlos By gmimlog ) (@)

x (1 — 6—215)—(ao—ﬂo)uao-i-ﬁoe—iﬂ(ao-i-ﬁo)(1 + O(u)), 2 3 et

For what follows, we only need the A1, element of the A; matrix and by (3.4.106) we have

Ao = D(Z)2G_1znft(z)_1q)21.

Putting all of this together with (3.4.97), we get the following as z — e,

m
H 71 ot 25]@ t(a ~_5j)e_m(aj_ﬁj)Zf(aj—ﬁj)e_ziwgo
J

x (1 — eth)aoJrﬁO exp { Z Vketk} exp{ . Z V_ketk} « n—2B0 (3.4.110)
k=1

k=0

x (20) (0 LA Gy (M) (1 + Ow)),

as z — e

asz—>et.
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and for z — €!, we have A1y = D(2)2G712" fi(2) P21 and

m
|| 1 — zje )P etlaith) gmin(as+hi) —(aj+5;) —im(aj+5))
%

x (1— e_2t)_(°‘0_50 exp{ Z V_pe™ }exp { Z Vketk} x p 2P0

k=0
x (2t)(@0=Fo)g=2iBogtaot50) By (A(2)) (1 4 O(u)).

(3.4.111)

Next, we need to determine an appropriate asymptotics for ®(\, z) both when z is small and

when x becomes large. For the limit ) — 00, we obtain two asymptotic expansions:

+0N)72 (3.4.112)

of which one holds when z is small, say, 0 < x < ¢, and the other holds when x > C, where
C'is positive, and A = A(z) + 5. We aim to find a C for the expansion in (3.4.112) that
works for the two cases.

Asymptotics for ¢ for large =

In [13] when z > C' an expansion for the following function was obtained

D(&) = D(z€ = N\ ). (3.4.113)
The authors showed that
z— 2+ -1 o+ —x/2 _e~%7bo -1
C~'1 = T'(ao—po)T (ao+ﬁo)(1+0(x >) Foofoeme/ T'(a0+060) (1+(’)(x )>
_ a —z eZw‘rﬁ _ 7$—2+2a —x _
trao=ioeel2 I'oo— go) (1 +0(z 1)) I'(a0—Bo)I (0 +Bo) (1 +0(z 1))

when when £ — oco. Further, by applying the transformation £ — % we obtain the following

expansion for ®o1,

e27ri[30

Doy (\;z) = grotPoe—s/2__—
21A) Tlas — Ao)

AT (1+0(@ ) +0(2%/A%), as A — oo (3.4.114)

uniformly when = > C. Also, if we change A — A\ + %, we get the following uniform
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asymptotics for x > C:

627ri60

Doy (\; 1) = g¥otPoe—w/2__—
(i) Fao— o)

N1 +0E™) + 0%/, as A — .
(3.4.115)

Asymptotics for @ for small x
To obtain the asymptotics of the ¥ Riemann-Hilbert problem and the ® Riemann-Hilbert
problem as z — 0, we will use the analysis in [13]. Returning to the ¥ Riemann-Hilbert

problem, we will examine the following function:

\IJI(%—kl,x) for Xel,

Ur(241,z) for Aelr,

K

(\jx) = 73/ 2= Poos (2 +1,2) for Aelll, (3.4.116)

\IJIV(% +1,2) for AelV’,

Ty(2+1,2) for AeV’

where A\(z) = A\(z) — 5 and Wy, ..., Uy are the analytic continuation of ¥ from I,...,V to
C\ [0, 00).

Here, the contour is turned into a contour in the :\—plane. In the &-plane, the contour is
translated by half, and then by realising that £(z) = A\(z)/x. It is important to note that the
point where the contour lines intersect is A = 0 instead of £ = 1/2.

Using the Riemann-Hilbert problem for ¥, the following Riemann-Hilbert problem for ¥

can be derived directly:

Riemann-Hilbert Problem for 0.
(RH-T1): W is analytic for A € C\ T. Where T' = U?Zlfj and
fl — eiTr/4R+7f2 — e3i7r/4R+’f3 — 65i7r/4R+

[y ="™/ARY I's =RT, T4 = (—x,0).
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(RH-W2): ¥ has continuous boundary values on T\ {—z,0} with the following jump

conditions:

- - . 1 eim(ao—Fo) - .
U (A)=T_(N) , Aelq, (3.4.117)

T (A)=T_()) . Aely, (3.4.118)

o 1 0 .
T, (A)=T_(\ . AeTs, (3.4.119)
eim(ao—Po) 1

~ ~ ~ ~ 1 _e_iﬂ-(a()_ﬁ()) ~ ~

T, (A)=T_(\) A eTy, (3.4.120)
0 1

T (\) = U_(N)e2oos )\ e Ty, (3.4.121)
T (N) = U_(N)e meo—Po)os X ¢ [ (3.4.122)

(F3): As A — oo , it exhibits the following asymptotic behaviour:

F(A) = (I +OA 1)) A Poose=Aros/2, (3.4.123)

(W4): Near these points, it has the following behaviour:

~ (9—Bo) ~ _ (20—Bg)
- A+ x| 2 |A + x| P -

YA =01 (oo-p0) gt as \— —x, (3.4.124)

IA+az| 2 IA+x|7 2

(ag+Bg) ~ (a0+Bo)
2 2

R

ag+Bo) ~ (20+Bp)
2 2

A

N A~ _ _
TN =0 A as A0, el V. (3.4.125)

-
A

For the asymptotics in other sections, we can apply appropriate jump conditions in (3.4.125).

In [13], the U Riemann-Hilbert problem was solved by using the steepest descent method.
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The authors constructed the global and local parametrix for small x, then matched them on
the boundary U, of A = 0 that also contains [—z, 0]. They obtained the following asymptotics

for 21 element of ®(A; z):

Doy (5\) — ®/4p2imBo (5\ + x)(ao—ﬁo)/z5\(@04-/30)/265\/2690/46—5\/2
L'(1+ ag + fo)
(oo — Bo)

s L(1 4+ ao+ B0) v _(an_ T\ (oo < (g — T
x/2,2i7 o 0 0/ \—(e0—PB0)/2 (1 (@0—P0)/2 )\ (@0—=B0)/2X\~1 (3 4.126
=e"%e + = 4.

F(ao—ﬁo) ( )\) ( )

x (14071

AP N1+ 0(GY)

5, L(1 ~ -
er/2e2min LU0 Bo) g1y 4 031)) a5 S0

(o — o)

uniformly for x sufficiently small. Also by translating A=)\ — z we obtain,

L(1 +ao + fo)

Bor (V) — /202060
2() I'(aog — Bo)

)\”1<1+(’)(>\’*1)> as N oo, (3.4.127)

uniformly for small z.

Now we introduce the following function as in [33]:
K(x) = eg/ yeothoe=y gy, (3.4.128)
which has the following behaviour,

e~ 2 g0 thFo as x — oo
K(z) ~ (3.4.129)

e2D(1+ag+ fo) as = — 0.

As a result, we may express @21(5\; x) for a fixed = using K (x), which holds true asymptotically

for both large and small values of . From (3.4.115), (3.4.126), and (3.4.127) we obtain

eZiﬂBQ
I'(ao — fo)

K@)+ (9((5\)_2> as A — oo (3.4.130)

@21()\; l‘) =
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X:nlogﬁ and \ = nlog %,

In addition, we observe that for ¢ fixed, if x = 2nt,
l—6725—1—(9(2—&) z— e (3.4.131)
N n(z—et) ’ ’ o
and
1 e’ t —t
- = +0(z—¢€e"), z—e". (3.4.132)

Then, we derive the expression for (A1(z))12 by combining the results from (3.4.110), (3.4.111)

and (3.4.126), (3.4.127) for z — ™!, respectively.

1 et 2'8]6 (aj+85) g—im(a;—=B;) —(aj+8;)
]

(A1(2))12 = H

x (1 — e 2ty tho exp{z Vie "} exp{— Z V_pe'} (3.4.133)
k=0 k=1

n72ﬁ0

Ty — BO)K(Qnt).

% (Qt)oéoﬂo 6t(a0 +5o)

Zﬂ] e t(aj '—Bj)e—iw(aj—ﬂj)zj—(aj_gj)

(A1(2))12 = X" 1H

x (1 — e~ 2t)a0+ho exp{z Vie *Y exp{— Z V_pe'®

(3.4.134)

n—26o

7F(Oéo o) K(2nt).

> (2t) —(@0+8o) pt(ao+PBo)

3.4.6 The small norm Riemann-Hilbert problem

Let us define the following matrix-valued function R(z) of the final transformation for the

original problem

S(z)N~(2), zeC\U,UU,UT,
R(z) = { S(2)P;'(2), z€Us, (3.4.135)

S(z)P 1 (z), z€Us,.
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/ 1 ; ~, Up
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\ _,_.f / ».2
Iy -

Figure 3.4: The Final RH problem

Remark 3.4.4. So far, we have shown that the determinants of P, (z), Py (z), and N(z)
are all one, and so they are invertible. Also, we have verified that S(z) P, ( ),7 =0,.
are analytic in U, and that the jumps matrices of S(z) agree with the function N(z) on

C\U,; UU,, UT.

The following Riemann-Hilbert problem is solved by the function R(z) using the preceding

remark:
(RH-R1): R(z) is analytic in C\ T' — C2*2, where I' = UjLy0U,; UTLy E;U7L,.

(RH-R2): R(z) satisfies the jump condition
Ri(z) =R_(2)Vg(z), =ze€Tl (3.4.136)
with

ceum,s; if k=1
Vr(z) = N(2)Vi(2)N(2)~'  with (3.4.137)

eUnS i k=2,
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where

1 0 1 0
Vi= , Vo=

z_kft(z)_l 1 zkft(z)_l 1

and the jump conditions on dU,, and 9U,; are given by

P, (2)N7Y(z2), z€dU,, j=1,...m
Var(z) = (3.4.138)

P,y (2)N7Y(z2), z€dU,.
(RH-R3): The function behaves as follows as z — oo:

R(z)=T1+0(z1). (3.4.139)

Remark 3.4.5. The jump matrices on ¥ and X" in (3.4.137) behave in the way we require,

that is, these matrices uniformly converge to the identity matrix at an exponential rate.
Ri(z2) =R_(2) <I + (’)(66”)> as n — oo, (3.4.140)

for a positive constant €, with 0 <t < to and x ¢ {z1,...,zx}.

