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Abstract. We analyze the approximation properties of some meshless methods.
Three types of functions systems are discussed: systems of functions that reproduce
polynomials, a class of radial basis functions, and functions that are adapted to
a differential operator. Additionally, we survey techniques for the enforcement of
essential boundary conditions in meshless methods.

1 Introduction

The classical finite element method (FEM) is a well-established tool for nu-
merically solving partial differential equations. New, non-standard methods,
that are broadly covered by the term meshless methods or meshfree methods
have recently emerged. A few examples frequently mentioned in this con-
text are the diffuse element method, [87], the element-free Galerkin (EFG,
[13,14,11]), the X-FEM (extended FEM), [84,29,98], the RKPM (reproduc-
ing kernel particle method, [72–75,70]), the generalized FEM/partition of
unity method ([7,78,79,82,9]), the hp-cloud method, [89], the particle par-
tition of unity particle method of [47–51,96], the finite point method [91],
and the method of finite spheres [30]; also the use of radial basis functions,
[65,66,108,44,61,110] and the older generalized finite difference method of
[71] fall into this category. This list is by no means exhaustive, and surveys
of such methods include [12,6,60]. Two of the reasons given for introducing
such methods are:

• The cost of creating good quality meshes can be high. This is particularly
true for three-dimensional problems and for problems where the standard
FEM requires frequent remeshing such as time-dependent problems and
crack propagation problems.

• For some non-standard problems, the standard FEM performs poorly.
Here, it is attractive to create custom-tailored methods designed for a
particular problem at hand.

A main aim of these notes is to illustrate some of the mechanisms of approxi-
mation that underlie meshless methods. In view of the multitude of methods
and applications it is impossible to be exhaustive, and a selection had to be
made concerning the approximation spaces and the type of approximation re-
sults. With respect to the approximation spaces, we have selected three types:
an example of function systems that reproduce polynomials, a class of radial
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basis functions, and some examples of systems that are tailored to a partic-
ular differential operator. The type of approximation results that we obtain
are mostly formulated with a view to an application in projection methods
for second order elliptic problems. Since the natural setting of such problems
is that of the Hilbert space H1 (or subspaces thereof), most approximation
results are formulated in this norm.

1.1 Notation

General Notation We write N = {1, 2, . . . , } for the positive integers and
N0 = N∪{0} represents the non-negative integers. R+ stands for the positive
real numbers, R

+
0 = R+ ∪ {0} for the non-negative real numbers. We will

denote by Pp the space of polynomials of degree p in d variables, i.e., Pp =

span{∏d
i=1 x

αi

i |αi ∈ N0 with
∑d
i=1 αi ≤ p}. The Euclidean norm on Rd will

be denoted by ‖ · ‖2. Balls of radius r centered at x0 are denoted by Br(x0).

Spaces and Domains For domains Ω ⊂ Rd, integers k ∈ N0 and q ∈
[1,∞] the Sobolev spaces W k,q(Ω) are defined in the usual way (see, e.g.,
[23, Chap. 1]). Also for values of k 6∈ N0 and q ∈ [1,∞), the Sobolev spaces
W k,q(Ω) are defined in the usual way, [23]; they can be equipped with the
so-called Sobolev-Slobodeckij norm as follows: we write k = k̃ + κ, where
k̃ ∈ N0 and κ ∈ (0, 1), and we define

‖u‖q
Wk,q(Ω)

= ‖u‖q
W k̃,q(Ω)

+ |u|q
Wk,q(Ω)

,

where the semi-norm | · |Wk,q(Ω) is given by

|u|q
Wk,q(Ω)

:=
∑

α∈N
d
0

|α|=k̃

∫

Ω

∫

Ω

|Dαu(x) −Dαu(y)|q
‖x− y‖d+qκ2

dx dy. (1.1)

We remark in passing that an equivalent definition of the fractional order
Sobolev spaces W k,q(Ω) based on the interpolation of spaces using the K-
method is possible, [15,104]. The case q = 2 is special in that the spaces
W k,2(Ω) are Hilbert spaces; it is customary to write Hk(Ω) = W k,2(Ω).

We denote by H1
0 (Ω) = {u ∈ H1(Ω) |u|∂Ω = 0} the space of functions of

H1(Ω) that vanish on the boundary of Ω.

For ξ ∈ Rd with ‖ξ‖2 = 1, x ∈ Rd, r > 0, and θ ∈ (0, π) we define the cone

C(x, ξ, θ, r) := Br(x) ∩ {y ∈ R
d | (y − x)>ξ > ‖y − x‖ cos θ}. (1.2)

A domain Ω is said to satisfy a cone condition with angle θ and radius r if for
each x ∈ Ω there exists a ξ ∈ Rd with ‖ξ‖2 = 1 such that C(x, ξ, θ, r) ⊂ Ω.
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Notation for Particle Methods In these notes, the approximation spaces
VN will have the form

VN = span{ϕi | i = 1, . . . , N};

as is customary in FEM, the functions ϕi, i = 1, . . . , N , will be called shape
functions. We furthermore introduce the patches Ωi, which are the interior of
the supports of the shape functions, and the diameters hi of the patches by

Ωi := (suppϕi)
◦, hi := diam Ωi ≤ 1.

Remark 1.1. The assumption hi ≤ 1 is made for convenience only and could
be replaced by boundedness of the patch diameters.

Frequently, a shape function ϕi will be associated with a particle xi ∈ Ωi.
The particles are collected in the set

XN := {xi | i = 1, . . . , N},

which throughout these notes will be assumed to consist of N distinct points
xi ∈ Rd, i = 1, . . . , N . In the parlance of classical FEM the “connectivity” of
the shape functions will be important. We therefore define

n(x) := {i ∈ N |x ∈ Ωi}, (1.3)

n(i) := {j ∈ N |Ωj ∩ Ωi 6= ∅}; (1.4)

the notation n(·) is reminiscent of “neighbor.”

FEM and Projection Methods Techniques and terminology of the clas-
sical FEM will pervade much of these notes, and we refer to [27,23,94] for
general reference on the topic. We will, for example, employ the notion of
shape-regular affine triangulations T of a domain Ω. Based on such a tri-
angulation of Ω, one can define the space Sp,1(T ) ⊂ H1(Ω) of piecewise
polynomials of degree p. We refer to [94] for a precise definition of Sp,1(T ).
We will write Sp,10 (T ) for the space Sp,10 (T ) := Sp,1(T ) ∩H1

0 (Ω).

Many of the results of the presentation are obtained with a view to an ap-
plication in projection methods such as the Galerkin method. An example of
such as setting is the following: Let X be a Hilbert space, a : X ×X → R be
a continuous bilinear form, l ∈ X ′ be a continuous linear form, and u ∈ X
solve

a(u, v) = l(v) ∀v ∈ X. (1.5)

If VN ⊂ X is a subspace, then one can define an approximation uN ∈ VN by:

Find uN ∈ VN such that a(uN , v) = l(v) ∀v ∈ VN . (1.6)
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Once a basis of VN is chosen, the problem (1.6) represents a linear system
of equations that has to be solved. Under suitable assumptions on the bilin-
ear form a, one has existence and uniqueness of uN together with a quasi-
optimality result, i.e.,

‖u− uN‖X ≤ C inf
v∈VN

‖u− v‖X , (1.7)

where the constant C > 0 is independent of critical parameters (e.g., N). In
this situation it is very important to understand the approximation properties
of the space VN employed so as to be able to be give bounds on the infimum
in (1.7).

1.2 The notion of optimality

When discussing the approximation properties of a space VN , it is instructive
to have a notion of optimality so as to be able to compare this space VN
with the best possible choice. One notion of optimality that is common in
approximation theory is that of n-width (see, e.g., [92]): For a normed space
X with norm ‖ · ‖X and a subset Y ⊂ X one defines for n ∈ N

dn := inf
En⊂X

dimEn≤n

sup
u∈Y

inf
v∈En

‖u− v‖X ;

here, the spaces En appearing in the first infimum are arbitrary linear sub-
spaces of dimension n. The quantity dn thus measures how well functions of
the set Y can be approximated from linear spaces En of dimension n. Clearly,
dn depends on the error measure ‖ · ‖X and the set Y . For Sobolev spaces we
have [62]:

Theorem 1.2. Let Ω ⊂ Rd be a Lipschitz domain and k ≥ 1. Then there
exists C > 0 such that

inf
VN⊂H1(Ω)
dimVN≤N

sup
u∈Hk(Ω)

‖u‖
Hk(Ω)

=1

inf
v∈VN

‖u− v‖L2(Ω) ≥ N−(k−1)/d.

The converse of Theorem 1.2 is well-known in classical FEM (see, e.g., [23]):

Theorem 1.3. Let T be a quasi-uniform triangulation of a domain Ω ⊂
Rd with maximum element size h. Then for k ≥ 1 and the classical H1-
conforming space Sp,1(T ) of piecewise polynomials of degree p we have

inf
v∈Sp,1(T )

‖u− v‖H1(Ω) ≤ CN−(min{p+1,k}−1)/d‖u‖Hk(Ω),

where N = dimSp,1(T ) ∼ h−d.
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Theorems 1.2, 1.3 show that the classical FEM attains already the best pos-
sible rate of convergence if the only information available about the function
to be approximated is membership in some Sobolev space Hk(Ω). In this
setting, the use of approximation spaces VN different from the classical FEM
spaces is mainly justified by algorithmic considerations.

Remark 1.4. The approximation results of these notes are obtained with a
view to an application in classical projection methods such as the Galerkin
scheme (1.6). We will not cover non-linear approximation techniques, for
which we refer to [32].

2 Polynomial Reproducing Systems

The fist class of approximation spaces VN that we analyze is one where the
space VN reproduces polynomials of degree p. We will see that the approxi-
mation properties of such spaces are very similar to the classical FEM spaces.
Such spaces can be constructed in different ways. One possibility is based on
the moving least squares technique and will be illustrated in Section 2.3.

2.1 Motivation

Let Ω ⊂ Rd be a domain, let XN = {xi | i = 1, . . . , N} be a set of particles,
and let VN = span{ϕi | i = 1, . . . , N} be a space of functions defined on Ω.
In this chapter, we will make the following assumptions:

Assumption 2.1 (finite overlap). There exists a constantM ∈ N such that for
every x ∈ Ω the cardinality n(x) of the set n(x) satisfies 1 ≤ cardn(x) ≤M .

Assumption 2.2 (polynomial reproduction property).
∑N

i=1 π(xi)ϕi(x) = π(x)
for all x ∈ Ω and all π ∈ Pp.

Assumption 2.3 (stability). There exist Cstab ≥ 1, rstab ∈ N0 such that

‖Dαϕi‖L∞(Ω) ≤ Cstabh
−|α|
i for all i ∈ {1, . . . , N} and all α ∈ N

d
0 with

|α| ≤ rstab.

Assumption 2.4 (local comparability of patches). There exists Ccomp > 0 such
that C−1

comphi ≤ hj ≤ Ccomphi for all i ∈ {1, . . . , N} and j ∈ n(i).

These assumptions are a generalization of certain properties of the classical
FEM. For p = 1 and shape-regular affine meshes T , the classical piecewise
linear FEM shape functions satisfy the above assumptions. For p > 1, the
shape functions employed in the FEM are not as standardized; nevertheless,
a basis of Sp,1(T ) satisfying Assumptions 2.1–2.4 can be constructed as the
following exercise shows.
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eBi

xi xj

Ωi

Ωj

Bδhj (xj)

Bδhi(xi)

Fig. 2.1. Notation of Theorem 2.6.

Exercise 2.5. Let T be a mesh on Ω = (0, 1) determined by the points
0 = x0 < x1 < · · · < xn = 1. Assume that the element sizes are locally
comparable, i.e., C−1 ≤ xi+1−xi

xi−xi−1
≤ C for i = 1, . . . , n− 1. Construct a basis

of Sp,1(T ) = {u ∈ C([0, 1]) |u|(xi,xi+1) ∈ Pp for i = 0, . . . , n− 1} such that
Assumptions 2.1–2.4 are satisfied.

The construction of shape functions ϕi that satisfy Assumptions 2.1–2.4 will
be the topic of Section 2.3.

2.2 Approximation properties of systems reproducing
polynomials

Spaces VN that satisfy Assumptions 2.1–2.4 inherit the local approximation
properties of polynomials:

Theorem 2.6. Suppose Assumptions 2.1–2.4 hold. Let δ, C > 0 be given.
Choose for each xi a ball B̃i with radius ri ≤ Chi such that Bδhj (xj) ⊂ B̃i

for all j ∈ n(i) and B̃i ⊂ Ωi (see Fig. 2.1).
Then there exists a linear operator QN : L1(Rd) → VN with the following

approximation property: For u ∈ Hk(Rd), k ∈ N0, with
∑N
i=1 ‖u‖2

Hk( eBi)
<∞

we have for s = 0, . . . ,min{k, rstab}

‖u−QNu‖2
Hs(Ω) ≤ C

N∑

i=1

h
2(min{p+1,k}−s)
i ‖u‖2

Hk( eBi)
.

Remark 2.7. Theorem 2.6 could be generalized to approximation in the space
W k,q(Ω). Additionally, the proof shows that the balls B̃i could be replaced
with other set, e.g., squares, rectangles.
Inspection of the proof also shows that it is sufficient to have u defined on
∪Ni=1B̃i instead of Rd.
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Proof of Theorem 2.6. We abbreviate µ := min{k, p+ 1} and denote by χj
the characteristic function of the patch Ωj , i.e., χj(x) = 1 if x ∈ Ωj and
χj(x) = 0 if x 6∈ Ωj . We note that Assumption 2.1 gives

1 ≤
N∑

j=1

χj(x) ≤M ∀x ∈ Ω. (2.1)

For each patch Ωi we choose with the aid of the polynomial approximation
result Theorem B.1 (and, for the case min{k, p+1} < min{k, rstab} the inverse
estimate Theorem B.3 together with the assumption hi ≤ 1) a polynomial
πi ∈ Pp such that

‖u− πi‖Hs( eBi)
≤ Crµ−si ‖u‖Hk( eBi)

, s = 0, . . . ,min{k, rstab}. (2.2)

We then define the desired approximation QNu by

QNu :=

N∑

i=1

πi(xi)ϕi. (2.3)

Note that the map u 7→ QNu is linear since the maps u| eBi
7→ πi, whose

existence is ascertained in Theorem B.1, is linear. By Assumption 2.2 we
have for each i ∈ {1, . . . , N}

πi(x) =

N∑

j=1

πi(xj)ϕj(x) ∀x ∈ Ω. (2.4)

For each i ∈ {1, . . . , N} we can write

u−QNu = u−
N∑

j=1

πj(xj)ϕj

= (u− πi) +

N∑

j=1

[πi(xj) − πj(xj)]ϕj =: T1,i + T2,i.

Since the patches Ωi, i = 1, . . . , N , cover Ω by Assumption 2.1, we get for
each s = 0, . . . ,min{k, rstab}

‖u−QNu‖2
Hs(Ω) ≤

N∑

i=1

‖u−QNu‖2
Hs(Ωi∩Ω)

≤ 2

N∑

i=1

‖T1,i‖2
Hs(Ωi∩Ω) + ‖T2,i‖2

Hs(Ωi∩Ω).

Using (2.2) we can estimate ‖T1,i‖Hs(Ωi∩Ω) by

‖T1,i‖Hs(Ωi∩Ω) ≤ Chµ−si ‖u‖Hk( eBi)
s = 0, . . . ,min{k, rstab}. (2.5)
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Hence,
∑N

i=1 ‖T1,i‖2
Hs(Ωi∩Ω) can be estimated in the desired fashion. For the

term involving the functions T2,i, we use Assumptions 2.3 to get for any
α ∈ N

d
0 with |α| = s ∈ {0, . . . ,min{k, rstab}}

|DαT2,i(x)| ≤ C

N∑

j=1

|πi(xj) − πj(xj)|h−sj χj(x).