Regarding the jump matrix on the contour 9U,;, where j = 1,...,m, it can be observed

that these matrices exhibit a uniform expansion in the inverse power of n which is further

conjugated by nBios Zj_no'g /2’

Vr(z) =1+ A1(2) + Ag(2) + ... + Ap(z) + Agl(z) for 2z € oU,, (3.4.141)

where Ag(z) = ,2;1'73/271*‘73”31(’)(7L*1)7”L"3f3jzj_m3/2 = O(n?™ax; RB;1=k) " Similarly, on the

contour U,

Po(2)N(2) " =T+ A1(2) + oo+ Ap(2) + AY) () for 2 € DU, (3.4.142)

The condition Vg = I + o(1) is required to get at the solution, which implies that R(;

and Ry are inside the interval (—1/2,1/2). Using (3.4.70) and (3.4.103), it can be observed
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that the jump matrices in (3.4.138) converge uniformly to the identity matrix I + o(1).

Consequently, we conclude that
Ri(z) = R_(2) <I + C’)(n‘l)) as n — oo, (3.4.143)

uniformly on OU.,.
Therefore, by using the asymptotic behaviour of the jump matrices in (3.4.140), and

(3.4.143), we have
R(z)=I4+0(m™1) as n— oo, (3.4.144)

uniformly on C\ I' = U2 ,0U,,; U5 5; UL X7
Thus, the problem is a small norm problem in the case of the Fisher-Hartwig asymptotics,

and the Neumann series provides its solution (see, Theorem 7.8 of [19]):

k
R(z) =1+ Ry(2) +R),. (3.4.145)
p=1
However, in the case of the Basor-Tracy conjecture when [||3)||| = 1, the behaviour

of R(z) in (3.4.145) does not meet the requirements because R3; ¢ (—1/2,1/2). In order
to address these particular cases, we will consider the Riemann-Hilbert problem for R(z) as

presented in [19]. Let
R(z) = n*PR(z)n"“3, (3.4.146)
where
L.
w= i(mjln RB; + max Rp;). (3.4.147)

By this transformation, all ®3; are moved into the strip (—1/2,1/2), which makes the asymp-
totics of the jump matrices above behave as I + o(1).

Let us examine how the change in (3.4.146) affects the jump conditions of the Riemann-
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Hilbert problem for R(z):

R =n"3R,(2)n~%" = n“3R_(2)Vg(z)n w7
=n“BR_(2)n"Y7Pn 3 Vg(z)n" % : (3.4.148)

= R_n“73Vg(z)n "7

By this transformation, the jump matrices on the contours ¥ and X" have the same
asymptotic behaviour as in the jump matrix for R in (3.4.140) but with different ¢, Vgr(z) =

I+ O(e~"). The jump matrices on AU, j = 0,...,m have the form

~ N

R, =R_ (I + nYPA(2)n"Y + 4.+ VP AR(2)n Y + nwi”A,(Ql(z)n_W?’).

(3.4.149)

2max; \%ijw\fk)

Each term is of order O(n and behaves asymptotically as I + o(1).

Therefore, the Riemann-Hilbert problem for R is solvable for R3; € (¢ — 1/2,q + 1/2),

7=0,....m, g € R, and the Neumann series
A k A A
R(z) =T+ Ry(2) + R, (2) (3.4.150)
p=1

provides the solution.
The function R,(z) is repeatedly evaluated. The function R,(z) is analytic outside of the

boundary of UL,0U.;, R,(2) — 0 at infinity for all p and satisfies

A~

P
R, (2) =R, _(2)+ Z Ry i (2)n®73 A (2)n =73, (3.4.151)
i=1

We set Ry(z) = I. The Riemann-Hilbert problem for R;(z) satisfies the following conditions:
(RH-R11): Ry : C\ UiLo0Uz; — C2*? is analytic

(RH-R12): R;(z) has the following jump conditions on the boundary of UiLo0U.;,

Ry (2) = Ri_(2) + n“73 Ay (2)n =%, (3.4.152)
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(RH-R;3): It has following behaviour as z — oo,

Ri(z) > 0. (3.4.153)

We recall the transformation (3.4.146) to solve the problem, which gives us
R,(2) = n %P3 R, (2)n73, Rg)(z) = n*w“]fi}(f) (z)n¥7s. (3.4.154)

Then, by applying the Plemelj formulas (see 2.6.2) and the residue theorem to this additive

Riemann-Hilbert problem, we obtain:

Ri(z) = 1 Aq(x)dx
N o U T—Z

Zk . ZA;; + — et + e t = C\Ugn:()UZJ (34155)

A
Zklzi—i_zet—i_zet Ay ZGUZJ"

where Ay, A +: are the coefficients in the Laurent expansion of

A
Ai(z) = . kz +Br+0(z—2), z—z k=1,...,m, (3.4.156)
= 2k
and
At +t +t
Ai(z) = m + Bt +O0(z—e™") asz—e'. (3.4.157)

The coefficients Ay, and A.+: are given below. The 12 entries of A;(z) of each parametrix at
z; and e*! were computed by (3.4.74), (3.4.133), and (3.4.134), we compute the 12 elements

of the matrices Ay, and A.+¢ by using those in conjunction with (3.4.75), (3.4.131), and
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(3.4.132), respectively. We have

Ak — A(n - z] Znevo exp sz exp V kz 1 — e t\ (ao+50)
J

ag
_ ety 1y~ (@0=B0) y ct(eo+Bo) Z — |28
X (1 —e "z ) R0 x0T Xg,(zk) |z — x|
J

<o _m<zak - 3 ) fr LA o),

k=j+1

(3.4.158)

At = % H eV (1 — z]-_le_t)zﬁj (1 — e 2t)(@0+ho) exp { Z Vke_tk} exp { — Z Vketk}
k=1

k=1
n_250

% et(ao-O—ﬁO)e—t(aj—ﬂj)e—iﬁ(aj—ﬂj)zf(aj_ﬁj) 2 —(a0+Bo)
B N )

K(2nt)(1+ 0(n™1)),
(3.4.159)
and
t m o0 o
— g Vo L —t\28; 1— —2t 7(0[07ﬁ0) tk o —tk
njl_Ile (1—zje ") (1—e ) exp{ZVke }exp{ ;V_ke }

k=1

n7260

x etleotBo) ghleg+5:) g il +fy) (i) (94 (20—Fo) K(@2nt)(1+0(n™1)).

F(Oéo — 0)
(3.4.160)

We note that the coefficients By and B+ are easy to compute but are not needed in what
follows.

Now we consider the Riemann-Hilbert problem for RQ(Z):
(RH-Ry1): Ry : C\ U dU,; — C?*2 is analytic.

(RH—}§22): It has the following jump conditions on z € U/.,0U,
Ry (2) = Ro_(2) + Ri_(2)wo3A; (2)n 9% + wosAg(z)n 7, (3.4.161)
(RH-R33): As z — o0,

Ry(z) — 0. (3.4.162)



CHAPTER 3. TRANSITION ASYMPTOTICS 70

By analysing the following integral and once again using the Plemelj formulas, we can show

that

5 1 » —wos: —wos: dx
Ry(2) = 5 8U(R17_(z)w03A1(z)n 3+ wosAs(z)n d)ﬁ (3.4.163)

solves the preceding Riemann-Hilbert problem.

Further, by observing that each Ag(z) = O(n?™&% RB;1=k) similarly to [16], we get

R, = O( R (2)]) + O Riya(2))): (34.164)
In particular,
O(E)+0(6%) O max, 22k
R{(2) = ) EM) (Omae =57) (3.4.165)
O(max, ") O(2) + 0(6?),
where
6 = max n2RBi=Be=1), (3.4.166)
1a.

3.5 The case of the Fisher-Hartwig asymptotics

We now go back to the OPs and prove Theorem 3.2.1 by retracing the stepsY — T — S — R,
and using the solution of the Riemann-Hilbert problem for R(z). In the case of asymptotic
behaviour for the Toeplitz determinant with respect to the symbol (3.1.1) if |||3®)||| < 1, we

have the following uniform asymptotics for z € C\ I":
R(z)=T+0®m™1) as n— . (3.5.1)

We are only concerned with the solution near z = ef and z = e~ as required by the differential

identity that we discuss next.

3.5.1 Differential identity

A differential identity will be used to connect Toeplitz determinants with the Riemann-Hilbert

problem for orthogonal polynomials with respect to the symbol f;(z) as seen in the following
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result.

Lemma 3.5.1. Lett > 0, n € N and assume that the Riemann-Hilbert problem for Y (z;n,t)

is solvable with respect to fi(z). Then D,(f;) # 0 and the following differential identity

holds:
gtlog Du(t) = — (a0 + 50)&(1/*1%)22(&) + (a0 — 50)6%(1/*1%)22(6%), (3.5.2)

where (Y—l%)m(g) represents the 22 entry of the matrix obtained by multiplying the two
matrices Y ~(z) and %X (z) (each entry Y is differentiated with respect to z) and evaluating

the product at z = €.

In [34], the identity was proved by using orthogonal polynomials, whereas in [13] the
identity has been proved by using Fredholm integral operators.