Thus, we get for the Hs-semi norm of T2,i on Ωi ∩ Ω:

|T2,i|2Hs(Ω) ≤ C

∫

Ωi∩Ω

∣∣∣∣∣∣

N∑

j=1

|πi(xj) − πj(xj)|h−sj χj

∣∣∣∣∣∣

2

≤ CM

∫

Ω∩Ωi

N∑

j=1

|πi(xj) − πj(xj)|2h−2s
j χj

≤ CM

∫

Ω

∑

j∈n(i)

|πi(xj) − πj(xj)|2h−2s
j χjχi, (2.6)

where we exploited (2.1) in the second bound and, in the last bound, we used
the observation that χj(x)χi(x) 6= 0 can only happen if j ∈ n(i). For j ∈ n(i)
we bound |πi(xj) − πj(xj)| ≤ ‖πi − πj‖L∞(Bδhj

(xj)), note that πi − πj ∈ Pp,
and use the polynomial inverse estimate Theorem B.3 to get

‖πi − πj‖L∞(Bδhj
(xj)) ≤ Ch

−d/2
j ‖πi − πj‖L2(Bδhj

(xj))

≤ Ch
−d/2
j

[
‖u− πi‖L2(Bδhj

(xj)) + ‖u− πj‖L2(Bδhj
(xj))

]
.

Using Bδhj (xj) ⊂ B̃j ∩ B̃i, we then get from (2.2) and Assumption 2.4

‖πi − πj‖L∞(Bδhj
(xj)) ≤ Ch

−d/2
j

[
hµj ‖u‖Hµ( eBj)

+ hµi ‖u‖Hµ( eBi)

]
.

Inserting this in (2.6) and using Assumption 2.4 gives

|T2|2Hs(Ωi∩Ω) ≤

CM

∫

Ω

N∑

j=1

[
h

2(µ−s)−d
j ‖u‖2

Hk( eBj)
+ h

2(µ−s)−d
i ‖u‖2

Hk( eBi)

]
χjχi.

The sum
∑N

i=1 |T1,i|2Hs(Ω∩Ωi)
can then be bounded by using again (2.1)

N∑

i=1

|T2,i|2Hs(Ωi∩Ω) ≤ CM

∫

Ω

N∑

j=1

N∑

i=1

h
2(µ−s)−d
i ‖u‖2

Hk( eBi)
χiχj

≤ CM2
N∑

i=1

h
2(µ−s)−d
i ‖u‖2

Hk( eBi)

∫

Ω

χi ≤ CM2
N∑

i=1

h
2(µ−s)
i ‖u‖2

Hk( eBi)
.
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This concludes the proof of the theorem. ut
Theorem 2.6 assumes u to be defined on Rd. An extension result, e.g., The-
orem A.1, allows us to treat the case of bounded domains:

Corollary 2.8. Let Ω ⊂ Rd be a Lipschitz domain. Assume that the balls
B̃i of Theorem 2.6 satisfy additionally an overlap condition, i.e., for some
M ∈ N we have

sup
x∈Rd

card{i ∈ N |x ∈ B̃i} ≤M.

Then there exists a linear map QN : L1(Ω) → VN such that for each k ∈ N0

there exists C > 0 with

‖u−QNu‖Hs(Ω) ≤ hmin{p+1,k}−s‖u‖Hk(Ω), s = 0, . . . ,min{p+ 1, rstab},

where h := maxi=1,...,N hi.

Proof. Let Q̃N be the linear operator of Theorem 2.6 and let E : L1(Ω) →
L1(Rd) be the extension operator of Theorem A.1. Set QN := Q̃N ◦ E.
Then by abbreviating µ := min{p + 1, k} we get from Theorem 2.6 for
s = 0, . . . ,min{rstab, k}

‖u−QNu‖2
Hs(Ω) = ‖Eu− Q̃NEu‖2

Hs(Ω) ≤ C
N∑

i=1

h
2(µ−s)
i ‖Eu‖2

Hk( eBi)

≤ Ch2(µ−s)
N∑

i=1

‖Eu‖2
Hk( eBi)

≤ Ch2(µ−s)M2‖Eu‖2
Hk(Rd);

here, the last step followed from arguments analogous to those employed in
the proof of Theorem 2.6. The extension operator E finally has the property
‖Eu‖Hk(Rd) ≤ C‖u‖Hk(Ω), which allows us to conclude the proof. ut

Approximation of singular functions The diameters of the balls B̃i in
Theorem 2.6 play the role of the local mesh size in the classical FEM approx-
imation theorem. In the classical FEM, meshes that are locally refined are
important, for example, for the treatment of elliptic boundary value prob-
lems in domains with piecewise smooth geometries. The solutions of such
problems exhibit singularities (the functions Sji of (6.2) are a typical exam-
ple), which can be resolved in the classical FEM by the use of appropriately
graded meshes, [93,8]. In fact, the optimal rate of convergence, as measured
in error versus problem size, can be recovered. Meshless methods can mimic
this mesh refinement of the classical FEM by an appropriate clustering of
particles and a corresponding shrinking of the diameters of the balls B̃i. The
following two Exercises 2.10, 2.11 illustrate this.
To stress the analogy of our approach in Exercises 2.10, 2.11 with the classical
FEM situation and to motivate the distribution of the diameters of the balls
B̃i, we first recall the following example (see, e.g., [94, Sec. 3.3.7]):



10 J.M. Melenk

Example 2.9. Let Ω = (0, 1) and u(x) = xα, α ∈ (1/2, 1). Fix p ∈ N and

β > p+1/2
α−1/2 . Consider a mesh T consisting of N intervals Ii, i = 0, . . . , N − 1,

such that

diam I0 ≤ Chβ , diam Ii ∼ h dist(Ii, 0)1−1/β , i = 1, . . . , N − 1. (2.7)

Then, for some C > 0 independent of N we have

inf
v∈Sp,1(T )

‖u− v‖H1(Ω) ≤ CN−p,

i.e., the optimal rate of convergence is recovered. A specific mesh T that
satisfies (2.7) is determined by the nodes xi, i = 0, . . . , N , where xi = Φ(x̂i),
Φ(x) = xβ , and x̂i = ih for h = 1/N .

The function Φ of Example 2.9 maps a uniform node distribution to a highly
non-uniform one that is suitable for the approximation of the function x 7→
xα. We use this function Φ to create particle distributions, and we use (2.7)
as a guideline for our choice of the diameters of the patches Ωi and the balls
B̃i in the following Exercise 2.10. We will show there that this choice leads to
patches that satisfy Assumptions 2.1, 2.4, and we will see that polynomials of
degree p have good approximation properties on the balls B̃i. The construc-
tion of concrete shape functions associated with these patches that satisfy
Assumptions 2.2, 2.3 is postponed until Exercise 2.22. Corresponding results
exist for two-dimensional problems and are sketched in Exercises 2.10, 2.23.

Exercise 2.10. Let Ω = (0, 1), u(x) = xα for some α ∈ (1/2, 1). Fix p ∈ N0

and choose β ≥ p+1/2
α−1/2 > 1. Define

Φ(x) := xβ .

For N ∈ N set h = 1/N , x̂i := ih, i = 0, . . . , N , and define the particles
XN = {xi | i = 0, . . . , N} by xi = Φ(x̂i). Let ρ > 0 be a parameter and
choose for each particle xi

ρi = ρ

{
hx

1−1/β
i i ≥ 1,

x1 i = 0.

Let a shape function ϕi be associated with particle xi. Assume furthermore
that Ωi := (suppϕi)

◦ = Bρi(xi).

(a) Show: For each fixed M there holds ρi ∼ hβ for i ∈ {0, . . . ,M} (The
constants of the ∼-notation depend on ρ, β, M).

(b) Show: There exist λ, λ′ (depending only on ρ, β) such that

Bλh(x̂i) ∩ Ω ⊂ Φ−1(Bρi (xi) ∩ Ω) ⊂ Bλ′h(x̂i) ∩ Ω i = 0, . . . , N.

Conclude that Assumption 2.1 is satisfied.
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(c) Show: Assumption 2.4 is satisfied.

(d) Let Ccomp be the constant of Assumption 2.4, whose existence was ascer-

tained in (c). Set B̃i := Beρi
(xi) with ρ̃i := (1 + (1 + δ)Ccomp)ρi. Show:

Bρi(xi) ∩ Bρj (xj) 6= ∅ implies Bδρj (xj) ⊂ B̃i.

(e) Show: The balls B̃i, i = 0, . . . , N satisfy an overlap condition, i.e., there

existsM > 0 (depending only on ρ, β) such that card{j | B̃i∩B̃j 6= ∅} ≤M
for all i ∈ {0, 1, . . . , N}.

(f) Let I1 := {i ∈ {0, . . . , N} | dist(B̃i, 0) ≥ 2ρ̃i}. Show: For i ∈ I1 the

point x̃i := inf{x |x ∈ B̃i} satisfies x̃i ∼ xi. Furthermore, there exist
polynomials πi ∈ Pp such that

‖u− πi‖L2( eBi)
+ ρ̃i‖(u− πi)

′‖L2( eBi)
≤ Cρ̃

p+3/2
i x̃α−1−p

i .

(g) Set I2 := {1, . . . , N} \ I1. Show: I2 ⊂ {1, . . . ,M} for some M > 0 inde-
pendent of N . Show: For each i ∈ I2 one can find a πi ∈ P1 such that

‖u− πi‖L2(Ω∩ eBi)
+ ρ̃i‖(u− πi)

′‖L2(Ω∩ eBi)
≤ Cρ̃

α+1/2
0 ,

‖u− πi‖L∞(Ω∩ eBi)
≤ Cρ̃α0 .

(h) Assume that the shape functions ϕi satisfy Assumptions 2.2, 2.3. (We
will see in Exercise 2.22 that such functions can be constructed with
the moving least squares procedure if ρ is chosen sufficiently large). By
adapting the proof of Theorem 2.6 show that the approximation space
VN = span{ϕi | i = 0, . . . , N} satisfies

inf
v∈VN

‖u− v‖H1(Ω) ≤ Chp = CN−p.

A similar idea leads to approximation results in two spatial dimensions:

Exercise 2.11. Define for h = 1/n the uniform particle distribution X̂n =
{x̂ij = (ih, jh) | 0 ≤ i, j ≤ n}. For some β > 1, let Φ : R2 → R2 be given by

Φ(x) = ‖x‖β−1
2 x. Define the particle distribution Xn := {xij = Φ(x̂ij) | 0 ≤

i, j ≤ n}. Associate with each particle xij a radius

ρij = ρ

{
h‖xij‖1−1/β

2 if (i, j) 6= (0, 0)

hβ if i = j = 0,

where ρ > 0 is a parameter. The patches Ωij are taken as Ωij := Bρij (xij).
Set Ω := (0, 1/2)2.

(a) Proceed as in Exercise 2.10 to show that Assumptions 2.1 and 2.4 hold.
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(b) Assume that the shape functions ϕij , i, j = 0, . . . , n, that are associated
with the nodes xij satisfy additionally Assumptions 2.2, 2.3. (We will show
in Exercise 2.23 that this can be achieved by taking ρ sufficiently large).
Consider a function u in polar coordinates (r, ϕ) of the form u = rαΘ(ϕ),
where α > 0 and Θ : (−ε, π/2 + ε) → R for some ε > 0 is smooth. Show:
If β > p

α , then

inf
v∈VN

‖u− v‖H1(Ω) ≤ Chp, h =
1

n
∼ 1√

N
,

where N denotes the number of particles. Note that this is the optimal
rate of convergence.

2.3 Construction of shape functions with the moving least
squares procedure

The approximation result Theorem 2.6 hinges on Assumptions 2.1–2.4. In the
present section we construct shape functions that satisfy these requirements.

Motivation from scattered data fitting One approach to construct shape
functions ϕi from a collection of particlesXN is based on the so-called moving
least squares (MLS) technique that we describe in more detail in this section.
The MLS technique was devised to fit a “smooth” function x 7→ If to a
collection of given scattered data (xi, fi), i = 1, . . . , N , obtained, for example,
from measurements. Here, the points xi, i = 1, . . . , N , are N distinct points
and the “smooth” function If that is sought should satisfy If(xi) ≈ fi,
i = 1, . . . , N . The idea is to define the value If(x) for a given x as a weighted
average of the given data fi. More specifically, one chooses a polynomial
degree p ∈ N0 and for each i ∈ {1, . . . , N} a weight wi(x) ≥ 0 and then
defines

If(x) := π(x), (2.8)

where the polynomial π ∈ Pp is the solution of the minimization problem:

Find π ∈ Pp s.t.

N∑

i=1

|fi−π(xi)|2wi(x) ≤
N∑

i=1

|fi−v(xi)|2wi(x) ∀v ∈ Pp.

(2.9)

Remark 2.12. The choice of the weight functions x 7→ wi(x) depends, of
course, on the application. In practice, the weight function x 7→ wi(x) is
chosen to have small support or to decay rapidly as ‖x − xi‖ → ∞ so as to
give the data points xi close to x more weight than data points far from x.

Under reasonable assumptions on the weight functions wi, the minimization
problem is uniquely solvable. As we will show in Theorem 2.13, this solution
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If takes the form

If(x) =

N∑

i=1

fiϕi(x) (2.10)

for some functions ϕi. Theorem 2.13 also provides an explicit formula for
the functions ϕi. Their differentiability properties are then analyzed in The-
orem 2.20. The goal of this section is to show that the functions shape func-
tions ϕi, which are motivated by the above data fitting technique, satisfy
the assumptions of the approximation result Theorem 2.6. Indeed, we will
discover that Assumption 2.2 is ensured by construction and that Assump-
tion 2.3 can be satisfied if, roughly speaking, each particle has sufficiently
many neighbors. Assumptions 2.1, 2.4 have to be checked separately.

Construction of the shape functions The shape functions ϕi appearing
in (2.10) are constructed in the following theorem.

Theorem 2.13. Let particles XN = {xi | i = 1, . . . , N} and weight functions
wi ∈ C(Rd) with wi ≥ 0, i = 1, . . . , N be given. Set Ωi := (suppwi)

◦. Assume
that for each x ∈ Ω the set X(x) := {xi | i ∈ n(x)} is Pp-unisolvent1. Then the
approximant If of (2.8), (2.9) is well-defined, and there are unique functions
ϕi, i = 1, . . . , N , depending solely on XN and the weight functions wi such
that

If(x) =
N∑

i=1

fiϕi(x).

Moreover, we have the representation formula

ϕi(x) = wi(x)

Q∑

k=1

λk(x)πk(xi), i = 1, . . . , N, (2.11)

where {πk | k = 1, . . . , Q} is an arbitrary basis of Pp, and the values λk(x)
are the unique solution of the linear system

Q∑

k=1

N∑

i=1

wi(x)πk(xi)πl(xi)λk(x) = πl(x), l = 1, . . . , Q. (2.12)

Proof. We follow the presentation of [109]. We fix x∗ ∈ Ω and seek π ∈ Pp of

(2.8) in the form π =
∑Q
l=1 λ̃lπl. The minimization problem (2.9) then leads

to the following system of equations: Find λ̃l, l = 1, . . . , Q, such that

N∑

i=1

wi(x∗)

(
fi −

Q∑

l=1

λ̃lπl(xi)

)
πk(xi) = 0, k = 1, . . . , Q. (2.13)

1 A set Y ⊂ R
d is Pp-unisolvent, if π ∈ Pp and π(y) = 0 for all y ∈ Y implies

π ≡ 0.
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We prove unique solvability of this linear system of equations by proving that
the symmetric matrix G ∈ RQ×Q with entries Gkl =

∑N
i=1 wi(x∗)πl(xi)πk(xi)

is symmetric positive definite: For a ∈ R
Q we compute

a>Ga =

N∑

i=1

wi(x∗)

∣∣∣∣∣

Q∑

k=1

akπk(xi)

∣∣∣∣∣

2

;

in view of the assumption wi ≥ 0, we conclude that G is positive semi-definite.
If G were not positive definite, then there existed a vector a ∈ RQ with a 6= 0
such that a>Ga = 0. Hence, for the non-trivial polynomial π̃ =

∑Q
k=1 akπk,

we would have π̃(xi) = 0 for all xi ∈ X(x∗), since xi ∈ X(x∗) implies
xi ∈ (suppwi)

◦, i.e., by wi ∈ C(Rd) we have wi(x∗) > 0. But then π̃ = 0 by
our assumption of unisolvence. We have thus arrived at a contradiction and
conclude that G is positive definite.
We now evaluate If(x∗) = π(x∗) (writing wi = wi(x∗), λk = λk(x∗))

π(x∗) =

Q∑

l=1

λ̃lπl(x∗)
(2.12)
=

∑

i,k,l

λ̃lλkwiπk(xi)πl(xi)
(2.13)
=

∑

i,k

fiλkπk(xi),

which leads to the desired representation formula (2.11). ut

Exercise 2.14. Show: For p = 0 the functions ϕi are given by

ϕi(x) =
wi(x)∑N
j=1 wj(x)

=
wi(x)∑

j∈n(i) wj(x)
. (2.14)

These functions are called Shephard functions, [97].