Using the reverse transformation, we have

Y(z) =n"""(1 + (’)(n_l))nw‘73PZO

. (3.5.3)
=n"Y3(I + O(n 1))n¥3D(2)7 - W(2) '@ ()W (2),
as z — e~ t, and
Y (2) = n~Y3(I + O(n~'))n"73 P, 2"
0 (3.5.4)
=IO DE™ | W ETREWE)

as z — el
Using the asymptotics for R(z) in (3.5.1), we observe that the the preceding two limits

are uniform for 0 < t < top when x = 2nt remains away from the set {zg, z1, ..., % }.
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Using (3.5.3) and (3.5.4), we get

(

PP+ P (2)n w3 (I + O(n~ ) 'On 1), nwosP(z) if z— et
Yﬁle =y n v P (2)n w3 (I + (’)(n_l))_1(’)(n_1)/znw"3P(2)z""3

/ .
+—"‘ZT3 + z‘""3P_1PZz”"3 if z—et

(3.5.5)

and

|
S/IS8

o oA Wl el — Wl os dW (S + near e~
PP, = (3.5.6)

—o3 4 + WL — WLe T oW (4 + ), near e,
Define

—G(\2))"225 f(2 7%, for |z
Al) = (A(2)) f(2) 2] <1 (35.7)

G(\(2)) 225 f(2)2, for |z| > 1

and note that W(z), which was defined in (3.4.98), can be rewritten as

A(z)%303, for [z] <1
W(z) = (3.5.8)

A(z)%07, for |z] > 1.

The derivative of A(z) can be expressed as follows:

) - (a0 — Bo)(nlog z +nt) ™ + (ag + Bo)(nlog z — nt)_l} A(z)

, —3 /712 f (2)A(2) near e !

—&—%f*l(z)f (2)A(2) near e,

(3.5.9)
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where

G*%(/\(z)) = (a0 — Bo)(nlog z 4+ nt) ™' — (g + Bo)(nlogz —nt) 1 — 1

. (3.5.10)
X S(DIGONE) 2,
and
f.= )= (o= By)z f(z +22ajz—zj> 'f(2)
j=1 j=1 (3.5.11)

+ (a0 + Bo)(z — )71 f(2) + (a0 = Bo)(z — e ™) T f(2) — (a0 — Bo)2 " f(2).

Next we compute the derivative of |z — z;/** using the function hq, () in (3.4.19) as follows:

(hay) (2) = (2 = 2) ", (2) — %zflhaj(z). (3.5.12)

Consequently, by applying (3.5.7) and (3.5.9), we obtain

A et (4 s ) + BV 0e) — Sy e + T aglet = )
Z ) =
A (e} (e} eft ! — m a;—P4 m — —
T BO el + 0+60 t(t + sinht> - %Vz(e t) + Zj:l JTB]et - Zj:l O‘j(e b— Zj)
(3.5.13)
and
D ) Z;'nzl(aj + B8;) <e—tl_zj> — (o + Bo)m + > o kVie th=1)  for z = et
Z (2 =
D t - _
> (—aj + Bj) <et_zj> — (g 50)2815,; St JEViet for 2 = e
(3.5.14)

Then by using (3.5.6), we will get the 22 entry on (P~1P") as follows:

’ / ’

A

(PP )aafe™) =~ S(e) + (@718 )onle ™) — (@ Mos)ane ™) | () + (7
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and

’

()4 (@1 n(e) = (@ o) ()| 5 (e + 6],

(PP )aa(e!) = 1

SES

Utilising the previous results and combining them with (3.5.6), we obtain

el i - Fho (1 et 1 i =
typ-ip ty— 20 bo _ ao - St - e
()PP e ) = =20 VAT AN AP S

FY o e @ (e ) — (@ o)m(e) | 20T

i G I 7)) |

1 v o ag+fo,1 et @ — B

e Rt

j=1 =

(3.5.15)

For z = et we obtain,

I + Bo ag—Po (1 et 1 / i a; — (B
Hp-lp ty _ @0 . 1 Lt t J j
P Py = 20 0o €LY L -

m t
€ td—1a t -1 t
+]Zla](et—zj) +e ((I) @2)11(6 ) — (@ 0'3(13)11(6 )|: 1
ag— By (1 et 1 ¢ - Oéj-,@j €t+2j
- Zelv _
Ty (t sinht)+2e ) =D 2(et — 2;)

m t -1

}: ¢ }: th
+' lajet_zj— kae ]

]:

k=—o00

(3.5.16)

From (3.5.5) we obtain,

~

e YTV )pa(e™) = e H(PTIP )pa(e™!) + (2L (1)O(n 1) D(1)),,,

where 7973 P(e!) = &(t)n”?* and ®(t) is bounded in n as long as ®(%) is bounded. Then
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we find

/ - 1 -t 1 ) " a; — B
YY) = — 20— o 20t ( T ) btV -y
j=1

4 4 t  sinht 2
+ ia e + e H @71 )g(e7?) — (B o3 ®)oa(e ™) a0 = fo
J (e—t _ Zj) z)22 3%)22 1
j=1
1 i g U a5 — Bj ag+ Fo (1 et i et
_56 Vale )+Z 2 + 4 + sinht +Zﬁje*t—z'
j=1 j=1 J
+ Z kaetk} + (@A_l(t)O(nl)(i)(tO ,
k=1 22
(3.5.17)

and near z = e?, we have

/ - 1 -t 1, " a; — B
(Y Y )ga(et) = —n + @0 + fo + 20 = bo ( + c > + §etV (e') — Z o —

4 4 t sinht ? = 2
m ) o -
#Yaj @) - (@ ()| 0
=1 ¢
ag—Bo (1 et 1, ., = el + 2,
+ 4 <t Slnht) 2° V2 (e) ;(a] fi) 2(e! — zj)
m t —1 .
—I—Zoz] R Z kaetk] + (@‘%t)(’)(n”@(t)) .
j=1 o k=—00 22

(3.5.18)
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Using the differential identity (3.5.2), we obtain

d dy . 4dY _
alogDn(t) = —(ap + Bo)e' (V! 7 ——)az(€") + (ag — Bo)e (Y ld )a2(e™")
2 2 —t m
_ _O‘0+50_ 0_50 } e A
= n(ao+ ) 2 5 \¢ 7T sinht +ﬁ0;(0‘9 Bi)
m t
— L);ﬁoetVz(et) 2 ﬂo _tV 4+ ZO‘J[ (o +Bo) ‘ )
Jj=1 J
—t
+ (a0 — Bo)efte } + 2wn + %&)@_103@)11(&) [ao o
—<J
ag — Bo 1_ et T t_m 6+Z]
+ 2 (t sinht)—i_eVZ(e) jz_;( — ) (et — zj)
m t —1
¢ | 0 —Bo .1 o — Bo
—l—j;QOz] o — % 2k_z_oo kae :| 5 ((I) 0'3(13)22[ 5
ag+ B (1 et e i
- _ P
+ 2 (t sinht> eVale” >+JZ::1 — ) +Z Yot 2, — Zj
£23 Ve 4 (@000
k=1
where

w(z) = (a0 + 50)(

: <I>_1<I>l)\)11(§) + ((X() — /80)

5 5 (<I>‘1<I>'A)22(g). (3.5.19)

We now recall some results on Painlevé V obtained in [13] that will be needed in what follows.

Proposition 3.5.2 (Proposition 4.4 of [13])). Set

a(é;x) = (U(&2)o3 U (& x)) 1 = —(V(E 2)o3T (€ x))on. (3.5.20)

Then we have the following identities,

(0402—50)a(0; z) = Ao = —v(z) + W’ (25.21)
wO;—ﬁO)a(l;x) =—Ain = —v(2)+ (QOQ—'—BO)- (3.5.22)
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Proposition 3.5.3 (Proposition 4.5, [13]). Let w(z) be defined as in (3.5.18). Then

v(z) = —(zw(z)) (3.5.23)
o(z) = zw(x) (3.5.24)
o(x) = /Oov(f)df. (3.5.25)

Now, applying the previous two propositions, we arrive at the following:

d ad+p2 ad-pBE[1 et “
27108 Du(t) = nlag + o) — =40 = =00~ 4+ ——— +50j§:1(063—5y)

t

R RS SO B

2 —
7j=1
e_t 1 oo _1_50 o +50

Hao_ﬁo)et—ZJ +t0(x)+<_v(x)+ 2 ){ 2

a—fo (1 e - el + Z] et

t o 2

T <t sinht) jz_;( “AG— Z R
+ i k(Vie® + Ve b4 [ —u(z) + 20— Po\ [ a0 —bo

k=1 2 2

Qo +50 1 et m —t "
* 2 (t sinht) ;( = Bj) +226] J;k Vie 4+ Vet

The preceding expression can be simplified as follows:

—t

;ltlogD (t) = n(ao + Bo) — (af 50)(81 ht) (o + fo) ;szke + (o — o) Zk Viee )

k=1

—¢ m

+j§:élaj+ﬁj aa—ﬂo)( ; > Z ~Bi) O‘°+BO)< t2'>

Zj - J

—t

—Z — Bj) (oo + Bo) — v(x )[anLaO(i_sienht

)+2 Z kcosh kt(Vy, + V_i)
k=1

+Zzﬁj(ete_z4+ ° ')]+<I>_1(t)(9(n_1)<i>(t).
j=1

(3.5.26)
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Using f S log Dy (7)dT = log Dy (t) —log Dy (€), where 0 < € < t < to, and the following

integrals
t T
/ Te dr =log(1 — zje ") —log(1 — zje ) +t — e. (3.5.27)
e € —Zj
toe 2j
— dr = —log(—-) —log(1 — ) +log(e™ — 2;), (3.5.28)
e €T —2 eir
we obtain
—tk otk
log Dy, (t) = log Dy, (€) + n(ao + Bo)(t —€) +Zka—(ao+Bo) ][Vk—(ag—ﬁg) ]
k=1
=D kViVor + (a0 + Bo0) D Vowe™* + (ag — Bo) Z Vope 4 ((Oéo + Bo)
k=1 k=1
ao—i-ﬁo)Z — Bj)(t —€) — (ag — Bo) Za]—i—ﬁ] log )
Jj=1 j=1
oo 00 Zke—tk 00 00 ka —tk
040"‘502 B]Z L O‘O_BO ZO‘]+5JZ
j=1 =1 j=1 k=1
(a0 + o) Z — Bj)log(1l — zje™ ) + (ag — Bo) Z(aj + B3;j)log(e™ ¢ — z;)
J=1 7j=1
2nt . . _ =2
o [ AL o gy tostenn) + (0 - 55108 (")
Ine x 2ne
— (af — B5) logn + Ra(t) + O(n™1),
(3.5.29)
where
t 1 et m ot ot
In addition, as in [13], we have
t
Ru(t)] < 0/ (@0 du = O(n=Y), as n— 00, <1<t (3.5.31)
0

n(l—e~2)

2ne

Finally, after taking the limit ¢ — 0, using L'Hospital's rule for log < > and performing
some cancellations (recall that we take the branch of log z to be the negative real line), we

obtain Theorem 3.2.1.
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3.5.2 Emerging singularity at any point on the unit circle

Define g¢(2) : T — C by
gt(z) _ eV(z) (Z _ €t+i19)a+,3(z _ 67t+i19)afﬁzfa+ﬁefi7r(a+ﬁ)' (3532)

Now we will consider the asymptotic behaviour of Toeplitz determinants D, (g:(z)). Note
that for ¢ > 0, this symbol is analytic in C\ ([0, e~ i) U [e!*"i o0]). However, as t — 0,
the emerging singularity will appear at any point on the unit circle.