An important observation is that the functions ϕi constructed by the MLS
procedure reproduce polynomials, i.e., they satisfy Assumption 2.2:

Exercise 2.15. Show that the functions ϕi satisfy Assumption 2.2, i.e.,

N∑

i=1

π(xi)ϕi(x) = π(x) ∀x ∈ Ω ∀π ∈ Pp. (2.15)

Remark 2.16. The representation formula (2.11) shows that the functions
ϕi can be evaluated at a point x ∈ Ω by solving a Q × Q system of linear
equations. Likewise, by differentiating the linear system (2.12), it is clear that
also the values of derivatives of the functions x 7→ λk(x) can be obtained as
solutions of linear systems; therefore, derivatives of the functions ϕi can be
determined. The question of bounds of the derivatives of the functions ϕi will
be discussed in more detail in Theorem 2.20.
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The weight functions wi have to be chosen by the user. A popular form is

wi(x) = w

(
x− xi
ρi

)
, (2.16)

where the window function w is of one of the following types:

1. w is radial, i.e., w(z) = w̃(‖z‖) for some w̃ : R
+
0 → R

+
0 ;

2. w has tensor product form, i.e., w(z) =
∏d
j=1 w̃j(zj).

We note that if the window function w is compactly supported, then the
parameter ρi in (2.16) is a measure for the support size and ρi ∼ hi =
diam Ωi. In this situation, the univariate functions w̃ or w̃j are often taken
to be compactly supported splines, e.g., the symmetric part of the classical
piecewise cubic C2 B-spline given by

w(r) =





4 − 6r2 + 3r3 for 0 ≤ r ≤ 1,
(2 − r)3 for 1 < r ≤ 2,
0 for r > 2.

Remark 2.17. If the window function is a radial function and has compact
support, then the norm ‖ · ‖ on Rd can be still be chosen. For example, the
patches Ωi can be balls (or, more generally, ellipsoids) if ‖ · ‖ is taken as the
Euclidean norm; the patches Ωi can be cubes if ‖ · ‖l∞ is chosen.

Regularity of the shape functions Our analysis of the differentiability
properties of the functions ϕi in Theorem 2.20 below will be based on the
assumption that the weight functions wi are determined by a window function
w via (2.16). This window function w will be required to satisfy

Assumption 2.18. The window function w ∈ Ck(Rd) satisfies w(x) ≥ 0 for
all x ∈ R

d, and (suppw)◦ = B1(0).

Remark 2.19. We take B1(0) as the unit ball with respect to the Euclidean
norm. This is not essential, however, and results analogous to Theorem 2.20
below hold if we replace the Euclidean norm with another norm on Rd.

The formula (2.14) for the special case p = 0 suggests that ϕi ∈ Ck if
the weights wi are determined by a window function w satisfying Assump-
tions 2.18. Roughly speaking, if for every x ∈ Ω the number of particles in
the vicinity of x, i.e., cardn(x), is sufficiently large, then the shape functions
ϕi are indeed as smooth as the window function. In order to prove this result
in Theorem 2.20 below, we introduce the fill distance function h by

h(x) := dist(x,XN ) (2.17)

and can now formulate:
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Theorem 2.20. Let Ω satisfy a cone condition with angle θ and radius r.
Let α ∈ (0, 1), XN = {xi | i = 1, . . . , N} ⊂ Rd and {ρi |, i = 1, . . . , N} ⊂ R+.
Set

ρ̂i := min{ρi, r}, i = 1, . . . , N,

and assume the covering condition

Ω ⊂ ∪Ni=1Bαρ̂i(xi). (2.18)

Let w satisfy Assumption 2.18, define the weight functions wi(x) := w(x−xi

ρi
)

with corresponding patches Ωi = (suppwi)
◦ = Bρi(xi). Suppose that Assump-

tion 2.4 is valid. Let p ∈ N0.
Then there exist δ > 0 and C > 0 (depending only on θ, r, α, p, k, Ccomp)
such that if

sup
x∈Bρ̂i

(xi)∩Ω

h(x) ≤ δρ̂i ∀xi ∈ XN , (2.19)

then the functions ϕi of (2.11) satisfy ϕi ∈ Ck(Rk), suppϕi ⊂ Bρi(xi), and

‖Dαϕi‖L∞(Ω) ≤ Cρ
−|α|
i ∀α ∈ N

d
0, |α| ≤ k. (2.20)

Before proving Theorem 2.20 it is instructive to check that the assumptions
of Theorem 2.20 can be satisfied in simple circumstances.

Example 2.21. The assumption (2.19) is often formulated in a simpler, global
way. If we define the fill distance h := supx∈Ω h(x) and use constant ρi = ρ
for all i ∈ {1, . . . , N}, then (2.19) merely requires that h be sufficiently small
compared to ρ, the size of the supports of the patches Ωi.

We have seen Exercises 2.10, 2.11 two examples of highly non-uniform par-
ticle distributions and greatly varying patches sizes that are suitable for the
approximation of singularity functions. The following two exercises show that
the assumptions of Theorem 2.20 can be fulfilled in such circumstances as
well.

Exercise 2.22. In Exercise 2.10 we constructed particles and patch sizes that
were appropriate for the approximation of the singular function x 7→ xα. We
assumed, however, that the shape functions ϕi satisfied Assumptions 2.2 and
2.3. Show that by choosing ρ in Exercise 2.10 sufficiently large, the hypotheses
of Theorem 2.20 are satisfied. Conclude that the shape functions obtained by
the MLS technique yield the optimal approximation result of Exercise 2.10.
Hint: Show that the fill distance function h satisfies

h(x) ≤ C
[
hx1−1/β + hβ

]

for a constant C > 0 independent of ρ and N .
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Exercise 2.23. Assume the hypotheses of Exercise 2.11. Show: If ρ is chosen
sufficiently large, then the hypotheses of Theorem 2.20 are satisfied.

Hint: Show that the fill distance function h satisfies h(x) ≤ C
[
h‖x‖1−1/β

2 +hβ
]

for a constant C > 0 independent of ρ and N .

Proof of Theorem 2.20. The proof is broken up into several steps.
1. step: We notice that the representation formula (2.11) is independent of
the choice of the basis of Pp. In particular, we may chose for each x∗ ∈ Ω
a different basis. We will exploit this observation as follows: First, we fix a
basis {π̃k | k = 1, . . . , Q} of Pp; then, for each fixed x∗ ∈ Ω, we define the
basis {πk | k = 1, . . . , Q} by

πk(x) := π̃k(
x− x∗
ρ∗

),

where, for some arbitrary (but fixed) i∗ ∈ n(x∗) we set

ρ∗ := ρi∗ .

(Note that the covering condition (2.18) guarantees that n(x∗) 6= ∅). Since
2ρi = hi = diam Ωi = diamBρi(xi), Assumption 2.4 guarantees that

ρ∗C
−1
comp ≤ ρj ≤ ρ∗Ccomp ∀j ∈ n(x∗). (2.21)

We next define the matrix G(x∗) ∈ RQ×Q with entries

Gkl(x∗) :=
N∑

i=1

wi(x∗)πk(xi)πl(xi) =
∑

i∈n(x∗)

w(
x∗ − xi
ρi

)π̃k(
x∗ − xi
ρ∗

)π̃l(
x∗ − xi
ρ∗

).

By Theorem 2.13 the function value ϕi(x∗) is given by

ϕi(x∗) = wi(x∗)

Q∑

k=1

λk(x∗)πk(xi), (2.22)

where the vector λ(x∗) = (λ1(x∗), . . . , λQ(x∗))
> ∈ R

Q is the solution of the
linear system

G(x∗)λ(x∗) =



π̃1(0)

...
π̃Q(0)


 . (2.23)

In order to get bounds on the derivatives of ϕi, we need to get bounds on
the derivatives of the function λ. In this direction, we first notice that the
product rule together with (2.21) gives

|DαG(x∗)| ≤ Cαρ∗
−|α| ∀α ∈ N

d
0, |α| ≤ k, (2.24)
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where the constant Cα depends only on α, the function w, and the choice of
basis {π̃l | l = 1, . . . , Q}. The analogous bound

|DαG−1(x∗)| ≤ Cαρ∗
−|α| ∀α ∈ N

d
0, |α| ≤ k, (2.25)

holds by Cramer’s rule, provided that we can show the existence of C > 0
such that

inf
x∗∈Ω

| detG(x∗)| ≥ C > 0. (2.26)

From (2.25) follows a bound similar to (2.25) for the derivatives of the solution
λl, l = 1, . . . , Q of (2.23); the product rule applied to (2.22) together with
(2.21) then gives the desired bound (2.20) for the shape functions ϕi. We are
thus left with establishing (2.26).
2. step: To see (2.26) we prove a lower bound on the smallest eigenvalue of
the symmetric matrix G(x∗). To that end, let a ∈ RQ be arbitrary but fixed.
We define the polynomial

π :=

Q∑

k=1

akπk

and observe

a>G(x∗)a =
∑

i,k,l

wi(x∗)akalπk(xi)πl(xi) =
N∑

i=1

wi(x∗)|π(xi)|2. (2.27)

We wish to exploit that Assumption 2.18 gives us the existence of Cmin > 0
such that

min{w(x) |x ∈ Bα(0)} = Cmin > 0. (2.28)

To do so, we define η < 1/2 by

η :=
1

2

α

Ccomp
≤ 1

2
α <

1

2
, (2.29)

where we used Ccomp ≥ 1. Next, we choose δ appearing in (2.19) according
to the definition (2.33) below; in particular, therefore, δ < η so that there
exists an index i ∈ N such that x∗ ∈ Bηρ̂i(xi). We fix this index and define

ñ(x∗) := {j ∈ N |xj ∈ XN ∩ Bηρ̂i(x∗)}. (2.30)

Our goal in this 2. step is to show

a>G(x∗)a ≥
∑

j∈en(x∗)

wj(x∗)|π(xj )|2 ≥ Cmin
∑

j∈en(x∗)

|π(xj )|2. (2.31)

The first bound in (2.31) is obvious since wj ≥ 0 for all j. To see the second
estimate, in view of (2.28), it suffices to see ‖xj − x∗‖2 < αρ̂j for j ∈ ñ(x∗).
Let therefore j ∈ ñ(x∗). Then

‖xj − xi‖2 ≤ ‖xj − x∗‖2 + ‖xi − x∗‖2 < 2ηρ̂i ≤ ρ̂i,
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where in the last step, we used η ≤ 1/2. Hence, xj ∈ Bρi(xi), and thus
j ∈ n(i). We conclude with Assumption 2.4

ρ̂i ≤ Ccompρ̂j ∀j ∈ ñ(x∗).

Together with the definition of η in (2.29), we arrive at the desired bound
‖xj − x∗‖2 < ηρ̂i ≤ ηCcompρ̂j ≤ 1

2αρ̂j ≤ αρ̂j .
3. step: To get further, we apply Lemma 2.24. Our choice of δ above is
precisely the choice of Lemma 2.24 so that we can find C > 0 depending only
on Ω, η, and p such that

‖π‖L∞(Bρ̂i
(x∗)) ≤ C max{|π(xj)| | j ∈ ñ(x∗)}.

Thus, we get from (2.31)

a>G(x∗)a ≥ C‖π‖2
L∞(Bρ̂i

(x∗)).

In view of (2.21), we get from Bernstein’s estimate Lemma B.4 the existence
of C > 0 (depending only on p, Ccomp and the parameter r of the cone
condition) such that ‖π‖L∞(Bρ∗

(x∗)) ≤ C‖π‖L∞(Bρ̂i
(x∗)). Thus, we get

a>G(x∗)a ≥ C‖π‖2
L∞(Bρ∗

(x∗)). (2.32)

To control the smallest eigenvalue of G(x∗), we are therefore left with esti-

mating
∑Q

k=1 |ak |2 by ‖π‖2
L∞(Bρ∗

(x∗)). We achieve this by a scaling argument:

We define the function π(x) := π((x − x∗)/ρ∗) on B1(0) and note

π(x) =

Q∑

k=1

akπ̃k(x).

We observe ‖π‖L∞(B1(0)) = ‖π‖L∞(Bρ∗
(x∗)). By the equivalence of norms on

finite dimensional space, we then get the existence of C > 0 (depending solely
on p and the choice of the basis {π̃k | k = 1, . . . , Q}) such that

C−1

Q∑

k=1

|ak|2 ≤ ‖π‖2
L∞(B1(0))

≤ C

Q∑

k=1

|ak|2.

This establishes the desired lower bound on the eigenvalues of G(x∗). Finally,
we note that this bound holds in fact uniformly in x∗ ∈ Ω, thus completing
the proof of (2.26). ut
The following lemma allows us to bound the L∞-norm of a polynomial in
terms of values in discrete points:

Lemma 2.24. Let XN = {xi | i = 1, . . . , N} ⊂ Rd and {ρi | i = 1, . . . , N} ⊂
R

+. Let Ω ⊂ R
d satisfy an interior cone condition with angle θ and radius

r > 0. Define
ρ̂i := min{ρi, r}, i = 1, . . . , N.
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Fig. 2.2. Notation for Lemma 2.24. Left: Ball eB. Right: Location of x̂, x∗, xj .

Let η ∈ (0, 1] and p ∈ N0. Set

δ := η
sin θ

1 + sin θ
min

{
1

3
,

1

36p2

}
. (2.33)

Then the following holds: If Ω ⊂ ∪Ni=1Bρ̂i(xi) and if for all i ∈ {1, . . . , N}

sup
y∈Bρ̂i

(xi)∩Ω

h(y) ≤ δρ̂i, (2.34)

then for each x ∈ Ω and any xi ∈ XN ∩Bρ̂i(x) and all π ∈ Pp
‖π‖L∞(Bρ̂i

(x)) ≤ ‖π‖L∞(B2ρ̂i
(xi))

≤ 2

(
4(1 + sin θ)

η sin θ

)p
max{|π(xj)| |xj ∈ XN ∩ Bηρ̂i(x)}.

Proof. The proof follows the arguments of [109] and proceeds in several steps.
We fix x ∈ Ω ∩ Bρ̂i(xi) and π ∈ Pp. We also define

z := η
sin θ

1 + sin θ

and note that δ, z are chosen such that

3δ ≤ z.

1. step: By the cone condition, there exists a cone C1 = C(x, ξ, θ, ηρ̂i) ⊂ Ω.
Elementary geometric considerations (see Fig. 2.2) then show the existence

of a ball B̃ = Bzρ̂i(x̂), where x̂ = x+ η
1+sin θ ξ with the following properties:

B̃ ⊂ C1 ⊂ Ω ∩ Bηρ̂i(x) ∩ B2ρ̂i(xi). (2.35)
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2. step: From Lemma B.4, we get

‖π‖L∞(B2ρ̂i
(xi)) ≤

(
4

z

)p
‖π‖L∞( eB). (2.36)

It therefore suffices to bound ‖π‖L∞( eB) in terms of the values of π in the

discrete set XN ∩Bηρ̂i (x). Towards this goal, we construct in this 2. step an
xj ∈ XN ∩Bηρ̂i(x) that will be seen in the 4. step to have the property that

|π(xj)| is comparable to ‖π‖L∞( eB). Choose x∗ ∈ B̃ such that

‖π‖L∞( eB) = |π(x∗)|.

We claim the existence of xj ∈ XN ∩ B̃ ∩ B3δρ̂i(x∗). To see this, we recall

that x̂ is the center of B̃ and define the auxiliary point

x∗ :=

{
x∗ + 2δρ̂i

1
‖x̂−x∗‖2

(x̂ − x∗) if x∗ 6= x̂,

x∗ if x∗ = x̂.

Since 3δ ≤ z, elementary considerations show ‖x∗ − x̂‖2 < (z − δ)ρ̂i; hence

Bδρ̂i(x∗) ⊂ B̃. The assumption (2.34) then implies the existence of an xj ∈
XN ∩ Bδρ̂i (x∗) ⊂ XN ∩ B̃. By the triangle inequality we furthermore get

xj ∈ B3δρ̂i(x∗).
3. step: Let xj be the point constructed in the 2. step and set

ζ :=
1

‖xj − x∗‖2
(xj − x∗) if xj 6= x∗.

If xj = x∗, then choose an arbitrary ζ ∈ Rd with ‖ζ‖2 = 1. We claim:

{x∗ + tζ | t ∈ [0, 1
3zρ̂i]} ⊂ B̃.