The Fourier coefficients of log g;(z) can be easily computed and are given as follows:

(log gt)o = Vo + (a+ B)(t + V), (3.5.33)

o~ (t+i0)k
(log ge)e = Vi = (@ + B)———, (3.5.34)

o (t—iv)k

(log g¢)—k = Vor — (@ = f)— (3.5.35)

The asymptotic study of D, (g:(z)) can be split into two cases:

1. For t > 0, by Theorem 2.3.3, as n — o0,

log Dy (g:(2)) = nVo + n(a + B)(t + iv) (3.5.36)

eftkfiﬁk efthriﬁk

+ik[V—k—<a—ﬁ> — | [Vi— (e +8)——| +o0).
k=1

2. Fort =0, by Theorem 2.4.2,

log Dy (g:(2)) = nVo + n(a+ B)(i0) + Y  kViVoy — (a+B) Y Ve
k=1 k=1

—(a—=B)Y_ Vie ™ 4 (a® — f%)logn +10g Garpa-p + o(1).
k=1

(3.5.37)
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Note that (3.5.37) cannot be obtained from (3.5.36). To determine the asymptotics for
Toeplitz determinants with respect to g;(z) that holds uniformly for t > 0, we apply the uni-
form asymptotic expansion for Toeplitz determinants in (2.7.2), using the Fourier coefficients
for g¢(2):

e—tk—iﬁk —tk+idk

log Di(g2(2)) = Vo + nla+ B) (¢ +i9) + Y k| Vor = (@ = B) ——| |Vi = (a + 8) ——|

k=1
+1log Gotp,a—p + Q2(2nt) + o(1),
(3.5.38)

where G(z) is the Barnes G-function (2.4.12), and §(2nt) is defined by

2n
Q(2nt) = exp Q(2nt) = exp { / t J(@_—de + (® — B2) log Qnt}. (3.5.39)
0

x

Recall that the function o(x), defined in (2.7.4), is related to Painlevé V transcendent.

Reconstructing Szeg6 and Fisher-Hartwig asymptotics

We can find the asymptotics in (3.5.36) and (3.5.37) from the formula in (3.5.38). To get
Fisher-Hartwig asymptotics, we let t — 0 and n be fixed. Next, we look at the function

Q(2nt) in (2.7.4), which yields the following asymptotics:

Q(2nt) = (a® — B?) log (2nt) + o(1), (3.5.40)
in addition by applying the formula > 72, % = —log (1 —e~?"), then (3.5.37) provides

the asymptotics.

The expansion (3.5.38) should also match the Szeg6 asymptotics for fixed ¢. We can easily
observe that for a fixed ¢, the O(n)-term produces the same term in the Szegd asymptotics.
The similarity of the O(1)-terms, on the other hand, leads to an interesting identity involving

the Painlevé function o(z) via (3.5.40),

Gl+a+p)G1l+a—p)
G(1+2a) ’

Q(+00) = —log Gotp,a—p = —log (3.5.41)



CHAPTER 3. TRANSITION ASYMPTOTICS 81

3.6 The case of Basor-Tracy conjecture

Consider the asymptotic behaviour of the Toeplitz determinant D,,(f;(z)) when the seminorm
118D]|] = max)<;jgp<m |RB;j — RBx| = 1. This means that RBy = ¢ —1/2 and RB; = ¢ +1/2
can be expressed for some ¢ € R, and j € N. To determine this asymptotics of D, (f:(z)) as

n — oo and t — 0, we will investigate two possible cases:
1. I ]||B1, -y Bml|| < 1 for t > 0 and at emerging singularity |||So, ..., Bml||| = 1
2. If|||B1, -, Bml|| = 1 for t > 0 and at the emerging singularity |||S8o, ..., Bm]||| = 1.

Remark 3.6.1. Note that if there are no jumps or less than two jump singularities, the Tracy-
Basor conjecture will not be needed. Thus, we need to consider the case when |||f®]|| = 1
because our symbol in (3.1.1) possesses m Fisher-Hartwig singularities when t > 0 and m + 1
Fisher-Hartwig singularities when t = 0. For |||3®||| > 1 when 0 < t < to, this could be

addressed in the same way as in [16].

3.6.1 The first case

Using Lemma 3.6.3 and some methods described in [16], we can deal with the case when
the semi-norm equals one.Without loss of generality, and by relabeling 3; according to the

increasing real component, we assume that
RBy < RB1 < ... < RBm—1 < RBm. (361)
Next, we introduce the symbol f;(z) as defined in (3.1.1), but replace the j3; parameters by
ﬁNj, j=0,...,m as follows:
1. fo = fo,
2. Bj=p;forj=1,...,m—1,
3. B =Bm— 1.

The symbol f;(z) satisfies ||| B0, 51, .-, Bm||| < 1 and the asymptotic behaviour of Toeplitz

determinants was computed in the previous section with 3; replaced by Bj. Subsequently,
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our goal is to establish a link between the two symbols, namely the original symbol with

11B®]| =1 and f(z,t), by utilizing the known asymptotics properties of f(z,).

Remark 3.6.2. /f (3.6.1) holds, we can define a non-trivial Fisher-Hartwig representation
by shifting By by +1. Then, we can connect the symbol ft(z) by the symbol ft(z) by the

following relation:

fi(z) = (‘Um +(2) (3.6.2)

where f,(z) satisfies the following

fi(z) = eV(z)(z — et)a0+50+1,1<z - e*t)a0*50+1*1Z*a0+50+171eiiﬂ(a0+ﬁ0+171)
1<jckem—1 (3.6.3)

X Qo fm—141(2) 2

_ (Z—e_t)z—lAz
- (z—et) mf( 7t)

with parameters Bo =By +1, Bj =B,j=1,....,m—1, and ﬁ;n = fBm — 1.
Additionally, we can change Bj in ft(z) back by +1; this is referred to as a trivial Fisher-

Hartwig representation. Then we can use the following relation:

f(z,t) = (—1),22;11]?(2,15) (3.6.4)

Lemma 3.6.3 (Lemma 2.4 of [16]). Let D, (f) with respect to the symbol f(z) be nonzero
for all n > Ny with fixed Ny > 0. Let & = %), &y = %G wih k = No,No + 1.,
be the system of monic polynomials orthogonal on the unit circle with the weight f(z). Fix

[ > 0. Thus if

$,,(0) Bp1(0) . By 1(0)

d d d
=0 (0 = L O -1(0
P ® k(0) = Prt1 75 @r11-1(0) 40 (3.6.5)

-1 -1 -1
T (0) L= (0) o L Pryia(0)
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we have

_1\ln
%Dn(ﬂz)), n > Np. (3.6.6)

Dy(2' f(2)) = -
j=17J’

In particular, if | =1, ¢(0) # 0,k = No,No + 1,...,n — 1, we have

#n(0)

Da(2f(2)) = (=1)"2" D (£(2)), n > N. (3.6.7)

Thus, using (3.6.7) and the relation in (3.6.4), we have

D, (-5 2.0) ) = 20 Dul )
4u(0)

n

(3.6.8)
Dn(fi(2))

— —n
= Zm

If Y is the solution of Riemann-Hilbert problem with respect to the symbol f,(z) in (3.3.1),

then

Y11(0) = x,, ' ¢n (0). (3.6.9)

Using the final solution of Riemann-Hilbert problem R(z) and transformations R(z) —

S(z) = T(z) — Y(2), we get for |z] <1

0 1

Y(2) = |I+ Ri(2) + Ra(2) + Ré’“)(z)] D(2) (3.6.10)
10
which subsequently gives R12(0),
—2RBy,
¢;(0> = Y11(0) = =D(0) ! | R112(0) + R12(0) + O(0max “——) ] (36.11)

Moreover, by (3.4.13), we have

D(0) = e"0et(@0tho) (3.6.12)
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and so

¢n(0) -1 " ATilQ Aet712 Ae_t,12 n-?%ﬁk
=DO)7 > 2]- + = R+ O(max ) ). (3.6.13)

J=1

Using (3.4.13), (3.4.158), (3.4.159), and (3.4.160), we obtain the asymptotics of OPs with

respect to fy(z) as follows:

:{iz?exp{i[Vk_(aﬁgo)*f;]z;}exp{ évk—ao—ﬁo) tk] k}

T(aj — B))

g 1 D(1+a;+ 5)) 17 _ops_ e 9,
28,12 LT & T Pj) 11, —2%5;-1 128
J XVJ+O<[6+7J” J )—I—H(l zje ")
7j=1
x(1— e—zt)—(ao—éo) X exp { ZVketk} « exp{ . Zv_ke—tk} % (6—m€t2]f1)(aj+éj)
k=1

—260—1 m . ) 00
><(2t)°‘0_ﬁ° n K(2nt) + H 2’83' x (1— e_Qt)(a0+ﬂ°) X exp { Z Vke_tk}
_ n—230—1

X exp { Z Vet } e et J_l)(af B x (Qt)(O‘OJrﬁO)MK(Qnt)} (1+o0(1)),

(3.6.14)

(6773 ~
where v; = Hk# <zke”) |zj — PARELE

Using Lemma 3.6.3, we have

AP A A+ n_ﬂwk ~
Du(fu(2)) = 2" x {D<0>1< TR O max — )) }Dn<ft<z>>
(3.6.15)

After a simple computation, and by using the following expression

k

exp{log(l — z)aiﬁ} = exp{ (a£pB) gzk}’ for |z| < 1.