To see this, we first note that the case x∗ = x̂ is trivial. We therefore assume
that x∗ 6= x̂. From the 2. step we recall

‖x∗ − xj‖2 ≤ δρ̂i, ‖x∗ − x∗‖2 = 2δρ̂i, (2.37)

so that we can conclude
‖xj − x∗‖2 ≥ δρ̂i. (2.38)

In order to see that x∗ + tζ ∈ B̃ for t ∈ [0, 1
3zρ̂i] we write

xj = x∗ + (xj − x∗) = x∗ +
2δρ̂i

‖x̂− x∗‖2
(x̂ − x∗) + (xj − x∗).

and compute

‖x∗ + tζ − x̂‖2 ≤
∣∣∣∣‖x∗ − x̂‖2 −

2δρ̂i
‖xj − x∗‖2

t

∣∣∣∣+
‖xj − x∗‖2

‖xj − x∗‖2
t.
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Requiring ∣∣∣∣‖x∗ − x̂‖2 −
2δρ̂i

‖xj − x∗‖2
t

∣∣∣∣+
‖xj − x∗‖2

‖xj − x∗‖2
t ≤ zρ̂i

is equivalent to the following two inequalities:

‖x∗ − x̂‖2 − zρ̂i ≤
2δρ̂i − ‖xj − x∗‖2

‖xj − x∗‖2
t and

t ≤ (‖x∗ − x̂‖2 + zρ̂i)
‖xj − x∗‖2

2δρ̂i + ‖xj − x∗‖2
,

which are indeed both satisfied for t ∈ [0, 1
3zρ̂i] in view of ‖x∗ − x̂‖2 ≤ zρ̂i

and (2.37), (2.38).
4. step: We now turn to estimating |π(x∗)| in terms of |π(xj)|. To that end,
we define with the vector ζ of the fourth step the polynomial

p(t) := π(x∗ + tζ), t ∈ [0, 1
3zρ̂i],

and note that xj = x∗+τζ for some τ with 0 ≤ τ ≤ 3δρ̂i since xj ∈ B3δρ̂i (x∗).
Additionally, we have (for p ≥ 1) in view of the definition of δ that τ ≤ 1

3z.
Using Markov’s inequality (see, e.g., [33, Chap. 4, Thm. 1.4]), we can bound

|π(x∗) − π(xj)| = |p(‖x∗ − xj‖2) − p(0)| =

∣∣∣∣
∫ τ

0

p′(t) dt

∣∣∣∣

≤ τ‖p′‖
L∞(0,

1
3 zρ̂i)

≤ 2τp2

1
3zρ̂i

‖p‖
L∞(0,

1
3 zρ̂i)

≤ 18δ

z
p2‖π‖L∞( eB).

Recalling now that |π(x∗)| = ‖π‖L∞( eB), we get

‖π‖L∞( eB) ≤
1

1 − 18p2δ/z
|π(xj)|.

This estimate is also trivially true for p = 0. We therefore conclude, since
xj ∈ XN ∩ B̃ ⊂ XN ∩ Bηρ̂i(x)

‖π‖L∞(B2ρ̂i
(xi)) ≤

(
4

z

)p
1

1− 18p2δ/z
max{xj |xj ∈ XN ∩ Bηρ̂i(x)}.

Using δ ≤ 1
36p2 z and the definition of z, we arrive at the desired bound. ut

Exercise 2.25. Assumption 2.18 requires the function w to be k-times con-
tinuously differentiable. Consider what assumptions (e.g., on the definition
of n(x)) need to be changed if w is in Ck−1,1.
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2.4 Bibliographical Remarks

The construction of the QN in the proof of Theorem 2.6 that is based on
point evaluations of locally approximating polynomials is just one possible
technique; variations of such constructions can be found in [6,1]. The proof
of the stability result Theorem 2.20 follows in essence [109]. Variants can be
found, for example, in [55,41,1].
The moving least squares technique originates from scattered data approxi-
mation. Early references include [97,45]. It is, however, just one way of gen-
erating shape functions that reproduce polynomials. Alternatives include the
reproducing kernel particle methods (RKPM), [72–75,70].
One reason for introducing meshless methods is to alleviate the costly mesh-
ing. Completely regular meshes on the other hand are very simple to gener-
ate and have many advantages. With this in mind, the web-splines (weighted
extended B-splines) were introduced in [57]. The computational domain is
covered with a regular mesh on which standard splines can be defined easily.
Appropriate adjustments near the boundary are made to be able to handle
essential boundary conditions.

3 Approximation properties of radial basis functions

A second class of shape functions that can be motivated from scattered data
interpolation are radial basis functions (RBFs). In scattered data interpola-
tion the basic problem is as follows: given a norm ‖ · ‖ on Rd, a function
Φ : R

+
0 → R, distinct points XN = {xi | i = 1, . . . , N} ⊂ Rd and function

values fi, i = 1, . . . , N , the goal is to find If of the form

If =
∑N
j=1 ujΦ(‖ · −xj‖) s.t. If(xi) = fi i = 1, . . . , N. (3.1)

The problem (3.1) represents a linear system of equations. Clearly, existence
and uniqueness of If depends on the function Φ. An important class for
which this can be established is that of positive definite functions Φ:

Definition 3.1. A continuous function Φ : R
+
0 → R is positive definite, if for

any set X = {x1, . . . , xM} of M distinct points the Gram matrix G ∈ RM×M

with entries Gij = Φ(‖xi − xj‖) is symmetric positive definite.

Proposition 3.2. If Φ is positive definite, then the interpolation problem
(3.1) is uniquely solvable.

Proof. Exercise. ut

Example 3.3. Classically, the norm ‖ · ‖ on R
d is taken to be the Euclidean

norm ‖ · ‖2. Popular examples of radial basis functions Φ are the Gaussians

(Φ(r) = e−r
2

), Hardy’s multiquadrics Φ(r) =
√

1 + r2, and the inverse mul-
tiquadrics Φ(r) = (1 + r2)−1/2. It is also a widely used practice to employ
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scaled versions, that is, to use the function Φ̃(r) = Φ(r/h) with a suitable
scaling parameter h > 0. These RBFs can be used for scattered data interpo-
lation in any dimension. Another class is obtained by taking the fundamental
solution of the iterated Laplacian ∆m. For 2m ≥ d, these RBFs are given by
Φ(r) = r2m−d ln r if d is even and Φ(r) = r2m−d if d is odd. The function
Φ in the special case m = d = 2 is called the thin-plate spline since in the
Kirchhoff plate model, which is a biharmonic equation, the deflection of an
infinite plate under a point load coincides with Φ (up to scaling).

The functions of Example 3.3 do not have bounded support. As was shown
in [106,107] it is possible to construct RBFs that have compact support:

Example 3.4. A class of RBFs Φd′,k, k ∈ N0 for applications in spatial dimen-
sion d ≤ d′ are the compactly supported RBFs of H. Wendland, [106,107]. A
few examples of this class are:

function smoothness for problems in Rd

Φ1,0(r) = (1 − r)+ C0 d = 1
Φ1,1(r) = (1 − r)3+(3r + 1) C2 d = 1
Φ1,2(r) = (1 − r)5+(8r2 + 5r + 1) C4 d = 1
Φ3,0(r) = (1 − r)2+ C0 d ≤ 3
Φ3,1(r) = (1 − r)4+(4r + 1) C2 d ≤ 3
Φ3,2(r) = (1 − r)6+(35r2 + 18r + 3) C4 d ≤ 3

With the exception of Φ1,0, Φ3,0, the functions Φk,d′ satisfy Assumption 3.5
below (see [107] and Exercise 3.6) and hence are positive definite. As in Exam-
ple 3.3 scaled version Φk,d(r/ρ) for a scaling parameter ρ > 0 are frequently
employed as well.

3.1 Analysis of a class of RBFs

We consider the following class of RBF functions x 7→ Φ(‖x‖2):

Assumption 3.5. The Fourier transform2 ψ of the function x 7→ Φ(‖x‖2)
satisfies for some τ > d/2 and C > 0

C−1(1 + ‖ξ‖2
2)

−τ ≤ ψ(ξ) ≤ C(1 + ‖ξ‖2
2)

−τ ∀ξ ∈ R
d.

The set of RBFs that satisfy Assumption 3.5 is not empty:

Exercise 3.6. Check that the compactly supported RBF Φ1,1 of Example 3.4
for d = 1 satisfies Assumption 3.5 with τ = 2.

2 f̂(ξ) = 1
(2π)d

R
Rd f(x)e−ix·ξ dx denotes the Fourier transform f̂ of a function f .

The inversion formula takes the form f(x) =
R

Rd f̂(ξ)eix·ξ dξ.
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The strict positivity of ψ stipulated in Assumption 3.5 allows us to define an
inner product 〈·, 〉Φ and the corresponding Hilbert space HΦ, which is called
the “native space”:

〈f, g〉Φ :=

∫

Rd

1

ψ
f̂(ξ)ĝ(ξ) dξ, HΦ := {f | ‖f‖2

Φ := 〈f, f〉Φ <∞}. (3.2)

We have

Proposition 3.7. Let Φ satisfy Assumption 3.5. Then

1. HΦ ⊂ C(Rd).
2. HΦ = Hτ (Rd) with equivalent norms.
3. Φ ∈ HΦ.
4. Φ is positive definite.

Proof. The second assertion is just one of several equivalent definitions of the
Sobolev spaces Hτ (Rd). The other assertions are left as an exercise. ut

Theorem 3.8. Let Assumption 3.5 be valid. Then for distinct points XN =
{xi | i = 1, . . . , N} and f ∈ HΦ the scattered interpolation problem:

Find If ∈ VN := span{Φ(‖ · −xi‖2) | i = 1, . . . , N}
such that If(xi) = f(xi) i = 1, . . . , N,

has a unique solution, which satisfies

〈f − If, v〉Φ = 0 ∀v ∈ VN (3.3)

and
‖f − If‖Φ = min

v∈VN

‖f − v‖Φ. (3.4)

Proof. Existence and unique follows from the fact that x 7→ Φ(‖x‖2) is posi-
tive definite. The orthogonality relation can be seen as follows: The function
vk = Φ(‖ · −xk‖2) satisfies vk ∈ VN and v̂k(ξ) = ψ(ξ)eixkξ. Next,

〈f − If, vk〉Φ =

∫

Rd

1

ψ

(
f̂ − Îf

)
ψeixkξ dξ = f(xk) − If(xk) = 0,

where the last step follows from the interpolation property. Hence, (3.3) is
true. This orthogonality relation implies the best approximation result (3.4)
in the ‖ · ‖Φ-norm in the standard way (see, e.g., the proof of Céa’s Lemma
in [23, Thm. 2.8.1]). ut

Corollary 3.9 (stability of scattered data interpolation). Let Ω ⊂ Rd

be a Lipschitz domain (or Ω = Rd). Let XN = {xi | i = 1, . . . , N} ⊂ Ω and
suppose Assumption 3.5. Then for all f ∈ Hτ (Ω)

‖f − If‖Hτ (Ω) ≤ C‖f‖Hτ (Ω).
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Proof. We will only treat the case of Ω being a Lipschitz domain. Let E :
Hτ (Ω) → Hτ (Rd) be the universal extension operator of Theorem A.1. Since
XN ⊂ Ω, we have Ef(xi) = f(xi), i = 1, . . . , N . By Proposition 3.7, the
interpolant If exists and is unique. Since Hτ (Rd) = HΦ, we have Ef ∈ HΦ.
By Proposition 3.7 and Theorem 3.8 we arrive at

‖Ef − If‖2
Hτ (Rd) ≤ C〈Ef − If, Ef − If〉Φ = C〈Ef − If, Ef〉Φ

≤ C‖Ef − If‖Φ‖Ef‖Φ ≤ C‖Ef − If‖Hτ (Rd)‖Ef‖Hτ (Rd)

≤ C‖Ef − If‖Hτ (Rd)‖f‖Hτ (Ω).

We conclude ‖Ef−If‖Hτ (Rd) ≤ C‖f‖Hτ (Ω). Since Ef = f on Ω and trivially
‖Ef − If‖Hτ (Ω) ≤ C‖Ef − If‖Hτ (Rd), the proof is complete. ut
This stability result is the key to approximation results for the scattered data
interpolant If :

Corollary 3.10. Let Assumption 3.5 be satisfied and let Ω ⊂ Rd be a Lip-
schitz domain. Define the fill distance

h := sup
x∈Ω

min
i=1,...,N

‖x− xi‖2. (3.5)

Then there exists C > 0 such that for f ∈ Hτ (Ω) there holds

‖f − If‖Hs(Ω) ≤ Chτ−s‖f‖Hτ (Ω), 0 ≤ s ≤ τ.

Proof. We proceed in two steps.
1. step: By Theorem 3.8, the linear operator Id−I : Hτ (Ω) → VN ⊂ Hτ (Ω)
satisfies ‖ Id−I‖Hτ (Ω)→Hτ (Ω) ≤ C. If we can show the claim for s = 0, i.e.,
‖ Id−I‖Hτ (Ω)→L2(Ω) ≤ Chτ , then the desired bound ‖ Id−I‖Hτ (Ω)→Hs(Ω) ≤
Chτ−s for any s ∈ [0, τ ] follows by interpolation. We are thus left with show-
ing the special case s = 0.
2.step: Choose p ∈ N0 such that τ ≤ p. By Lemma 2.24 there exist C, Ĉ > 0
depending only on Ω such that for ρ = Ch we have for all balls Bρ(x), x ∈ Ω:

‖π‖L∞(Bρ(x)) ≤ Ĉ max
xi∈Bρ(x)

|π(xi)| ∀π ∈ Pp. (3.6)

We cover Ω ⊂ ⋃
x∈ΩBρ(x). By the Besicovitch covering theorem, Theo-

rem A.4, we can extract from the cover B = {Bρ(x) |x ∈ Ω} a subcover
Bj , i = j, . . . ,M , with the following properties: Ω ⊂ ∪Mj=1 ∪B∈Bj

B and each
collection Bj consists of countably many disjoint balls.
We set z := f−If and assume for notational convenience, as we may using the
extension operator of Theorem A.1, that z is defined on Rd with ‖z‖Hτ (Rd) ≤
C‖z‖Hτ (Ω). For each ball B of ∪Mj=1Bj we select Q ∈ Pp as given by the
polynomial approximation result Theorem B.1. We can then bound with the
triangle inequality and the polynomial inverse estimate of Theorem B.3

‖z‖L2(B) ≤ ‖z −Q‖L2(B) + ‖Q‖L2(B) ≤ C
{
ρτ‖z‖Hτ (B) + ρd/2‖Q‖L∞(B)

}
.
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Our choice of the balls B in B guarantees (3.6). Hence, we can estimate

‖Q‖L∞(B) ≤ Ĉmax{|Q(xi)| |xi ∈ B} = C sup{|Q(xi)| |xi ∈ B}.

Since z vanishes in the interpolation points xi, we get

‖Q‖L∞(B) ≤ Ĉ sup{|Q(xi) − z(zi)| |xi ∈ B}
≤ Ĉ‖z −Q‖L∞(B) ≤ Cρτ−d/2‖z‖Hτ (B),

where we used again the approximation properties in L∞ ascertained in
Theorem B.1. Using the fact that Ω ⊂ ∪Mj=1 ∪B∈Bj

B and that for each

j ∈ {1, . . . ,M} the balls of the collection Bj are pairwise disjoint, we get

‖z‖2
L2(Ω) ≤

M∑

j=1

∑

B∈Bj

‖z‖2
L2(B) ≤ Cρ2τ

M∑

j=1

∑

B∈Bj

‖z‖2
Hτ (B) ≤ Cρ2τ

M∑

j=1

‖z‖2
Hτ (Ω).

This concludes the proof in view of the stability result Corollary 3.9. ut

It is of interest to consider functions f ∈ Hk(Ω) with k < τ . Since in this case
the function f may not be continuous, we cannot define the scattered data
interpolant; nevertheless, the space VN = span{Φ(‖ · −xi‖2) | i = 1, . . . , N}
can still have good approximation properties. Indeed, we have the following:

Proposition 3.11. Let Ω ⊂ R
d be a Lipschitz domain. Assume that Φ sat-

isfies Assumption 3.5. Let XN be a particle distribution with fill distance h
given by (3.5). Set VN := span{Φ(‖ · −xi‖2) |xi ∈ XN}. Then for 0 ≤ k ≤ τ
and real numbers 0 ≤ s1 ≤ · · · ≤ sm = k, we have for some C > 0 indepen-
dent of h and f :

inf
v∈VN

m∑

j=1

hsj‖f − v‖Hsj (Ω) ≤ Chk‖f‖Hk(Ω).