In addition, based on the properties and definition of the Barnes G-function, the following

equation was used:

I'(1+ a; + B;)
Gojtpit1,05--1 = WGaj+6j,aj—ﬁj- (3.6.16)
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we conclude that,

Dn(ft(z)) =D, (f(z, o, &5, amvBOa Bja Bm + 1)) X Q(2nt)(1 + 0(1))

o0

+ 2 [exp {nVO + nt(ag + 50)} exp { k [Vk — (0 +Bo+1)

k=1
~ —kt m ~ 9
% [V—’f — (g — 50)%” x n2g=1 (05657

—tk

— (a0 + 50)

m

85
e—kt
T
m—1 ~ 00
260 1><exp{— (Oz]—ﬁj)Z[Vk
7j=1 k=1

elC ]zf} X exp{ — (am, _B;n)g [Vk _ (a0+50+1)ektk}zﬁl}

x (1 — etz;b]-)am'i‘ﬁ;n X exp{ — Z(aj +65) i [V,k — (ap — 50)6_;6} zf’f}

j=1 k=1
% ﬁG ~ . % Ga0+50+1,010—30—1 % (2t>
552578 " D (1 + ag + fo)

Jj=1

3i—ajo o Br—af; ~
X H |2 —zk\Q('Bkﬁj ! k)( “k )( o J> X k(2nt) x Q(2nt)

Z,eiﬂ
1<j<k<m J

+ exp {nVo + nt(ao + 50)} X exp { i k[Vk — (a0 + 50)7} {ka — (o= Bo—1)—/

k=1

tk

X exp { — Am (aj — B]) i [Vk — (g + ,670)%} zf} exp{ - m_l(aj + B]) 3 [V_k

7=1 k=1
etk

— (ap — 50)

j=1 k=1

00 _
etk

: ]z;k}xexp{—(am+5;n)z[v_k_(ao_gg_l) ; ]ka}

k=1

G 5 5 72 5
ap+Bo+1,0—Bo—1 % nz;’;l(a?—ﬁj )y —2h0—1

00 m
tk
xexp{—ZV_ke } X HGajJrﬁ}uj—ﬁ} X
k=1 j=1

x (2£)~(@0HA0) 5 (1 — ety ) (@m=Bm) & E(2nt)

(2 ><“”k‘“”j> o] (1 o0,

U
2]6

I'(1+ ag + Bo)

2 3i—au;
y H |Zj—2k| (5&@ a;ak>

1<j<k<m

(3.6.17)
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Recalling the relation between j3;, Bj, and B}- for j =0,...,m, we get

Du(fi(2)) = D» (f<z;ao,aj,am,ﬁo,ﬁj,ﬂm>> % Q(2nt) (1 + (1))

—kt

" [exp {nVo + nt(ag + 50)} exp { ik[Vk — (a0 +BO)67]

k=1
e_kt s (a ,32) L ) m—1 o)
X[V_k—(ao—ﬁo)k}}xn j=1 ) p 2P0 xexp{ Z BJZ[
i=1 k=1
otk s X eitk
_(ao—l—ﬁo)k]zf} xexp{ (Qm — Brm) Z [Vk— ao—i-ﬂo)k]zﬁl}
k=1
R m 0 otk
(l—etz;ll)am%—ﬁm xexp{—z ozj—l—ﬁ] Z [V E— Ozo—,BO) z ]ij}
j=1 k=1

G . . o0
" « —aotbo.ao—Po_ (9p\00—Fo oy { Vetk}
]1_[ as+85,05=8; " T'(1 + ag + Bo) 20 ’ ; '

B o (Oéﬂk_aké‘) B
< 11 \zj—zkﬁ(ﬂkﬁf k)( Z’?) T S k(@nt) x Q2nt)

z ,67/7'('
1<j<k<m i

—kt

+exp {nVO + nt(ag + 50)} exp { i k [Vk — (a0 + 50)67} {V_k — (a0 — Bo)el:t] }

k=1
m 00 —tk m—1 o)
xexp{—Z( 5]Z[Vk—040+/30) } k}exp{ Za]—kﬁ]z:[
j=1 =1 Jj=1 k=1

=) 5t} <o { = o 3 [V o=

k=1
oo
X exp { — Z V_ketk}
k=1

o Coothoaofo S (@2-02) 251

a]—i-B] a;j—B; F(1+a0—|—50)

||,’:]3

3 9 3.y
X (2t)_(040+60) X (1 . etzm)_(am_ﬁm) X k(2nt) X H |ZJ i Zk| (ﬁkﬁ] a]()!k)
1<j<k<m

(20 ] (1o0)

(3.6.18)
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By Simplifying the expression (3.6.17), we obtain

D) = (1330 5. 6) )  D200)(1+ o(1) (3.6.19)
)" o ¢ " K (2nt) " n 2001
+ <zm ) Q(2nt) ot T+ oot fo)

x (1 — e 21)=200-15 (1) x R(f(Z; Bo, Bj, 5m)> (1 + 0(1)>

where R(f(z;Bo,Bj,Bm)> corresponds to the RHS of (3.2.1) for symbol f with 's param-

eters and without the error term nor Q(2nt), and

=) = [(:_—ﬁ) o exp {2 i Vk(sinh(tk))} (1_22_2t> e

k=1

x (1— e—tzj)Z;’;l(aj—ﬁj) x (1— 6—252],—1)2?51 ~(aj+5))

zm _ et Oémfﬁ?m oo 2t —(Oé()-‘r,B())
+ m exp{ —2ZV_k(Slnh(tk))} X <1 —6_2t>

k=1

x (1 — 6ftzj)237§11(%*5j) x (1— etzj—l)ZTf(aﬁBj)] ‘
(3.6.20)

Now, we will assume that we have more than one maximum of $3; and that [ = 2. Then,

by rewriting the real parts of 3; in an increasing order, we have
NGy < RB1 < ... < RBym—2 < RBm—1 = RBm (3.6.21)

Define the function ft(z) by the following changes:
RB; = RB; for j =0,...,m — 2,
RB; = NB; — 1 for j =m — 1,m,
and
f(z,t) = 2 H z;lft(z), (3.6.22)
Jj=m—1

which can be dealt with using Lemma 3.6.3. Then we must evalute the determinants F,,, n >



CHAPTER 3. TRANSITION ASYMPTOTICS 88

Ny for a sufficiently large No > 0. By using (3.4.155) and (3.6.11), we have

¢n+T (0)

= D(O)_lanﬂ“(O)a (3.6.23)
Xn+r
mOATT A A —2RBy
k,12 et 12 e=t,12 n
anrr(Z):_Zz—zk_z—et_z—e*thO(&m;?X -

k=1

This expansion is uniform and differentiable at z = 0 and

Fn:D(O)_Q pn(o) pn+1(0) . (3.6.24)

d%an) d%ion-&-l(o)

Then we obtain the derivative of p(z) in (3.6.24) as |||RG; — RB||| < 1 and o + B € Z_,

- ngr . Aetiz Aet 1o n =20k
prir(0) = D dizltT 4 e @l max ) (3.6.25)
j=m—1
and
da: - n+r—s 1 —2R3;—-1
s Prr(0) = s!j:;ldjzj +O([d + 27 (3.6.26)
where
dj=(1- zje_t)(o‘ﬁ/%) x (1— e_tzj_l)_(o‘o_go) x et(@o+Bo),~25;-1
~ 3.6.27)
(1 4+ o + B (
D)
I(ej = B;)
and
exp dopoy Vieh i1 m o
i =e" { j} expq —im Zak— Z oy H(Z—j) k]z~—zk]2f8k.
J o) —k 2k J
exp { = D ko1 Vok?; } k=1 k=j+1 ki

(3.6.28)

When these expressions are substituted into the determinant F,, and we use (3.4.159),
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(3.4.160), we obtain

F, = D(0)2 [dm_ldmz,’%_lzfn_ﬂzm_l — Zm|?

- “ Actnz | Aet1o (3.6.29)
+ < Z djzjn — Z djzg-l_l) X < t7 —+ _2; ):| (1 + 0(1)).
j=m—1 j=m—1 € €
Consequently, we have
Du(Z*fi(z) = [] 27"D(0)? [dmldng_lzmml — Zml? (3.6.30)

Aet,12 Ae—t,12

+<§: djzj — i dj2?1>><( R — >:|Dn(ft(z))(1+o(1))

Then, using the previous results Theorem 3.2.1 with seminorm less than one for (D,,(fi(2)))
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relative to B—parameters and substituting them in (3.6.30), we get

Dy, (fi(2)) = Dy (f(z;ao,aj,am_l,am,ﬁo,ﬁj,ﬁm_l +1,Bm + 1)) x Q(2nt)(1 + o(1))

—kt

+< ﬁ z;”) [exp{n%—l—nt(ao—i-go)}e)(p{ik[vk_(ao—i_go—i_l)ek}

Jj=m—1 k=1
~ eikt m—2 00
X[V_k_(ao_ﬁo)k}}xnzj 1(aF ﬁg)xn 2B0— 1><exp{ Z BJZ[
=1 k=1
etk m o0 ’
— (ap + Bo) ’ ]zf}xexp{— Z n) Z[ }
j=m—1 k=
X H o +5; XeXP{ Z(OéijBj) [Vk—(ao—ﬁo k}
j=m—1 j=1 k=1

m G 5 5 _ 0o
ap+pBo+1,a0—Bo—1 ao—PBo { tk}
= X (2t)*° X ex Vie
1;[ e thpes =y (1 + a0+ Bo) 20 g ; ’
9 S (ajﬁk*akgj) B
< I 12— =l (’6’“6’ “””“) <ZZ:W> x k(2nt) x Q(2nt)
J