Proof. We will prove the following, weaker statement:

inf
v∈VN

‖f − v‖Hs(Ω) ≤ Chk−s‖f‖Hk(Ω), 0 ≤ s ≤ k. (3.7)

The statement of the proposition then follows from (3.7) and a result on
simultaneous approximation in Sobolev space, [22]. To see (3.7), fix s and let
Π : Hs(Ω) → VN be theHs(Ω)-orthogonal projection. Then by Corollary 3.10

‖ Id−Π‖Hs(Ω)→Hs(Ω) = 1, ‖ Id−Π‖Hτ (Ω)→Hs(Ω) ≤ Chτ−s.

Since the space Hk(Ω) can be obtained by interpolation between Hs(Ω) and
Hτ (Ω) we arrive at the desired bound.
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3.2 Bibliographical Remarks

The presentation here follows [86]. The presentation is restricted to posi-
tive definite RBFs for simplicity. A very important, more general class of
functions is that of conditionally positive RBFs: For given p ∈ N0, norm
‖ · ‖ on Rd, a function Φ(‖ · ‖) is called conditionally positive definite if for
any set XM = {x1, . . . , xM} of distinct points, the matrix G ∈ RM×M de-
fined by Gij = Φ(‖xi − xj‖) is positive definite on the set subspace {a ∈
RM | ∑M

k=1 akπ(xk) = 0 ∀π ∈ Pp}. The interpolation problem (3.1) is then

replaced with the problem of finding If of the form
∑N
j=1 ujΦ(‖ · −xj‖) + π

for a π ∈ Pp such that If(xi) = fi for i = 1, . . . , N . For a detailed survey of
RBF functions we refer to [25,26,61,110].

The approximation theory for RBFs can be traced back to the work of
Duchon, [35,36], where in particular the RBFs Φ that are fundamental solu-
tions of the iterated Laplacian are analyzed.

The approximation result Proposition 3.11 is just one example of a setting
where the function f to be approximated is not in the native space HΦ. We
refer to [24] and the reference there for a more detailed discussion.

It should be noted that even for the compactly supported radial basis func-
tions of Example 3.4 the Gram matrix G of the interpolation problem or
the stiffness matrix, if they are used as shape functions in Galerkin meth-
ods, is not sparse. Multiresolution analysis ideas have been proposed and
employed in the context of radial basis functions. For example, if for each
level l ∈ {0, . . . , L} a collection of points xi,l, i = 1, . . . , Nl, is given or con-
structed, one can approximate from the space span{Φ(‖(· − xi,l)/hl‖2) | i =
1, . . . , Nl, l = 0, . . . , L}, where the scaling parameters hl are additional, suit-
ably chosen parameters. We refer [61] and the references there for more de-
tails.

4 Partition of Unity Method and Generalized FEM

The approximation properties of the spaces discussed in Sections 2, 3 ulti-
mately rely on the local approximation properties of polynomials. The Par-
tition of Unity Method/generalized FEM [7,78,79,82,9,101–103] is a gener-
alization of the classical FEM and the above approaches in that it allows
the creation of special approximation spaces that are tailored to a particular
problem. As we will see in Theorem 4.1, one can construct, starting from
local approximation spaces Vi, a global approximation space V by means of
a partition of unity, where the global space V inherits the approximation
properties from the local spaces Vi. As we will illustrate in Section 5, the
approximation properties of the local spaces Vi need not rely on those of
polynomials.
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4.1 Approximation Theory

Theorem 4.1. Let Ω ⊂ Rd be a Lipschitz domain and let {ψi | i = 1, . . . , N}
be a collection of W 1,∞(Ω) functions. Set Ωi := (suppψi)

◦ ⊂ Ω, hi :=
diam Ωi, and assume

‖ψi‖L∞(Ω) ≤ C∞, ‖∇ψi‖L∞(Ω) ≤
CG
hi

i = 1, . . . , N,

N∑

i=1

ψi ≡ 1 on Ω, sup
x∈Ω

card{i ∈ N |x ∈ Ωi} ≤M.

Assume that each Ωi, i = 1, . . . , N , is a Lipschitz domain as well.
For each i ∈ {1, . . . , N} let Vi ⊂ H1(Ωi) be given and set

V :=

N∑

i=1

ψiVi =

{
N∑

i=1

ψivi | vi ∈ Vi

}
. (4.1)

Then V ⊂ H1(Ω).
Assume that for a given u ∈ H1(Ω) the spaces Vi have a local approximation
property, i.e., there exist vi ∈ Vi such that

‖u− vi‖L2(Ωi) =: ε1(i), ‖∇(u− vi)‖L2(Ωi) =: ε2(i). (4.2)

Then the approximant v :=
∑N

i=1 ψivi ∈ V satisfies

‖u− v‖2
L2(Ω) ≤ MC2

∞

N∑

i=1

|ε1(i)|2, (4.3)

‖∇(u− v)‖2
L2(Ω) ≤ 2M

N∑

i=1

[(
CG
hi

)2

|ε1(i)|2 + C2
∞|ε2(i)|2

]
. (4.4)

Proof. The assumption that the patches Ωi be Lipschitz domain is required
to ensure that V ⊂ H1(Ω) as we now show: By the extension result Theo-
rem A.1, there exist extension operators Ei : H1(Ωi) → H1(Rd). For each
i ∈ {1, . . . , N} we choose vi ∈ Vi. We then check that ψi(Eivi) ∈ H1(Ω) as
the product of a Lipschitz continuous function and anH1(Ω)-function. Hence,∑N

i=1 ψiEivi ∈ H1(Ω). By the support properties of the functions ψi we get∑N
i=1 ψivi =

∑N
i=1 ψiEivi. In this way, we see that V =

∑N
i=1 ψiVi ⊂ H1(Ω).

We will now prove (4.4) and leave (4.3) as an exercise. Using
∑N

i=1 ψi ≡ 1 on
Ω we can write with the product rule

∇(u−
N∑

i=1

ψivi) = ∇
N∑

i=1

ψi(u− vi) =

N∑

i=1

(u− vi)∇ψi + ψi∇(u− vi).
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This allows us to bound the error e := u−∑N
i=1 ψivi by

∫

Ω

|e|2 dx ≤ 2

∫

Ω

∣∣∣∣∣
N∑

i=1

(u− vi)∇ψi
∣∣∣∣∣

2

+

∣∣∣∣∣
N∑

i=1

ψi∇(u− vi)

∣∣∣∣∣

2

dx. (4.5)

The assumption supx∈Ω card{i |x ∈ Ωi} ≤ M implies that for each fixed
x ∈ Ω each of the sums consists of at most M terms. Hence, exploiting the
bound (

∑M
j=1 |aj |)2 ≤ M

∑M
j=1 |aj |2, which is valid for any finite sequence

(aj)
M
j=1, and using the bounds on the functions ψi, ∇ψi, we arrive at

∣∣∣∣∣
N∑

i=1

(u− vi)(x)∇ψi(x)
∣∣∣∣∣

2

≤ M

N∑

i=1

|∇ψi(x)|2 |(u− vi)(x)|2

≤ MC2
G

N∑

i=1

1

h2
i

|(u− vi)(x)|2,

∣∣∣∣∣
N∑

i=1

ψi(x)∇(u − vi)(x)

∣∣∣∣∣

2

≤ M

N∑

i=1

|ψi(x)|2 |∇(u− vi)(x)|2

≤ MC2
∞

N∑

i=1

|∇(u− vi)(x)|2.

Inserting these bounds in (4.5) then gives the desired estimate. ut

Remark 4.2. Theorem 4.1 is formulated for L2-based spaces—an extension to
spaces W k,q , 1 ≤ q <∞ is possible. If the partition of unity is smoother, i.e.,
ψi ∈ W k,∞(Ω) and the local spaces Vi satisfy Vi ⊂ Hk(Ωi), then again V ⊂
Hk(Ω) and analogous approximation results in Hk can be obtained. Thus,
applications requiring subspaces ofHk(Ω) instead ofH1(Ω) as approximation
spaces can easily be constructed.

A prominent example of a partition of unity satisfying the assumptions of
Theorem 4.1 consists of the standard basis of a FEM space:

Example 4.3. Let T be a shape-regular mesh on a domain Ω ⊂ Rd. Let
{xi | i = 1, . . . , N} be the vertices of T and let {ψi | i = 1, . . . , N} be the
standard piecewise linear basis of S1,1(T ). Then {ψi | i = 1, . . . , N} is a par-
tition of unity satisfying the assumptions of Theorem 4.1.

Remark 4.4. Partitions of unity are systems of functions that reproduce poly-
nomials of degree p = 0. Hence, one can obtain a partition of unity with the
Shephard construction of Exercise 2.14 from a collection of particles XN =
{xi | i = 1, . . . , N} and corresponding weight functions wi, i = 1, . . . , N . As
discussed in Section 2.3, the regularity of the shape functions obtained in this
way is determined by the regularity of the weight functions wi.
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Of particular note in the Shephard construction is the case when each patch
Ωi contains an open subset Ω′

i such that Ω′
i ∩ Ωj = ∅ for j 6= i. Then ψi ≡ 1

on Ω′
i. Such a partition of unity is employed in the particle partition of unity

method of [96].

For practical implementations, it is important to identify a basis of the space
V . It appears natural to base it on bases Bi = {bi,j | j = 1, . . . , dimVi}, i =
1, . . . , N , and consider the set B = {ψibi,j | i = 1, . . . , N, j = 1, . . . , dimVi}.
In general B is not a basis of V as the following exercise shows:

Exercise 4.5. Let Ω = (0, 1) and 0 = x0 < x1 < · · ·xN = 1 be a partition
of Ω. let ψi, i = 0, . . . , N , be the standard piecewise linear hat function
associated with node xi. Let Vi = Pp = span{bj | j = 0, . . . , p} for each
i = 0, . . . , p. Show by a dimension argument that {ψibj | i = 0, . . . , N, j =

0, . . . , p} is not a basis of V =
∑N

i=0 ψiVi.

If the partition of unity is suitably chosen, then the set B is a basis of V :

Exercise 4.6. Let the partition of unity {ψi | i = 1, . . . , N} be such that for
each i there exists an open set Ω′

i with Ω′
i ∩ suppψj = ∅ for all j 6= i. Show:

The set B is a basis of V . This fact is exploited in the particle partition of
unity of [96].

4.2 Example: polynomial local approximation spaces

There are several ways to employ the approximation result Theorem 4.1 in
a numerical scheme. One way is to use polynomials as local approximation
spaces Vi; the partition of unity method could, for example, be obtained from
a collection of particles and the partition of unity is based on the Shepard
function of Exercise 2.14. This is approach is pursued in a series of papers
by Griebel and Schweitzer [47–51] and collected in the monograph [96]. The
approximation properties of this method are comparable to the classical FEM
as is shown in the following Exercises 4.7, 4.8.

Exercise 4.7. Let Ω ⊂ Rd be a Lipschitz domain. For each patch Ωi choose a
polynomial degree pi ∈ N0 and set Vi := Ppi . For each i ∈ {1, . . . , N} let B̃i
be a ball of diameter diam B̃i ≤ Chi such that Ωi ⊂ B̃i. Assume additionally
that the balls B̃i satisfy an overlap condition, i.e.,

sup
x∈Rd

{i |x ∈ B̃i} ≤M. (4.6)

Show: Under the hypotheses of Theorem 4.1 on the functions ψi there holds

inf
v∈VN

‖u− v‖2
H1(Ω) ≤ C

N∑

i=1

h
2(min{pi+1,k}−1)
i ‖u‖2

Hk( eBi)
.
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In particular, if pi = p for all i and if we set h := maxhi, then

inf
v∈VN

‖u− v‖2
H1(Ω) ≤ Ch2min{p,k−1}‖u‖2

Hk(Ω).

The size diam B̃i of the ball B̃i in Exercise 4.7 plays the role of the local mesh
size in the classical FEM. Graded meshes can also be simulated as illustrated
in the following exercise.

Exercise 4.8. Continue Exercise 4.7 for the approximation of singularity func-
tions of the form u(r, ϕ) = rαΘ(ϕ) as discussed in Exercise 2.11. Let Ω =
(0, 1/2)2, let XN be the particle distribution given in Exercise 2.11 with

β > p/α. Let the patches Ωi be such that xi ∈ Ωi ⊂ B̃i, where B̃i = Bρi(xi)
with ρi given in Exercise 2.11. Let Vi = Pp as in the preceding exercise. Show:
(4.6) holds, and the approximation space V satisfies

inf
v∈V

‖u− v‖H1(Ω) ≤ CN−p,

i.e., the optimal rate of convergence is achieved.

5 Examples of operator adapted approximation spaces

Theorem 4.1 allows us to construct approximation spaces V where the global
space V inherits the approximation properties of the local spaces Vi. These
spaces can be custom tailored to the approximation of a function u. We
illustrate this with a few examples.

5.1 A one-dimensional example

We consider the following one-dimensional model problem:

Lu := −(a(Mx)u′)′+b(x)u = f on Ω = (0, 1), u(0) = u(1) = 0, (5.1)

where M ∈ N and a ∈ L∞(R) is 1-periodic. Additionally, we assume elliptic-
ity, i.e., 0 < a ≤ a(x) for all x ∈ R and 0 ≤ b(x) ≤ ‖b‖L∞(Ω) for all x ∈ Ω.
If M is large, then the coefficient a(M ·) is highly oscillatory and so is the
solution u. The standard FEM performs poorly in the situation, namely, con-
vergence is only observed under the assumption of scale resolution, i.e., if the
mesh size h is sufficiently small to resolve all scales. The following example
illustrates this.

Example 5.1. We consider the case a = 1
2+cos(2πx) , b ≡ 0, and f ≡ 1. In the

left graph in Fig. 5.3 we show the convergence behavior of the classical FEM
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Fig. 5.3. Left: Convergence of the classical FEM. Right: Convergence of the PUM.

based on the space S1,1
0 (T ) on uniform meshes. The error measure is relative

error in the energy norm, i.e.,

‖u− uN‖E
‖u‖E

=

√∫
Ω
a(Mx)|(u− uN )′|2 dx∫

Ω a(Mx)|u′|2 dx . (5.2)

The solution u can be computed analytically and it can be checked that
‖u′‖L2(Ω) ∼ M and ‖u′′‖L2(Ω) = O(M2). The classical FEM convergence
analysis then gives

‖(u− uN)′‖L2(Ω)

‖u′‖L2(Ω)
≤ Cmin

{
1,
h‖u′′‖L2(Ω)

‖u′‖L2(Ω)

}
≤ Cmin{1, hM}. (5.3)

We clearly observe in Fig. 5.3 the expected asymptotic first order convergence;
nevertheless, the asymptotic convergence behavior is not observed until h ≈
1/M , that is, until scale resolution is reached. Note that this is in agreement
with (5.3).

It is possible to design local approximation spaces that have good approxi-
mation properties for the solution of (5.1).

Lemma 5.2. Let I = (x0, x0 + h) and γ < 1. Let h2 ‖b‖L∞(I)

a ≤ γ < 1. Let

B = {u0, u1} be a fundamental system for L, i.e., Lu0 = Lu1 = 0 on I and
u0, u1 are linearly independent. Then there exists a C > 0 depending only on
a, ‖a‖L∞(I), ‖b‖L∞(I), γ, such that for a solution u ∈ H1(I) of Lu = f there
holds

inf
v∈V

‖u− v‖L∞(I) + h‖(u− v)′‖L∞(I) ≤ Ch2‖f‖L∞(I),

where V := spanB.

Proof. Since f ∈ L∞(I) and u ∈ H1(I) we get that u and au′ are continuous.
We then choose v ∈ V such that v(x0) = u(x0) and (av′)(x0) = (au′)(x0).
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The error e := u − v then satisfies e(x0) = 0 and (ae′)(x0) together with
Le = f . The differential equation Le = f gives us −(ae′)′ = f − be so that

|e(x)| ≤
∣∣∣∣
∫ x

x0

e′(t) dt

∣∣∣∣ ≤ h‖e′‖L∞(I),

|e′(x)| ≤ 1

a
|(ae′)(x)| ≤ 1

a

∣∣∣∣
∫ x

x0

f − be dt

∣∣∣∣ ≤
1

a
h‖f‖L∞(I) +

‖b‖L∞(I)

a
h‖e‖L∞(I).

Combining these two estimates, we arrive at

‖e′‖L∞(I) ≤
‖f‖L∞(I)

a
h+ h2 ‖b‖L∞(I)

a︸ ︷︷ ︸
≤γ<1

‖e′‖L∞(I),

which allows us to conclude ‖e′‖L∞(I) ≤ h 1
a(1−γ)‖f‖L∞(I). ut

Remark 5.3. It should be noted that the approximation spaces constructed
in Lemma 5.2 merely require a and b to be L∞—no further regularity is
required.

Extensions of the approximation result Lemma 5.2 are obtained in the fol-
lowing exercise.

Exercise 5.4. (a) Construct a one-dimensional space V0 = span{u0} such that
u0(x0) = 0 and V0 satisfies, for u(x0) = 0 and Lu = f ,

inf
v∈V0

‖u− v‖L∞(I) + h‖(u− v)′‖L∞(I) ≤ Ch2‖f‖L∞(I).

(b) Let u2 be such that Lu2 = 1. Let u0, u1 be defined in Lemma 5.2. Set
V2 := span{u0, u1, u2}. Show:

inf
v∈V2

‖u− v‖L∞(I) + h‖(u− v)′‖L∞(I) ≤ Ch3‖f ′‖L∞(I).

(c) Construct a two-dimensional space V0,2 = span{u0, u1} such that v(x0) =
0 for v ∈ V0,2 and V0,2 satisfies, for u(x0) = 0 and Lu = f ,

inf
v∈V0,2

‖u− v‖L∞(I) + h‖(u− v)′‖L∞(I) ≤ Ch3‖f ′‖L∞(I).

Example 5.5. We use the partition of unity method (PUM) with a partition
of unity given by the piecewise linear functions on a uniform mesh with mesh
size h for the approximation of the solution of (5.1) where a = 1

2+cos(2πx) ,

b ≡ 0, and f(x) = x. We choose M = 4096. In the first experiment the local
approximation spaces are taken as the spaces V constructed in Lemma 5.2
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for the internal nodes and the space V0 constructed in Exercise 5.4 for the
two nodes at the boundary of Ω. In view of Lemma 5.2 and Theorem 4.1 we
expect convergence O(h) in the energy norm (cf. (5.2)), where the constant
in the O(h) convergence is independent M . The convergence behavior of this
projection method is depicted in the graph labelled “robust O(h)” in the right
picture of Fig. 5.3. Since the problem size N ∼ 1/h, the expected convergence
O(h) is indeed confirmed numerically.

In the second experiment, the local spaces for the internal nodes are taken
as the spaces V2 of Exercise 5.4 and the spaces V0,2 of Exercise 5.4 for the
boundary nodes. In view of Exercise 5.4 and Theorem 4.1 we expect a conver-
gence O(h2) in the energy norm. This expectation is confirmed by the graph
labelled “robust O(h2)” in the right picture of Fig. 5.3. Again, the constant
hidden in the O(h2) convergence result is independent of M . For more details
on this one-dimensional problem, we refer to [82].

Exercise 5.6. The approximation properties of the space V constructed in
Lemma 5.2 can also be understood by transforming the problem. Consider
the case b ≡ 0. Then

V = span

{
1,

∫ x

x0

1

a(t)
dt

}
.

Let f ∈ L2(I) and define the change of variable x̃ :=
∫ x
x0

1
a(t) dt. Show: The

function ũ(x̃) := u(x) is in H2 (hint: write down a differential equation
satisfied by ũ). Hence it can be approximated well from P1. Infer from that
approximation results for u for the approximation from V .

Remark 5.7. The construction in Lemma 5.2 exploits in a crucial way the fact
that a one-dimensional problem is considered: the solution space of homoge-
neous linear second order differential equations is two-dimensional. Neverthe-
less analogous approximation results can be shown for quasi one-dimensional
cases. Exercise 5.6 illustrates an old, but powerful tool of numerical mathe-
matics, namely, the use of suitable transformations. This device is also the
reasons for the results of [7]. In [7] problems of the form

−∂x (a(x)∂xu) − ∂y (a(x)∂yu)) = f on (0, 1)2

are considered; the coefficient a ≥ a > 0 depends on the single variable x but
may be merely bounded and measurable. For such problems, it is shown that
local approximation space of the form

V := span

{
1,

∫ x

x0

1

a(t)
dt, y

}

can lead to the optimal rate O(h).
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5.2 Laplace’s Equation

We consider the two-dimensional case Ω ⊂ R2 and solutions to Laplace’s
equation

−∆u = 0 on Ω. (5.4)

It seems reasonable to try to approximate the solutions to a differential equa-
tion with systems of functions that likewise solve the differential equation.
For the Laplace equation one such system is that of harmonic polynomials:

HPp := span{Re zn, Im zn |n = 0, . . . , p}, (5.5)

where z = x + iy ∈ C. Note that dimHPp = 2p + 1. We have exponential
convergence if the function u to be approximated is harmonic on set that
strictly contains the domain of interest:

Theorem 5.8. Let Ω ⊂ R2 be a simply connected domain and let Ω′ ⊂⊂ Ω
be a compact subset. Let k ∈ N0. Let u satisfy −∆u = 0 on Ω. Then there
exist C, b > 0 such that for all p ∈ N0

inf
v∈HPp

‖u− v‖Wk,∞(Ω′) ≤ Ce−bp.

Proof. This result is due to Szegö. We refer to [80] for a proof. ut
Example 5.9. We consider the approximation of the solution u of (5.4), where
Ω = (0, 1)2. The exact solution is given by

u(x, y) = Re

(
1

a2 + z2
+

1

a2 − z2

)
, a = 1.05.

Ω is partitioned into n2 square of equal size, and the partition of unity is
taken as the standard bilinear hat functions associated with this mesh. This
partition of unity is fixed and the local approximation spaces Vi are taken as
HPp for different values of p ∈ N0. The numerical results in the left graph in
Fig. 5.4 present the result of the minimization problem

min
{‖∇(u− v)‖L2(Ω)

‖∇u‖L2(Ω)

∣∣∣ v ∈ V :=

(n+1)2∑

i=1

ϕiVi

}

in dependence on the polynomial degree p.

Algebraic convergence results are also available:

Theorem 5.10. Let Ω ⊂ R2 be star-shaped with respect to a ball and let Ω
satisfy an exterior cone condition with angle λπ. Let k ≥ 1 and let u ∈ Hk(Ω)
satisfy (5.4). Then there exists C > 0 and harmonic polynomials up ∈ HPp
such that

‖u− up‖Hj(Ω) ≤ C

(
ln(p+ 2)

p+ 2

)λ(k−j)

, j = 0, 1.
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Proof. See [80]. ut
Example 5.11. Theorem 5.10 can be sharpened in the following situation (see
[80] for a more detailed discussion of this effect): Define the sector Sω =
{(r cosϕ, r sinϕ) | 0 < r < 1, 0 < ϕ < ω} and let u(x, y) = Re zα or u(x, y) =
Im zα for some α > 0. Then we have with λ = 2 − ω

π and any ε > 0

inf
v∈HPp

‖u− v‖H1(Sω) ≤ Cεp
−λα+ε,

where Cε depends on α, ω, and ε. Fig. 5.4 illustrates this convergence behavior
by plotting for different values of ω the result of the minimization problem

min
{‖∇(u1/2 − v)‖2

L2(Sω)

‖∇u1/2‖2
L2(Sω)

∣∣∣ v ∈ HPp
}
, u1/2 = Im z1/2,

in dependence on the polynomial degree p. It is noteworthy that in this
particular example λ may be bigger than 1—this cannot be expected in the
situation of Theorem 5.10.

Remark 5.12. The system of harmonic polynomials is just one possible choice.
Near corners, the solution of (5.4) has singularities, which are known. The
corresponding singularity functions could be used as approximation systems.
We will describe the idea of augmenting a standard FEM space with such
singularity function in more detail in Section 6.

5.3 Helmholtz equation

We consider for two-dimensional problems the Helmholtz equation

−∆u− k2u = 0 on Ω ⊂ R2, (5.6)

and we discuss the following two choices of local approximation systems:
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1. Systems of plane waves, W (p), given by

W (p) := span
{
eikωn·(x,y) |n = 0, . . . , p− 1

}
, (5.7)

where the vectors ωn are given by ωn := (cos 2πn
p , sin 2πn

p )>.
2. Generalized harmonic polynomials given by

V (p) := span {Jn(kr) sin(nϕ), Jn(kr) cos(nϕ) |n = 0, . . . , p} , (5.8)

where we employed polar coordinates (r, ϕ) in the definition of V (p); the
functions Jn are the first kind Bessel function.

We note that dimV (p) = O(p), dimW (p) = O(p). These spaces have the
following approximation properties:

Theorem 5.13. Let Ω ⊂ R2 be a simply connected domain, Ω′ ⊂⊂ Ω be a
compact subset. Let u solve (5.6). Then there exist C, b > 0 such that for all
p ∈ N, p ≥ 2:

inf
v∈V (p)

‖u−v‖H1(Ω′) ≤ Ce−bp, inf
v∈W (p)

‖u−v‖H1(Ω′) ≤ Ce−bp/ log p. (5.9)

Proof. The first estimate is proved in [80]. The second one can be proved
using the arguments detailed in Section C.2. ut

Theorem 5.14. Let Ω ⊂ R2 be star-shaped with respect to a ball. Let Ω
satisfy an exterior cone condition with angle λπ. Let u ∈ Hk(Ω), k ≥ 1, solve
(5.6). Then there exists C > 0 such that

inf
v∈V (p)

‖u− v‖H1(Ω) ≤ C

(
log(p+ 2)

p+ 2

)λ(k−1)

, (5.10)

inf
v∈W (p)

‖u− v‖H1(Ω) ≤ C

(
log2(p+ 2)

p+ 2

)λ(k−1)

. (5.11)

Proof. (5.10) is proved in [80]. See Section C.2 for the proof of (5.11). ut

Example 5.15. The function

u(x, y) = eik(cos θ,sin θ), θ =
π

16
,

is a solution of (5.6). Let Ω = (0, 1), and let g be defined on ∂Ω by g :=
∂nu+ iku. Then u solves

−∆u− k2u = 0 on Ω, ∂nu+ iku = g on ∂Ω. (5.12)

Let Ω be partitioned into n×n squares of equal size. We take as the partition
of unity ψi, i = 1, . . . , (n+1)2, the standard bilinear hat functions associated
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Fig. 5.5. Operator adapted methods for Helmholtz equation; see Example 5.15.
Local approximation space V (p) (left) and W (p) (right).

with the (n+ 1)2 nodes. The approximation space V is then constructed as
in Theorem 4.1 with local spaces taken either as V (p) (with p ranging from
1 to 15) or as W (p) (with p ∈ {2, 6, 10, 14, 18, 22, 26, 30, 34, 38}). Contrary to
our exposition so far, all spaces are taken as spaces over the field C instead
of R. The numerical approximation uN is obtained as the standard Galerkin
approximation for problem (5.12), viz.,

Find uN ∈ V s.t.

∫

Ω

(∇uN ·∇v−k2uv)+ik

∫

∂Ω

uv =

∫

Ω

fv+

∫

∂Ω

gv ∀v ∈ V.

Theorem 5.13 suggests that an exponential rate of convergence could be
achieved. The numerical results for k = 32 are displayed in Fig. 5.5. In-
deed, we observe for fixed n an exponential convergence in p ∼ N for the
relative error ‖u− uN‖H1(Ω)/|u‖H1(Ω). We refer to [79] for more details.

5.4 Linear Elasticity

In two-dimensional linear elasticity and in the absense of body forces, the
displacement field (u, v) satisfies the following system of equations:

∂xσx + ∂yτxy = 0, ∂xτxy + ∂yσy = 0; (5.13)

here, the stresses σx, σy , and τxy are defined by

σx = λ(∂xu+∂yv)+2µ∂xu, σy = λ(∂xu+∂yv)+2µ∂yv, τxy = µ(∂yu+∂xv).

The material constants λ, µ are called the Lamé constants.

Remark 5.16. The above system is written for the so-called plane strain case.
For plane stress, λ should be replaced with λ∗ = 2λµ/(λ+ 2µ).
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Let Ω be simply connected. By [85], the displacement field (u, v) can then be
expressed in terms of two holomorphic functions ϕ, ψ, namely,

2µ [u(x, y) + iv(x, y)] = κϕ(z) − zϕ′(z) − ψ(z); (5.14)

here, we set κ = (λ+3µ)/(λ+µ). This representation is unique if we require
additionally ϕ(z0) = 0 for an arbitrarily chosen point z0. This representa-
tion suggests to use as an approximation space for the approximation of the
complex function u+ iv the space

V elastp := span{κπ(z) − zπ′(z) − ρ(z) |π, ρ ∈ Hp}, (5.15)

where Hp denote the space of (complex) polynomials of degree p. An approx-
imation result analogous to Theorem 5.10 can indeed be obtained:

Theorem 5.17. Let Ω ⊂ R2 be star-shaped with respect to a ball. Let Ω sat-
isfy an exterior cone condition with angle λ̂π. Let m ∈ N, s ∈ [0, 1) and as-
sume that the displacement field (u, v) ∈ Hm+s(Ω) satisfies the homogeneous
elasticity equations (5.13). Then the function u := u+iv can be approximated
from V elastp such that

inf
uap∈V elast

p

‖u− uap‖H1(Ω) ≤ C

(
log(p+ 2)

p+ 2

)λ̂(m+s−1)

‖u‖Hm+s(Ω).

Proof. See Section C.3. ut

Remark 5.18. The proof of Theorem 5.17 shows that the improved rate of
convergence for the typical singularity functions that we observed in Exam-
ple 5.11 are also obtained for the elasticity equations.

5.5 Further examples

The Laplace equation and the Helmholtz equation are merely two examples
of elliptic equations for which special approximation systems can be con-
structed. A more general theory by S. Bergman [16–18] and I.N. Vekua [105]
is in fact available: For two-dimensional elliptic equations of the form

−∆u+ a(x, y)∂xu+ b(x, y)∂yu+ c(x, y)u = 0, (5.16)

where the functions a, b, c are real analytic on Ω, there exists a linear operator
ReV that maps functions holomorphic on Ω onto solutions of solution of
(5.16). Essentially, this operator is a bijection and bicontinuous in Sobolev
norms. That is: regularity assertions for u can be translated into regularity
assertions for the corresponding holomorphic functions; this function may
then be approximation by (complex) polynomials; the image of (complex)
polynomials under ReV then yields a good approximation space. In some
cases, the operator ReV can be computed explicitly (e.g., in the case of the
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Helmholtz equations, where the space V (p) is precisely the image of complex
polynomials under the map ReV); we refer to Appendix C and [80] for more
details on this. The representation theory of Bergman and Vekua is, due to
its close link with complex analysis, largely a two-dimensional theory. Some
extensions to three dimensions have been done in [28].

5.6 Local approximation spaces obtained numerically

In the above examples the local approximation spaces were given in closed
form. They can, however, be obtained numerically as well. For example, while
the form of the singularity functions of linear elasticity is known, the precise
exponents have to be determined as solutions of small auxiliary problems.
More in the spirit of domain decomposition is the following approach for
problems of the form Lu = 0: For each patch Ωi, one chooses a finite dimen-
sional space Vi,∂Ωi = span{b̃i,j | j = 1, . . . , Ni} of functions that are defined
on ∂Ωi. The space Vi is then obtained by (numerically) solving boundary
value problems

Lbi,j = 0 on Ωi, bi,j |∂Ωi = b̃i,j .

The total computation is therefore done in two steps: first, many local prob-
lems are solved (which can be done completely in parallel), and in a second
step a global problems is solved. Conceptually, this is the approach taken for
example in [5] and [58,59,37] for calculations of very heterogeneous media.

Remark 5.19. The functions bi,j were computed above as solutions of Dirich-
let problems. The approximation space Vi could be determined by solving
other boundary value problems, e.g., by solving Neumann problems. It has
also been observed that it is advantageous to define them as solutions of
boundary value problems defined on Ω′

i, where Ωi ⊂⊂ Ω′
i. We refer, for ex-

ample, to [5] for more details on this.

Another example of a method where the approximation spaces are determined
numerically in a preprocessing step is the generalized FEM of [77,95] for
problems with periodic microstructures.