1<j<k<m
—kt

+ exp {an + nt(ap +BO)} X €xp { kio:lk[vk — (a0 + 50)67} [V—k — (@0 - fo - 1)6;:]%}}

m %) —tk m—2 00
xexp{—Z( BJ Z[Vk— Oéo—i-ﬁo) } }exp{ Zaj—i-ﬁj Z[V_k

j=1 k=1 J=1 k=1

- etk m © etk
_(ao—ﬁo)k]zjk}xexp{— Z ozj—i—ﬂj Z[Vk— o — 0—1) 2 ]ij}
j=m—1 k=1
[e%¢] m G ~ ~ -
ag+8 ;a0—PBo— —28g—

e I | iy o

m 2( 3 — s )
x (2t) ~(e0+Bo) 5 H 1—elz)~( 8) X k(2nt) x H |z; — 2] G

j=m-1 1<j<k<m
(ajﬁk_akgj) m o0 _ otk
X <Z;€km> Qnt] ijlz -z [exp{;{Vk—(ao-{-ﬁo)ek ]ij}
>0 e~thy D(1+ao;+535) _ K >
V. — — —k AV Sl B e VN e N N | 1
exp { 2 [ k— (o ﬁg) } z } X v; X Mo - 7)) n + o(1)

(3.6.31)
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where,

v; = exp{ — m(jiak - i ak>} I1 (%)aﬂzj [P, (3.6.32)

k=1 k=j+1 kj

Then by simplifying the last equation, we have

Dn(ft(z)) =D, (f(z, QQ, O, Om—1, O, BOaBj:Bm—l + 17Bm + 1) X Q(Qnt)(l + 0(1))

+ D, (f(Z; Qp, O, m—1, Oy, BOaBjaBmfl + 1a Bm + 1)> X n_2ﬁ0_1K(2nt)Q(2nt)

1 m . n m
‘T 1 (57) 32 @ -s00+om)

j=m—1 i 1
(3.6.33)
where
2t @0—ho - +5 t ( . 6~) = th
2= (=) I a-esda- ety e e Yot
j=m—1 k=1
00 1 — 2 ap+po M
X exp { Ze—t’ka} + ( o7 > H (1—elzy)~(a™ ﬁﬂ)(l —et _l)aﬂ+ﬁ9
k=1 J=m—1
[o@) oo
X exp { — Z e_thk} exp { — Z eth_k}.
k=1 k=1

(3.6.34)

3.6.2 The second case

Suppose that |||S1, ..., Bm||| = 1 for t > 0 and at the emerging singularity ||| 5o, .., Bm||| = 1.
This will be divided to two possible subcases. Case 1: 5y = min{Rp; : 1 < j < m} or
RPo = max{RNF; : 1 < j < m}, and Case 2: minRNF; < NPy < max RF;.

Let us assume without loss of generality , and by relabeling 3; according to the increasing

real part, we get

R = Ry = ... = RBy < RBpp1 = .. = Rt < RBmiy1 = ... = RBum

Then, using the same procedure as in the first case where |||51, ..., Bm||| < 1 for t > 0 and at

the emerging singularity |||Bo, ..., Biml|| = 1., we will define fi(z) with [||[3®]|| < 1, and we
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will compute the asymptotics for the original f;(z) using the asymptotic behaviour of Toeplitz

determinants with respect to f(z) and
l ~
fiz) = (=)' ][ 772 Fu2). (3.6.35)
j=1

Then, by using (3.6.35) and Lemma 3.6.3, we get

!
Du(fi(2)) = (=" ] zj‘"fi’},’Dn(ft(z)). (3.6.36)
=0 1=t

For example, if we assume that [ = 2 this gives us the same result as in (3.6.33).
For the case when min i®3; < RBy < max¥F;, the above gives us the result proved in

Theorem 1.13 of [16].

3.7 Open problems

1. In [5], the authors computed the asymptotic expansion for Toeplitz determinants with
matrix-valued symbols that possess jump singularities 5; when [||3||| < 1. However,
it is still an open problem to describe the asymptotics for Toeplitz determinants in the
block case when [||3]|| = 1. In addition, in the block case, there is no description of
the asymptotics of Toeplitz determinants D,,(f) when the symbol possesses root type

singularities a; # 0.

2. It would also be interesting to compute the double-scaling limits of Toeplitz determi-
nants with scalar symbols using operator theoretic methods, where the main difficulty is
related to the connection with the Painlevé V equations (see [16] for how the connection

can be obtained using the Riemann-Hilbert approach).

3. Finally, notice that so far there is no description of double-scaling limits of Toeplitz
determinants with matrix-valued symbols using operator theoretic or Riemann-Hilbert

methods.



Chapter 4

Ising correlations above the critical

temperature

The characterization of the diagonal and horizontal two-point correlation functions in the
2D Ising model using the Toeplitz determinant and other means is considered to be one of
the most remarkable and groundbreaking results in statistical mechanics. In the physics and
mathematics literature, it is proven that at 7' = T}, the correlation functions decay like n=1/4
and the double scaling limit as n — oo and T' " T, is described by a special Painlevé
V transcendent. In the high-temperature regime, it is known that the correlations decay
exponentially fast in physics and it has been described briefly in [17]. In this chapter, we

will extend the description of this behaviour by using the Riemann-Hilbert approach for the

diagonal directions.

4.1 Introduction

In this chapter, our analysis is based on the Riemann-Hilbert problem. We will connect Toeplitz
determinants to orthogonal polynomials ¢,(z) and gZ;n(z_l) which satisfy the conditions in

(2.5.1) with respect to the symbol 7(z) on the unit circle, and is given by

n(z;t) = em/Q(z—k)_l/z(z—k_1)1/2z1/2 (4.1.1)

93
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Then we find the asymptotics of Toeplitz determinants by analyzing the corresponding Riemann-

Hilbert problem.

4.1.1 Riemann-Hilbert problem for OPUC with Szegd type-
symbols

Recalling the matrix-valued function (3.3.1), as in Chapter 3, Y (2) is the unique solution to

the following Riemann-Hilbert problem with respect to the Szegé-type symbol.
RH-Y1: Y : C\ T — C?*? is analytic,

RH-Y2: Let z € T\U;”:lzj, where j = 1,---,m, Y(z) has continuous boundary values

Y, (z) and Y_(z), related by the jump condition

Yi(z) =Y_(2) , 2€T, (4.1.2)

V(o) = (I + 0(2)) . (4.1.3)

4.1.2 Solution for Riemann-Hilbert problem Y'(z)

Here, again we solve the Riemann-Hilbert problem for Y (z) using the steepest descent tech-
nique [21]. The standard steepest descent has been introduced in the Appendices of [4]. To

begin, we define T'(z) to normalize the function at z — oo as follows:

27"zl > 1
T(z) =Y(2) . (4.1.4)

I Hz] <1
This solves the following Riemann-Hilbert problem:

RH-T1: It is analytic for z € C\ T,
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Figure 4.1: R-H problem for S(z)
RH-T2: The jump condition on z € T is
z" z
re-re | ") (4.1.5)
0 =z

RH-T3: As z — o0, the function has the following behaviour:
T(z)=(I+ (’)(z’l)).

The next step will deform the unit circle to solve the oscillations in the jump matrix (4.1.5)

when n — oo. Let

T(z), for z € Oy U O,
1 0
T(z) , for z € Qo,
S(z) = 7,’(z)—lz—n 1 , (416)
1 0
T(z) , forze Oy
—n(z)7tz" 1
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where we factorize the jump matrix as follows:

0
_ (4.1.7)
= J1(z,n)J ) Jy(z,n).

Observe that the matrices J; and J5 tend to the identity matrix uniformly on their respective
contours, and exponentially quickly as n — oco. The function S(z) can be used to solve the

following Riemann-Hilbert problem:
RH-S1: S(z) is analytic for z € C\ Iy, where T's =ToUT UTY,

RH-S2: The boundary values are defined by the following jump conditions:
Si(z) =5_(2)Js(z,n), =ze€Tl,

where

.
1 0
, z€ly
27"p(2)7t 1
0 n(z
Js(z,n) = , z€T (4.1.8)
—n(z)~" 0
1 0
, z€ely
2'n(z)7t 1

RH-S3: It has the following asymptotic behaviour as z — oo:

S(z)=(I+0(z"").

4.1.3 Global parametrix N(z)

We assume the following Riemann-Hilbert problem for N(z).
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RH-N1: It is analytic for z € C\ T,
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RH-N2: The boundary values are determined by the following jump conditions:

Ni(z) =N_(z) ) , forzeT,

RH-N3: As z — oo, the function has the following behaviour:

N(z)=(I+0(=).

The above Riemann-Hilbert problem for N(z) has the following unique solution:

D(z)s ) for |z| <1
N(z) = -1 0 ,

D(z)7s, for |z|>1

(4.1.9)

(4.1.10)

(4.1.11)

where D(z) is the unique function related to 7(z), it is analytic in C\ T with the following

jump condition:

By the Plemelj-Sokhotski formulas, we have

D(2) = exp [1/Tlog(n(8))d5}

s —Z

The function D(z) (Szegé function) has the following behaviour as z — occ:

D(z) =1+ 0(1/z).

(4.1.12)

(4.1.13)
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4.1.4 Small Riemann-Hilbert problem

Let us introduce the function

R(z,n) = S(z,n)N"1(z,n).

The Riemann-Hilbert problem for R(z) is given as follows:
RH-R1 R(z) is analytic in C\ (I'; UTy),
RH-R2 R (z,n) = R_(z,n)Jgr(z,n), z€TlyUl'1 =Xp,

RH-R3 R(z,n) =1+ O(1/z) as z — oo.

98

(4.1.14)

For large n, this Riemann-Hilbert problem is solvable and it can be written as follows:

R(Z7n) = I+R1(Z,n) —|—R2(z,n) + ey

where for £k > 1

Ri(z,n) = 1 /’[r By (mim)l-(Jr(Tin) = 1) dr, ze€C\Xpg.

2T T—2Z

In order to calculate R;(z,n), we have

0 2" '(2)B%(2)
s z € Fo,
0 0
Jr—1 =
0 0
, ze€lfi.
2 (2)B7(2) 0
Thus, we obtain

: 5§, T

Ri(z,n) = o -
L Jr T N BT g 0

T—Z

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)
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The Riemann-Hilbert problems for Y (z) can be solved by going back to the steps R — S —

T — Y. Indeed,

D(z) 0
AR 2z € Qs
0 Dz
D(z) 0
Z"93 z €y
—z"D7H(2)n7H(2) D7H(2)

Y(z,n) = R(z,n) , (4.1.19)

, z €M

Z"93, z € Qo

where for z € C\ X, we have

14+ 0(22)  Ryga(z,n) + O(&0)

R(z,n) = A R asn — oo, (4.1.20)
Ry 21+(’)(f+|z|) 1—|—O(f+—‘z|)

4.2 Ising models and Toeplitz determinants

One of the most important models in statistical mechanics is the 2D Ising model (See [17]),
which was solved by Onsager in [41]. It is a 2M x 2N rectangular lattice of Z? that involves
the interactions of random spins o; and o; taking values 1 and —1 at each site (3, j), where
—M<i<,M—1,and —N < j < N — 1. The number of possible spin configurations of
the lattice related to values of o;; is 2MN " The nearest neighbour spins interactions are the

most interesting, and the total interaction energy is given by

M-1 N-1

E(o) = - Z Z (JhUji(Tji+1 + JvdjiO'j+1i), Jn, Jy > 0, (4.2.1)
j=—M i=—N

where Jy, J, are the horizontal and vertical interaction as the nearest constants What do you

mean by this sentence?. The system is called ferromagnetic, i.e., parallel spins, if J, and J,
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are positive. It has lower energy than the anti-parallel spins, where J;, and J,, are negative.

The associated normalized Gibbs measure is given by

Pr(o) = Le—EU/KBT’

where KT is the Boltzmann’s constant and 7' is the temperature. Note that the partition

function is given by

Z(T) =Y e Pl/hsT, (4.2.2)

(&

where the sum is being taken over all possible configurations. The existence of a thermody-
namic phase transition is the most significant aspect of the 2D Ising model as the size of the
lattice becomes infinitely large at a certain critical temperature T, which is dependent on J,
and J,.

The two-spin correlation function is defined by the following expression:

B(0)/T 49
< 00,00N,M > = MN*)OO Z ZUOOUNMe . ( . .3)

Using this function, we can evaluate the magnetization by measuring the long-range order in
the lattice at temperature T. As an example, a bar magnet has a critical temperature T¢,
also known as the Curie point. Below T' < T, it spontaneously exhibits magnetization, and
above T' > T, it does not (in the absence of an external field). The one-dimentional Ising
model fails to go through a phase transition at any temperature as demonstrated by Ising
[27]. However, in two or three dimensions, it does indeed exhibit spontaneous magnetization,
as shown by Peierls in [45] whose work included an incorrect step which was corrected by
Griffiths [26] many years later. Kramers and Wannier obtained the first exact quantitative
result for the 2D Ising model in 1941 [35], when they formulated the following formula for

Te.. In the situation where J, = J, = J,

2J
inh | — | =1 424
sin (Tc> ( )
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For the square lattice of size N x N, Onsager formulated the partition function [44]. The
analysis done by Onsager makes possible a variety of interaction constants J;, # J,, what does

it mean?

ok 2Jy . L 2J,
sin sin =
KgT, KgpT,

k=e =1 (4.2.5)

4.2.1 The horizontal correlation functions < 0} 10114, >

In 1949, Onsager and Kaufman presented their result for the spontaneous magnetization M

of the two-dimensional Ising model [32] as follows:

M= (1-k?

ons

(4.2.6)

2.J 2J, \ !
KgT, KgT,)

)1/8, kons = <sinh " sinh
where 0 < kops < 1 <= T < T, ,and T > T., <= kons > 17 and in this case M =0
what case?. By some physical arguments, the spontaneous magnetization M was shown to

be given by

M = lim < 01,101,14n >- (427)

n—oo

In [32], the expression < 011011+, > was given by Kaufman and Onsager as a sum of
two Toeplitz determinants. Therefore, the challenge that Kaufman and Onsager faced to
compute M through the formula (4.2.7), was to compute the asymptotics of n x n Toeplitz
determinants as n approaches infinity. Nevertheless, at that time, the only result that was
known to exist was szegd's result with an unknown error term o(n). However, in order to
compute the magnetization M, it is essential to describe the error terms. Three years passed
between Onsager’'s 1948 and 1949 announcements of formula (4.2.6) for M without proof, and
Yang's successful discovery of the formula’s derivation in 1952 [50]. Yang's methodology is
based on the findings of Kaufman and Onsager, and it does not employ Toeplitz determinants
directly. He proved the result in the case J, = J,, with T" < T, which was then proved in
the general case where J;, # J,, by Chang [12].
In 1955, Potts and Ward [PotWar|, demonstrated that the correlation function < 01,101,145 >

along a row for the two-dimensional Ising model could be represented using a single Toeplitz
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determinant, as opposed to the summation of two Toeplitz determinants, as follows:

< 01,101,140 >= Dn(¢ons)- (428)

The function ¢,y is the Onsager function

, 1 — el 1 — ~oe—i0\71/2
0\ _ At V2
Pons(€) = Kl — 716“’) < — )] , (4.2.9)
where 71 = 2125, 72 = 25 /21, z1 = tanh %, 29 = tanh ﬁ, and 2z = %;2 Notice that
V2 S 1< kops S 1. (4.2.10)

To see the equivalence, see [17]. This implies that 7' < T corresponds to z5 < zj, respectively,

and T' =T is equivalent to 235 = 2.

1. In [43], it was observed that when T' < T, certain smoothness conditions are satisfied,
0 <71, and 2 < 1 by (4.2.10), and ¢,,s does not possess winding on the unit circle.
To determine the asymptotic behaviour of the correlation function, Theorem 2.3.3 is

applied. Then in [49], Wu derived the higher-order terms as n — oo:

— — _ Cc C
< o110 > = (1— kzmw‘*(l + @m) 3 (s =) PR T -]),

(4.2.11)

where ¢1, co are given in terms of 1 and yo. If 70 < 1, < 011,001,140 >— M =

(1 — k2

2 )1/4 exponentially fast.

2. For T > T, it is observed that 0 < 7; < 1 < 7. Consequently, the winding number
of ¢ons is determined to be —1. The asymptotic behaviour of ¢,,s has been described

in the study conducted by Wu in [49], as follows:

< o011, 01140 > = (1) 21— AL = 5 ) AL = ) TR (4.2.12)

A Ay
1
><(+n+n2+ ),
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with explicit expressions for A1, As in terms of v and 5 .

3. Wu further demonstrated that for 7' = T, the function ¢,,s has a jump discontinuity

at # = 0 and is asymptotically represented by

x(1+ B2 +0(n™?%),
where A is Glaisher's constant

A= el/12-€ (<))
Here £ is the Riemann’s zeta function and Bj is expressed explicitly in terms of ;.

4.2.2 The diagonal correlation function < (0, , >

It is a remarkable fact that the two-spin correlation function is a Toeplitz determinant

< 00,000 > = 2D, (f(z,1)), (4.2.14)
where
flz,t) = V() 2250 i H |z — zj|2afgzj,5j (z)zj_’Bj, 0 € [0,2m). (4.2.15)
3=0

This symbol has the following properties depending on whether temperature T is below,

equal to, or above the critical temperature T¢:

1. ForT <T. <=t >0, using the symbol (4.2.15), there is no Fisher-Hartwig singularity
at z = 1. In this case, the determinant can be given by the strong Szegd theorem,
because the function is analytic in a neighbourhood of the unit circle. In [42], the

diagonal long-range order in low-temperature regime has been given by:

M= /[lim < ogoonn > = (1 —k~2)1/8, (4.2.16)
n—oo
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2. For T =T, <=t =0, there is a Fisher-Hartwig singularity at z = 1 with parameter

a =0, and B = —1. Using [41] and [40] , we obtain the following asymptotics

(m)'/2G(1/2)

Dn(0) = nl/a

(1 +o0(1)). (4.2.17)

3. For the high-temperature regime T' > T, <=t < 0, the symbol f(z,t) has a Fisher-

Hartwig singularity at z =1 with « =0 and § = —1.

fz,t) = 27 19(2), (4.2.18)
where 7j(2) is the function associated to 2D Ising model and is given by
i(zt) = kY 2(2) = €2k 2 (2 — k)Y (2 — k12212, (4.2.19)
This expression can be rewritten as follows:

R [ 1—kz

To determine whether f(z;t) is a Fisher-Hartwig symbol, we will show that arg f(1+0i,¢) =

m = —arg f(1 —0i,t). Indeed,

f(z;t) = exp {; log |z| + %log |z — k71— %log |z — kz\} (4.2.21)
« expi{g _ %(0) +3- ;(0)}
= exp {; log || + %log |z — k71 — %log |z — k\}e”,
which gives us,
arg f(1+0¢,t) =n, and arg f(1—0i,t) = —m. (4.2.22)

For the high-temperature regime ¢t < 0, 7)(z) is analytic in C\ ([0,¢'] U [e™*,00]) and the

winding number is equal to zero. Therefore, 7)(z) is the Szegd symbol. To show this, it is
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sufficient to show that arg7(1 — 0i,t) = arg7(1 + 0¢,¢). Note that

1 1 1 1 1
N(z) = exp{210g|z| - ilog\z — k| + §log]z - k:‘ﬂ}expi{w + —argz + iarg(z —et)

2 2
(4.2.23)
+ %arg(z - e_t)}.
Then
arg (1 + 0i,t) = {g + %(0) - %(0) + ;(w)} =, (4.2.24)
and
argn(1 — 0i,t) = {g + %(277) - é(27r) + ;TF} =. (4.2.25)

For the symbol f(z;t) in (4.2.18), the result in (2.4.11) does not hold because the Barnes
G function will vanish if a =8 € Z_.