5.7 Bibliographical Remarks

Approximation systems that are tailored to the differential operator are used
by engineers, where such methods are known, among others, under the name
of Trefftz methods, see, e.g., [63,64,56]. In the context of the partition of
unity method/generalized FEM special approximation systems have been
used in [69] for Helmholtz problems and in [90,34] for elasticity and crack
problems. The “method of particular solutions” [43], [19] (see, in particular,
the references in [19]) is closely related to the ideas presented here.
We have seen the poor performance of the classical FEM in Section 5.1.
Indeed, it was already shown in [10] that the classical FEM can perform



42 J.M. Melenk

arbitrarily poorly. On the other hand, the constructions in [81] show that for
reasonable classes of right-hand sides, it is in principle possible to construct
good approximation spaces. Such approximation spaces have to be adapted
to a particular problem at hand.

6 Augmenting classical FEM spaces

The partition of unity method/generalized FEM can be viewed as a frame-
work for incorporating information about the problem into the approximation
space. The simplest such technique is to augment a standard finite element
space with special functions.

6.1 Singular functions

The power of augmenting a classical FEM space with special functions can be
seen in the following model problem: Let Ω ⊂ R2 be a polygon and consider

−∆u = f on Ω, u = 0 on ∂Ω. (6.1)

If we denote by Aj , j = 1, . . . , J , the vertices of Ω and by ωj ∈ (0, 2π) the
internal angle of Ω at Aj , then it is well-known that the classical FEM-space

S1,1
0 (T ) that is based on a quasi-uniform mesh T of mesh size h performs

poorly if maxj=1,...,J ωj > π; namely, the rate of convergence is

inf
v∈S1,1

0 (T )
‖u− v‖H1(Ω) ≤ Chα, α = min

j=1,...,J

π

ωj
< 1.

This is indeed observed in practice. By augmenting this FEM space by a few
suitably chosen singularity functions, however, we recover the optimal rate
of convergence. To this end, it is important to note the following regularity
assertion for the solution u of (6.1):

Lemma 6.1. Let Ω ⊂ R2 be a polygon with vertices Aj , j = 1, . . . , J , and
internal angles ωj , j = 1, . . . , J . Define for each vertex Aj the singularity
functions Sj,i, i = 1, 2, . . . , by

Sj,i(rj , ϕj) :=




r
iπ/ωj

j sin(i πωj
ϕj) if iπ/ωj 6∈ N

r
iπ/ωj

j

[
ln rj sin(i πωj

ϕj) + ϕj cos(i πωj
ϕj)
]

if iπ/ωj ∈ N

(6.2)
where (rj , ϕj) represent polar coordinates with origin Aj such that the two
edges of Ω meeting at Aj fall on the lines ϕj = 0 and ϕj = ωj.
Let f ∈ H−1+k(Ω), k > 0 and k 6∈ N. Then the solution u of (6.1) can be
written in the form

u =

J∑

j=1

∑

i∈N

i π
ωj
<k

aijSij + u0, (6.3)
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for some numbers aij ∈ R and u0 ∈ H1+k(Ω).

Proof. Such decompositions can be found, for example, in [52,53]. ut

This regularity assertion allows us to design approximation spaces that re-
cover the optimal rate of convergence (in terms of “error vs. problem size”):

Exercise 6.2. Fix a cut-off function χj ∈ C∞
0 (R2) for each corner Aj such

that χj ≡ 1 in a neighborhood of Aj and such that χj ≡ 0 in a neighborhood
of the vertices Ai, i 6= j.

(a) Show: The decomposition (6.3) can take the form

u =

J∑

j=1

∑

i∈N

i π
ωj
<k

aijχjSij + ũ0,

where ũ0 ∈ H1+k(Ω) ∩H1
0 (Ω). Additionally, χjSi,j ∈ H1

0 (Ω).
(b) Show: The space

VN := Sp,10 (T ) ⊕ span{χjSj,i | j = 1, . . . , J, i
π

ωj
< k} ⊂ H1

0 (Ω)

satisfies
inf
∈VN

‖u− v‖H1(Ω) ≤ Chmin{p,k}. (6.4)

Note that dimVN ∼ dimSp,10 (T ).

The purpose of the cut-off functions χj is to localize the singularity functions.
This could also be achieved with the aid classical FEM functions:

Exercise 6.3. Let T be a quasi-uniform mesh on the polygon Ω ⊂ R2. Let
{ψi | i = 1, . . . , N1} be set of the classical piecewise linear hat functions asso-
ciated with T and S1,1(T ) = span{ψi | i = 1, . . . , N1}. Fix ρ > 0 and define,
for each j ∈ {1, . . . , J}, the set Ij := {i | suppψi ⊂ Bρ(Aj)}. Define

VN := Sp,10 (T ) ⊕ span{ψiSj,m |m π

ωj
< k, i ∈ Ij , j = 1, . . . , J}.

Show: Also for this choice of approximation space the approximation property
(6.4) holds. Note: VN ⊂ H1

0 (Ω) and dimVN ∼ dimSp,10 (T ).

The above construction involves only classical FEM functions and the sin-
gularity functions Sj,i. Of course, since ρ > 0 is fixed, a rather large num-
ber of nodes is affected (see the left picture in Fig. 6.6, where the nodes
that require multiplication with singularity functions are denoted •), namely,
O(h−2) nodes. A variety of practitioners have therefore looked at further
simplifications:
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Fig. 6.6. Nodes marked • are augmented with singularity function. Left: O(h−2)
nodes are augmented to ensure optimal rate of convergence. Right: augmenting very
few nodes often suffices in practice.
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Fig. 6.7. Left: Crack problem. Right: Classical FEM mesh. Nodes • are enriched
with discontinuity functions; nodes marked are enriched with singularity function.

Example 6.4. In practice, a) only the strongest singularity functions are added
(typically only Sj,1), b) only those singularity functions at re-entrant corners
(i.e., for corners Aj where π/ωj < 1) and c) ρ ∼ h is chosen (see the right
picture in Fig. 6.6). While the choice ρ ∼ h does not improve the rate of
convergence, the constant is greatly improved so that in many cases good
engineering accuracy is reached.

6.2 Crack propagation problems

Crack propagation problems have been put forward as an example where
augmenting a standard FEM space with special functions is advantageous.
In many 2D crack problems, the crack is modelled as a curve γ (see Fig. 6.7).
A linear elasticity problem is solved on Ω \ γ; then the so-called stress inten-
sity factors are extracted from the FEM solution; from these stress intensity
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factors the crack propagation is determined according to some engineering
model; finally, the crack is extended, and the next iteration of this loop is
performed. Performing such a crack propagation analysis is costly since the
domain Ω \ γ on which the elasticity equations have to be solved, changes
in each iteration step thus requiring (at least local) remeshing. Additionally,
since the solution exhibits a strong singularity at the crack tip, a strongly
refined mesh is required near the crack tip to resolve this singularity and guar-
antee reliable results. The technique of augmenting a standard FEM space by
a few special functions to overcome these two difficulties seems very attrac-
tive and has been proposed, for example, under the name X-FEM (extended
FEM) in [84,29,98] and in the context of the generalized FEM. We will only
sketch the key ideas of the X-FEM applied to crack propagation problems.
For that, we will not consider the elasticity equation but the simpler scalar
case of

−∆u = 0 on Ω \ γ, ∂nu = 0 on γ+ and on γ− (6.5)

together with further boundary conditions on ∂Ω. Here, γ+ and γ− denote
the upper and lower part of the curve γ (see Fig. 6.7). If γ is sufficiently
smooth, then an expansion analogous to that of Lemma 6.1 can be obtained,
namely, near the crack tip (located at the origin), the solution u of (6.5) takes
the form

u =

∞∑

n=0

Snr
n/2 cos

(n
2
ϕ
)

;

here, the coefficient S1 ∈ R of the first singularity function is called, in analogy
to the elasticity case, the stress intensity factor. The solution u need not be
continuous across the curve γ. It is, away from the crack tip, only piecewise
smooth. The idea of the X-FEM is to employ a standard FEM space VFE on
Ω. This space ignores the crack γ but takes care of the geometry of Ω and
the boundary conditions on ∂Ω. The crack γ is then accounted for as follows:
nodes near γ but far from the crack tip are collected in the set IH , nodes
near the crack tip are collected in the set ICT (see Fig. 6.7 where these sets
are denoted • and ). One defines the discontinuity function

H(x) :=

{
1 if x is above γ

−1 if x is below γ

and takes as approximation space

VN := VFE ⊕ span{Hψ | i ∈ IH} ⊕ span{ψir1/2 cos
1

2
ϕ | i ∈ ICT }.

This approximation space is chosen so as to account for the expected solution
behavior near the crack tip. Near the crack but away from the crack tip, the
space VN contains discontinuous functions, reflecting the fact that the sought
solution may jump across the crack γ.
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Remark 6.5. Some extensions of this choice would be: a) add more singularity
functions, b) use higher order discontinuity functions, e.g., H(x)π(x), where
π ∈ Pp (the above construction corresponds to p = 0).

We will not analyze the approximation properties of the space VN defined
above. The following exercise, however, gives an indication of what can be
expected away from the crack tip.

Exercise 6.6. Let Ω = (−1, 1) and consider a uniform mesh T of mesh
size h = 2/(2N + 1) with nodes xi = −1 + ih, i = 0, . . . , 2N + 1. Let
Sp,1(T ) ⊂ C(Ω) be a standard FEM space on the mesh T and consider the
approximation of a function u that is smooth on [−1, 0)∪(0, 1] but has a jump
discontinuity at 0. What convergence rate (in L2) can be expected? Augment
the nodes xN , xN+1 with the Heaviside function H(x) = signx, i.e., consider
Sp,1(T ) ⊕ span{ψN(x)H(x), ψN+1(x)H(x)}, where ψi is the standard hat
function associated with nodes xi. What convergence rate can be expected?
Consider Sp,1(T ) ⊕ span{ψN (x)H(x)xj , ψN+1H(x)xj | j = 0, . . . , p− 1}.

Remark 6.7. If only very few close neighbors of the crack tip are enriched
with the singularity function, then the rate of convergence cannot be ex-
pected to be good. Nevertheless, as already pointed out in Example 6.4,
good engineering accuracy can be reached.

6.3 Further examples: the generalized FEM

The generalized FEM in the form [101–103] is very similar to the X-FEM.
The versatility of the generalized FEM is demonstrated in [101–103] by cal-
culations on complicated domains, for example, domains with many holes
or cracks. A classical FEM is augmented by special functions the reflect the
proper behavior of the solution near these features. Related earlier work on
the generalized FEM for elasticity and crack problems can be found in [90,34].

6.4 Bibliographical Remarks

The idea of augmenting classical FEM spaces with special functions adapted
to a problem has a long history. For problems with singularities (e.g., corner
singularities) it can be found in [42,20].
The bilinear form a in all the above examples involves an integration over
Ω. In practice, this integration is replaced by numerical quadrature. Based
on modern adaptive quadrature techniques (possibly including adaptive or-
der control for higher efficiency) it is possible to perform the integration in a
completely black box fashion where the user merely needs to provide informa-
tion whether a point x ∈ Rd is in Ω. The “pixelation” technique of [102] can
be viewed as an example of such an approach. For geometries whose bound-
ary is piecewise smooth or piecewise affine, it can be much more efficient to
deviate from the black box approach by employing local meshing near the
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boundary, [101,103,48,96]. Note that this local mesh near the boundary need
not be regular since it is only used for quadrature purposes. The structure of
the shape functions also greatly affects the cost of the quadrature. Consider
as an example the particle partition of unity method of [96]. There, the shape
functions whose support is contained in Ω are constructed such that they are
piecewise smooth, where the regions of smoothness are axis parallel boxes.
Clearly, this choice greatly simplifies the design of appropriate quadrature
rules. We finally mention that the use of numerical quadrature entails errors;
some ideas for their control are discussed in [101].

7 Enforcement of essential boundary conditions

In many applications, essential boundary conditions have to be enforced. As
a model problem we consider the classical Poisson problem: Find u ∈ H1

0 (Ω)
such that

a(u, v) :=

∫

Ω

∇u · ∇v dx = F (v) :=

∫

Ω

fv, dx ∀v ∈ H1
0 (Ω). (7.1)

The ideas how to enforce essential boundary conditions in meshless mehods
are essentially the same ones as in the classical FEM. They can be split into
two categories:

• Conforming methods: The approximation space VN is chosen as a sub-
space of H1

0 (Ω), i.e., VN ⊂ H1
0 (Ω). This can be achieved by

– using cut-off functions;

– combining the classical FEM near the boundary with particle meth-
ods in the interior;

– creating H1
0 (Ω)-conforming spaces in the framework of the partition

of unity method by properly selecting the local approximation spaces
Vi near the boundary.

• Non-conforming methods: In these methods, the variational formulation
is changed. These methods include

– Lagrange multiplier methods,

– collocation of boundary conditions,

– penalty methods,

– Nitsche’s method.

7.1 Conforming methods

For the model case (7.1) the approximation space VN has to be chosen to
satisfy VN ⊂ H1

0 (Ω).
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A simple approach The simplest approach is to select from a given set
B = {ϕi | i = 1, . . . , N} of shape functions only those that satisfy ϕi ∈ H1

0 (Ω),
i.e., to take

VN,0 := span{ϕi | (suppϕi)
◦ ⊂ Ω}. (7.2)

Good approximation properties cannot be expected of VN,0, however, even if
the function to be approximated is smooth:

Exercise 7.1. Let VN := span{ϕi | i = 0, . . . , N} be the space of piecewise
linear functions associated with the mesh given by the points xi = −h

2 + ih,
i = 0, . . . , N , h = 1/(N − 1). Consider for Ω = (0, 1) the subspace VN,0 ⊂ VN
given by VN,0 = span{ϕi | (suppϕi)

◦ ⊂ Ω}. Show that for the smooth function
u(x) = x(1 − x) ∈ H1

0 (Ω) we have

inf
v∈VN,0

‖u− v‖H1(Ω) ≥ C
√
h.

Cut-off function methods In cut-off function methods, the essential bound-
ary conditions are enforced by multiplying an approximation space VN by a
weight function w, where w vanishes on ∂Ω and satisfies w ∼ dist(·, ∂Ω). If w
is sufficiently smooth and VN ⊂ H1(Ω), then we obtain an H1

0 (Ω)-conforming
subspace Vw,N by setting Vw,N := wVN ⊂ H1

0 (Ω). These ideas can be traced
back to [67,83] and were revived in [57]. Concerning the approximation prop-
erties of the space Vw,N we follow [57].

Lemma 7.2. Let k ≥ 2, and let w ∈ W k,∞(Ω) be such that w ∼ dist(·, ∂Ω).
Then there exists C > 0 such that for any compact subset Ω′ ⊂⊂ Ω we have
for functions u, v satisfying u = vw

‖v‖Hk(Ω) ≤ Cδ−1
[
‖u‖Hk(Ω) + ‖v‖Hk−1(Ω′)

]
, ‖v‖Hk−1(Ω) ≤ C‖u‖Hk(Ω),

where δ = dist(Ω′, ∂Ω).

Proof. The proof follows from Hardy’s inequality. The details can be found
in [57, Thm. 6.1]. ut
Lemma 7.2 can be employed to recover the optimal rate of convergence if
u ∈ Hk(Ω) ∩H1

0 (Ω):

Exercise 7.3. Let Ω ⊂ Rd have a smooth boundary. Assume the setting of
Exercise 4.7. Suppose that pi = p ≥ k − 1 ≥ 1 for all i and that hi ∼ h for
all i. Show, using Lemma 7.2, that the space Vw,N = wVN satisfies

inf
v∈Vw,N

‖u− v‖H1(Ω) ≤ Chk−1‖u‖Hk(Ω) ∀u ∈ Hk(Ω) ∩H1
0 (Ω);

here VN is chosen as in Exercise 4.7.