In the high-temperature regime with k < 1, the asymptotic behaviour of the Toeplitz
determinant was described in [17] as n — co. Here will give more details:

To find the determinant, we will apply Lemma 3.6.3 to the function f(z) in (4.2.18),

which will give us the following:

D (1(2)). (4.2.26)

We can find a piecewise analytic function D(z), which solves the following scalar multiplicative

Riemann-Hilbert problem:

D, (2)D~Y(2) =7(z), zeT. (4.2.27)
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Thus, by using the Plemelj-Sokhotski formula we get

V1—kz Hzl <1
D(z) = . (4.2.28)
V1—kz7l |z >1

After that, to determine the asymptotics of the Toeplitz determinant, we need to compute
the Fourier coefficients for the function 7(2).

Firstly , we will compute (log ﬁ)o:

logn = /log ( 2—6 1/2( )1/2 1/2 in/2 t/2> dz
z
= log(z — — [ log(z — — /1 @z (4.2.29)
og(z —e')— > +4z og(z—e~ )z +4z 0g(2) :
1 dz
- 1 ’LTI' 1
+ /O z +4m’ gle )z

Each term is calculated independently. Using the following expansion, log(z — e!) = log(z) —

tj =
> 21 “5—, and we have:

7=1
1 1
L f1og—enZ =~ L [10g()Z + 1 [1og(1 - 2m1en &2
4 z 4im z 47 z
(4.2.30)
1 dz
=~ [ los(x)—
i

Similarly, ;= [log(z — e7!)% can be calculated by using the expansion log(z — e™!) =

og(—e1) — T2, 2

1 pndz 1 ims A2 1 ndz 1 Az
T log(z —e )7 = - log(e )? Tir log(e )? + Tin /log(l ze )7
1 i dz 1 dz 1 eI dz
1 N\ 1 N T haied
gim ) )T T g [ o8l =y
1 ims dZ 1 dz
 dir log(e™) z  dim log(e") z

(4.2.31)

Using (4.2.30) and (4.2.31), we obtain the following:

(log#)o = im. (4.2.32)
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In order to figure out E(7)), we will first find (log(7))r and (log(7))_k, respectively.
_ _ ; . dz
(log A = — log 1/2 et) 1/2<z_€ t)1/2ez7r/2et/2>z k0%
z
dz 1 dz 1 dz
_ 1 k%< 1 —k %~ - 1 oty kY~
4271' (log 2) z 4z7r/ 0g(z - )z z +4i7r/ og(z —e )z z
1 + _pdz
+— log '™z~ +7 loge'z "—
4o z
(4.2.33)
After that, we determine the integration for each term.
-1 d d
log(z — e')z* Zd—/log( 1—etz_1)> —k 22
dim z
-1 dz 1 dz
= 1 e [log(1-¢ s
dim (log 2) : din) %® < ©s > z
-1 dz 1 eldz=i dz
_ 1 —k —k
i ) (og2)z =+ I
=1
-1 dz
= 1 —k
dim (log 2)= z’
(4.2.34)
and we have
1 dz 1 dz
_ 1 _ oty —k - 1 _ 1— t —k
pr og(z—e ")z . 4i7r/ og< e (1—e€'2) |z .
1 ir ka2 1 o _pdz
pr log ez , +4i7r log(e)z .
t —k @2
+4/log<1—ez>z ~ (4.2.35)
dz 1 dz
— 1 k%~ - 1 ty.,—k
dam 082 z * 4i7r/ g(c)2 z

Therefore, applying (4.2.34) and (4.2.35), we get the following:

-1 etk

(log )i = CR (4.2.36)
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In a similar manner, for (log7n)_x we get:

(log#)_p = —— /log 1/2 )_1/2(2 _ e—t)1/zem/zet/2>zk%
z
d 1 dz 1 dz
1 kY 1 =172 kY%~ /1 P AYY Aaiad
4z7r (log 2)z p + 4m/ og(z —e") S + T og(z—e ")z .
dz 1 d
+ /loge”/2 P — loget/sz—Z
z dam z
(4.2.37)
Subsequently, we derive the integration for each term:
-1 d -1 d
yr log(z — e) 2" ZZ yr log <z(1 — etz_1)> zkg
-1 dz 1 dz
- 1 kY~ = 1 1— t —1\ k%~
T din (log 2) :  din) 8 ( €2 )z z
L 4.2.38
:;1 (logz)zkd_g_l/i et 5 ]zk@ ( )
4a z 4o = J z
—1 ez 1
_ 1 haiad - k
T dim (log 2)z" z + 2%
and
dz 1 dz
L _ oty k02 L _ ot |
T log(z —e™ ")z polly v log < e ‘(l1—e z)) .
1 - 1 d 1 d
=— | log emzk—z —— [ log etzk—z +— [log|1-— etz zk—z
dar z dam z 4o z
1 i kdz 1 tjzj dz
= din loge™z z  dim log ¢'" + 4z7r Z N
(4.2.39)
above eq, overfulll Hence, combining (4.2.38) and (4.2.39), we get:
. L
(logn)_x = —€'". (4.2.40)

2k
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This leads us to

E(f) = exp (Z (log )i (log m)
_ Lo, —1 o 4.2.41
—epok(eX e™) (4.2.41)
— (1 - eZt)l/ll'

Consequently, the Toeplitz determinant for 7j(z) is given by:

Dy (ii(2)) = G(7)"E(7) (4.2.42)
= e (1- k)1 + 0(1)).
Then we will find %. By using the solution to the Riemann-Hilbert problem (3.3.1), we

have:

Xo_, = —Ya1(0),

and by using the steepest descent method as presented in the previous section, we have:

Xp—1=-D(0)"" <1 + O<p_2n>> (4.2.43)

1+ 2]

—2n
——(1o(f))
1+ |z

—2n
ol i)
1+ 2]

where D(0) = G()) = ¢'™. Also, by the solution to the Riemann-Hilbert problem (3.3.1), we

obtain:
Ya1(2) = —xn-12"""én-1(2), (4.2.44)

which gives us:

Gn-1(0) _ lim,yo0(Yar(25m) /2" 1)
Xn—1 Yo1 (07 n) 7

(4.2.45)
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where

Ya1(0,n) = —x;_1 (I + o(1)). (4.2.46)

Then, from (4.1.19) and (4.1.20), we obtain:

dna(0) _ 1 Diz)=" [Rl’zl(;nl) +O(f+|3:)] (4.2.47)

Xn—1 X1 2700

) . p—?m
=—— lim 2Ry 21(z,n) + O 1+1z[))

Xn—l Z—00

and by (4.1.18), we have:

z/ Y1) D2(1)dr
1 TTF (4.2.48)

— lim zRj21(2,n) = — lim —
2300 ’ z—»00 20T

Then, using (4.2.20) and (4.2.28), and putting A = 77! and dr = —3\%‘, we obtain the

following:
1 1
— [ i D (r)dr = o~ | A" (ATH)D (A da
2T T 2im Ty
: (4.2.49)
— — )\71—3/2 \—k —-1/2 \— k—l _I/Qd)\,
2mVk Jr, D= )

where (A — k~1)~/2 is a holomorphic function at A = k. Thus, we can write it as Taylor

series
fAN) =A—kH2 = i di(\ — k), (4.2.50)
=0
where
vk (4.2.51)

do = .
VIR
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Now, we rewrite the right-hand side of (4.2.49) as follows:

-1 -1 &
NN — k)TN =BT TP d = ——=> "d / AT\ — k)2,
o e (A—k)"7( ) P > di (A—F)
(4.2.52)
After that, we will shrink the contour I’y to [0, k], and we obtain:
9 k
/ AT\ — k)N = S / 2" 2z — k)’ <x1/2(x - k)_1/2> dx
Iy tJo +
9 k
_ -(_1)1/ 1‘n_3/2(/€ o aﬁ)l_l/2dl"
v 0
1
=20 [ ()2~ k)
0 (4.2.53)

1
(— 1)lkn—3/2+l—1/2+1/0 ()"=3/2(1 — )14y

1
( 1)lk,n+l—1/ <y)n—3/2(1_y)l—1/2dy
0

(=)' B(n — 172,14+ 1/2),

SN 2N 2N SN

where B is the beta function, which has the following asymptotics for large =, when y is fixed:

B(z,y) ~T'(y)z™?

Substituting (4.2.51) in (4.2.53), as n — oo we obtain:

Zdl/ AT\ — k)20 = =1 2 —ivk x T'(1/2)(n —1/2)/?

27r\f 27”/% ' L=k
= k") T2 = 1) T2 4 o(1),
(4.2.54)
Therefore, we get:
¢§<1(0) = k" () V(1 - )2, (4.2.55)
n—I1

Finally, by using (4.2.42) and (4.2.55), we get the asymptotic behaviour of the Toeplitz
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determinant as the following:

Do(f(z;1)) = E*(nm) ™21 — k274 4 0(1), (4.2.56)

where f(z;t) is the Fisher-Hartwig symbol (4.2.15) at z =1, with « =0, 8 = —1, and

o) = Ly gy

n

4.3 Open problem

1. Studying the double-scaling limit for Toeplitz determinants in the low-temperature

regime ¢t > 0 has considered different types of symbols, as it has addressed in [13],
[34], and in our work in Chapter 3. However, the high-temperature regime has not

been considered yet for diagonal correlation functions.

. Asymptotic of bordered Toeplitz determinants and next-to-diagonal Ising model denoted

by DZ[f,v] , and is defined as follows:

fo fi fo o fme2) Ym-n
DE[f,4] = det ffl f_o _fl e )
ficn foon fz3n 0 fa Yo

where f,, and 1, denote the Fourier coefficients of f and v, respectively. In [4],
the authors studied the asymptotics of bordered Toeplitz determinants in the low-
temperature regime t > 0, that is, T' < T, by using both the operator theoretic
and the Riemann-Hilbert approaches. They considered functions f(z) = z7'n(2) that

possess Fisher-Hartwig singularities and

Cuonlz) — ith = =n

w:SU(z—c)’ Sy

(4.3.2)

It is of importance to study the asymptotics of bordered Toeplitz determinants also
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in the high-temperature regime. However, in that case, the symbol f(z) has a Fisher
Hartwig singularity at z = 1 with a = 0, 8 = —1, and the study involves the treatment

of a Riemann Hilbert problem in the degenerate case a + 5 € Z_.
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