Remark 7.4. The existence of a weight function w with the above regularity
properties is closely related to the smoothness of ∂Ω: the “natural” choice
w(x) := dist(x, ∂Ω) is only smooth if ∂Ω is.
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Combination with the classical FEM A technique proposed, e.g., in
[68], is to combine shape functions of the classical FEM with general particle
methods. In the vicinity of the boundary ∂Ω, a standard mesh is defined and a
standard FE space is employed. This space guarantees optimal approximation
properties and gives the flexibility of the classical FEM to handle boundary
conditions. For the approximation in the interior of Ω, any system can be
used, e.g., systems VN,0 of the form (7.2). These ideas can be shaped into
several forms. In order to illustrate what can be expected, we present the
following example:

Example 7.5. Let Ω ⊂ R2 be a polygon, and let 2 ≤ k ≤ p. Let VN ⊂ H1(Ω)
be an approximation space with the property

inf
v∈VN

‖u− v‖L2(Ω) + h‖u− v‖H1(Ω) ≤ Chk‖u‖Hk(Ω). (7.3)

Let Sh := {x ∈ Ω | dist(x, ∂Ω) < h} be a tubular neighborhood of ∂Ω. Let T
be an affine, quasi-uniform triangulation of mesh size O(h) of a set Ω′ ⊂ Ω
that satisfies Sh ⊂ Ω′. Let Sp,1(T ) be the standard finite element space of
piecewise polynomials of degree p on the mesh T and set Sp,10 (T ) = Sp,1(T )∩
H1

0 (Ω′). Note that by extending functions of Sp,10 (T ) by zero outside of Ω′,
we may think of Sp,10 (T ) as a subset of H1

0 (Ω). Let {ψi | i ∈ I∂Ω} ⊂ S1,1(T )
be the standard piecewise linear hat functions associated with the nodes on
∂Ω and set

ω :=
∑

i∈I∂Ω

ψi.

Again, by the support properties of the piecewise linear hat functions ψi, we
may think of ω as being defined on Ω. We observe:

ω ≡ 1 on ∂Ω, ω ≡ 0 on Ω \ Ω′,

ω ∈W 1,∞(Ω), ‖∇ω‖L∞(Ω) ≤ Ch−1.

We select as the approximation space

Vp,N := (1 − ω)VN ⊕ Sp,10 (T ) ⊂ H1
0 (Ω).

We claim that for u ∈ Hk(Ω) ∩H1
0 (Ω)

inf
v∈Vp,N

‖u− v‖H1(Ω) ≤ Chk−1‖u‖Hk(Ω). (7.4)

(7.4) is shown using the same ideas as in the proof of Theorem 4.1. Let
uN ∈ VN be an approximation of u from VN such that

‖u− uN‖L2(Ω) + h‖u− uN‖H1(Ω) ≤ Chk‖u‖Hk(Ω).

We will take the approximant to u from Vp,N of the form (1 − ω)uN + v,

where v ∈ Sp,10 (T ) will be determined below. The error can be written as
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u − (1 − ω)uN − v = (1 − ω)(u − uN) + (ωu − v). For the first term, we
calculate

‖(1− ω)(u− uN)‖L2(Ω) + h‖(1− ω)(u− uN)‖H1(Ω) ≤ Chk‖u‖Hk(Ω),

which has the desired form (7.4). We now turn to the definition of v ∈ Sp,10 (T ),
which approximates ωu. We select Ip−1u ∈ Sp−1,1(T ) by a standard FEM
interpolation procedure. Then, (Ip−1u)|∂Ω = 0 and

‖u− Ip−1u‖L2(K) + h‖∇(u− Ip−1u)‖L2(K) ≤ Chk|u|Hk(K) ∀K ∈ T .
Here, we exploited the assumption p ≥ k. As the product of a piecewise linear
function and a piecewise polynomial of degree p − 1, the function ωIp−1u

satisfies ωIp−1u ∈ Sp,10 (T ). We conclude using the support properties of ω
and ‖∇ω‖L∞(Ω) ≤ Ch−1

‖ωu− ωIp−1u‖L2(Ω) + h|ωu− ωIp−1u|H1(Ω) ≤ Chk.

Thus taking v := ωIp−1u gives an approximation (1−ω)uN +ωIp−1u ∈ Vp,N
that realizes the desired bound (7.4).

Local approximation spaces satisfying essential boundary condi-
tions The previous idea of combining the classical FEM in a strip near the
boundary with general approximation spaces VN in the interior of Ω can be
viewed as a variant of the partition of unity method where the local approx-
imation spaces Vi for the patches Ωi near the boundary are chosen such that
they conform to the boundary conditions. A more general approach is the
outlined in the following exercise.

Exercise 7.6. Assume the hypotheses of Theorem 4.1. Suppose additionally:
if Γi,D := ∂Ωi ∩ ∂Ω 6= ∅, then Vi ⊂ H1

D(Ωi) := {u ∈ H1(Ωi) |u|Γi,D = 0}.
Show: The space V of Theorem 4.1 satisfies V ⊂ H1

0 (Ω), and the approxima-
tion result of Theorem 4.1 is still valid.

Local approximation spaces Vi that satisfy the correct boundary conditions
can be derived in different ways. They can be determined analytically or
numerically.

Example 7.7. Let u solve Laplace’s equation and assume that u vanishes on
a straight line. Extending u by reflection across this line yields a function
(again denoted u) that is anti-symmetric with respect to this line and again
solves Laplace’s equation. It is shown in [78] that harmonic polynomials that
are anti-symmetric with respect to this line (and hence vanish on it), can
approximate the function u at the same rate as the full space HPp of harmonic
polynomials.

As discussed in Section 5.6, local approximation spaces Vi can also be com-
puted numerically. If these spaces are computed using the standard FEM,
then it is easy to enforce essential boundary conditions.
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7.2 Non-conforming methods: Lagrange Multiplier methods and
collocation techniques

The essential boundary condition could also be enforced in a weak sense. The
simplest such approach is to collocate the boundary condition in a (finite) set
of points Y ⊂ ∂Ω as was proposed, for example, in [2,54,111]. Such methods
are, however, difficult to analyze even in the setting of the classical FEM.
Early references to the Lagrange Multiplier Method are [3,4]. One introduces
a bilinear form b : H1(Ω) ×H−1/2(∂Ω) by

b(v, µ) := 〈γ0v, µ〉H1/2(∂Ω)×H−1/2(∂Ω),

where γ0 : H1(Ω) → H1/2(∂Ω) is the trace operator γ0v = v|∂Ω. One then
considers the problem: Find (u, λ) ∈ H1(Ω) ×H−1/2(∂Ω) such that

a(u, v) + b(v, λ) = F (v) ∀v ∈ H1(Ω),

b(u, µ) = 0 ∀µ ∈ H−1/2(∂Ω).
(7.5)

The function u of the pair (u, λ) solving (7.5) is in fact an element of H1
0 (Ω)

and also a solution of the original problem (7.1). A natural discretization of
(7.5) is to take subspaces VN ⊂ H1(Ω), MN ⊂ H−1/2(∂Ω) and then consider
the problem: Find (uN , λN ) ∈ VN ×MN such that

a(uN , v) + b(v, λN ) = F (v) ∀v ∈ VN ,
b(uN , µ) = 0 ∀µ ∈ MN .

(7.6)

We mention in passing that 〈v, µ〉H1/2(∂Ω)×H−1/2(∂Ω) =
∫
∂Ω
vµ ds if µ ∈

L2(∂Ω) so that the discrete problem (7.6) represents a linear system of equa-
tions that can be set up for any reasonable choice of space MN (e.g., a space
of piecewise constant functions). One challenge in the Lagrange multiplier
method is that the spaces VN and MN cannot be chosen independently. As
is well-known the so-called “inf-sup” condition, or Babuška-Brezzi condition,
needs to be satisfied: If

inf
µ∈MN

sup
v∈VN

b(v, µ)

‖v‖H1(Ω‖µ‖H−1/2(∂Ω)

≥ γN > 0, (7.7)

then the error u− uN satisfies (see, e.g., [94, Thm. 5.13])

‖u− uN‖H1(Ω)≤C
(

1 +
1

γN

)
inf

(v,µ)∈VN×MN

‖u− v‖H1(Ω) + ‖λ− µ‖H−1/2(∂Ω).

This bound suggests that the inf-sup constant γN should be bounded away
from zero uniformly in the discretization parameter N to guarantee good
performance. The condition γN > 0 is indeed necessary as the following
exercise shows.
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Exercise 7.8. Show: γN = 0 implies that the matrix representing the linear
system (7.6) is not invertible.

In the classical FEM, various combinations of spaces VN and MN are known
to be “stable” in the sense that (7.6) holds for a constant independent of
the mesh size; we refer to [100] for a more detailed discussion and appropri-
ate references. In the context of the classical FEM, a key ingredient in the
stability proofs for pairs VN , MN are inverse estimates. To the knowledge of
the author, such estimates are not available for meshless methods, and an
analysis is therefore hard. We will encounter a similar difficulty in our anal-
ysis of Nitsche’s method below; the appropriate inverse estimate is therefore
stipulated as Assumption 7.13.

7.3 Non-conforming methods: penalty method

In the conforming FEM, one would have to choose VN ⊂ H1
0 (Ω). In the

penalty method, the essential boundary conditions are weakened by changing
the problem: Taking VN ⊂ H1(Ω) and ψ ≥ 1 the problem is to find uN ∈ VN
such that

aψ(uN , v) := a(uN , v) +

∫

∂Ω

ψuNv ds = F (v) ∀v ∈ VN . (7.8)

We recognize this as the Galerkin approximation to the following problem:

Find uψ ∈ H1(Ω) s.t. aψ(uψ, v) = F (v) ∀v ∈ H1(Ω). (7.9)

The strong form of this problem is:

−∆uψ = f on Ω, ∂nuψ + ψu = 0 on ∂Ω. (7.10)

One sees that, if ψ → ∞, then uψ → u, where u is the solution of (7.1). We
will make this more precise below.

Theorem 7.9 (penalty method). Let Ω ⊂ Rd be a Lipschitz domain. Let
k ≥ 2. Assume u ∈ Hk(Ω) is the solution of (7.1). Let ξ ∈ Hk−1(Ω) solve

−∆ξ + ξ = 0 on Ω, ξ|∂Ω = ∂nu on ∂Ω. (7.11)

Assume that the approximation space VN ⊂ H1(Ω) satisfies:

inf
v∈VN

‖u− v‖L2(Ω) + h‖∇(u− v)‖L2(Ω) ≤ Chk, (7.12)

inf
v∈VN

‖ξ − v‖L2(Ω) + h‖∇(ξ − v)‖L2(Ω) ≤ Chk−1. (7.13)

Then there holds for a C > 0 independent of ψ and h

‖u− uN‖H1(Ω) ≤ C
{
ψ−1 + ψ−1/2hk−3/2 + ψ1/2hk−1/2 + hk−1

}
.



Meshless Methods 53

Setting ψ = hσ with the optimal value σ = 2k−1
3 gives

‖u− uN‖H1(Ω) ≤ hσ , σ =
2k − 1

3
.

Remark 7.10. The regularity assumption ξ ∈ Hk−1(Ω) is satisfied, for exam-
ple, if ∂Ω is smooth.

Proof of Theorem 7.9. The proof follows the exposition of [3, Thm. 7.2.2].
From the Lax-Milgram Lemma (see, e.g., [23, Thm. 2.7.7]) we have upon
equipping the space H1(Ω) with the norm ‖ · ‖ψ :=

√
aψ(·, ·), which is equiv-

alent to the standard ‖ · ‖H1(Ω) norm,

‖uψ − uN‖ψ = inf
v∈VN

‖uψ − v‖ψ.

We now write

u = uψ +
1

ψ
ξ + ζ.

The function ζ satisfies

aψ(ζ, v) = a(u, v)︸ ︷︷ ︸
=

R
Ω
fv dx+

R
∂Ω

∂nuv ds

+ψ

∫

∂Ω

uv ds

︸ ︷︷ ︸
=0

− aψ(uψ, v)︸ ︷︷ ︸
=

R
Ω
fv dx

− 1

ψ
aψ(ξ, v)

=

∫

∂Ω

∂nuv ds−
1

ψ
a(ξ, v) −

∫

∂Ω

ξv ds

︸ ︷︷ ︸
=

R
∂Ω

∂nuv ds

= − 1

ψ

∫

Ω

∇ξ · ∇v dx.

Hence, the Lax-Milgram Lemma gives us

‖ζ‖ψ ≤ 1

ψ
‖ξ‖H1(Ω). (7.14)

The function uN is the Galerkin approximation to uψ, so we get ‖uψ−uN‖ψ =
infv∈VN ‖uψ − v‖ψ. Thus:

‖uψ − uN‖ψ = inf
v∈VN

‖uψ − v‖ψ ≤ inf
v∈VN

‖u− v‖ψ +
1

ψ
inf
v∈VN

‖ξ − v‖ψ + ‖ζ‖ψ.

Using the bound ‖z‖2
L2(∂Ω) ≤ C‖z‖L2(Ω)‖z‖H1(Ω) (see, e.g., Theorem A.2),

we can bound with our assumptions on the approximation properties of VN

‖uψ − uN‖ψ ≤ C
{
hk−1 + ψ1/2hk−1/2 + ψ−1/2hk−3/2 + ψ−1

}
.

Choosing ψ = h−σ gives

‖uψ − uN‖ψ ≤ Chmin{σ,σ/2+k−3/2,−σ/2+k−1/2,k−1} .

The optimal rate of convergence is obtained for σ = 2k−1
3 . We get

‖u−uN‖H1(Ω) ≤ ‖uψ−uN‖H1(Ω)+
1

ψ
‖ξ‖H1(Ω)+‖ζ‖H1(Ω) ≤ ‖uψ−uN‖ψ+Cψ−1,

which gives the desired bound. ut
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Remark 7.11. In the case k = 2, we see that the choice σ = (2k − 1)/3 leads
to the optimal rate of convergence. For k > 2, the penalty method leads to
suboptimal rates.

7.4 Non-conforming methods: Nitsche’s method

Nitsche’s method was introduced in [88]; a good accound that relates it to
various forms of Lagrange Multiplier Methods can be found in [100]. Like the
penalty method, Nitsche’s method alters the variational formulation albeit
in a more subtle way. For definiteness’ sake, we consider again the model
problem (7.1).

For simplicity, we will assume that the approximation space VN satisfies
VN ⊂ H2(Ω), although weaker assumptions suffice3. We need to identify
the shape functions ϕi that are near the boundary. Hence, upon recalling the
definition of patches, Ωi = (suppϕi)

◦, we define

I∂Ω := {i ∈ N |Ωi ∩ ∂Ω 6= ∅}. (7.15)

For i ∈ I∂Ω we set

Γi := Ωi ∩ ∂Ω, h̃i := diamΓi. (7.16)

For a penalty parameter γ > 0 define

aN(u, v) := a(u, v)−
∫

∂Ω

∂nuv ds−
∫

∂Ω

u∂nv ds+γ
∑

i∈I∂Ω

h̃−1
i

∫

Γi

uv ds. (7.17)

One variant of Nitsche’s method can then be formulated as:

Find uN ∈ VN s.t. aN (uN , v) = F (v) ∀v ∈ VN . (7.18)

In contrast to the penalty method, Nitsche’s method is consistent if the exact
solution is sufficiently regular:

Lemma 7.12 (consistency of Nitsche’s method). Let Ω be a Lipschitz
domain. If for some ε > 0 the solution u of (7.1) satisfies u ∈ H3/2+ε(Ω),
then aN(u, v) = F (v) for all v ∈ VN .

Proof. By the trace theorem, the assumption u ∈ H3/2+ε(Ω) guarantees that
∂nu is well-defined and ∂nu ∈ L2(∂Ω). Since also the Gauß-Green theorem
holds, the result now follows by inspection. ut
3 One has to be able to define the conormal derivative ∂nu for u ∈ VN as an element

of H−1/2(∂Ω) in a meaningful way. In view of practical computations, one would
like ∂nu ∈ L2(∂Ω). For example, VN ⊂ Hs(Ω) for some s > 3/2 suffices.
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The consistency result Lemma 7.12 will allow us to obtain quasi-optimality
results in appropriate norms. In order to perform this analysis, we introduce
a few discrete norms on the space H3/2+ε(Ω):

‖u‖2
1/2,h :=

∑

i∈I∂Ω

h̃−1
i ‖u‖2

L2(Γi)
, (7.19)

‖∂nu‖2
−1/2,h :=

∑

i∈I∂Ω

h̃i‖∂nu‖2
L2(Γi)

, (7.20)

‖u‖2
1,h := ‖∇u‖2

L2(Ω) + ‖u‖2
1/2,h + ‖∂nu‖2

−1/2,h. (7.21)

Central to the analysis of Nitsche’s method is an inverse assumption:

Assumption 7.13 (inverse assumption). There exists Cinv > 0 such that

‖∂nu‖−1/2,h ≤ Cinv‖∇u‖L2(Ω) ∀u ∈ VN .

In the case of the classical FEM, this inverse assumption can be proved:

Exercise 7.14. Let T be a shape-regular triangulation of a polygon in R2.
For the space of piecewise linears S1,1(T ), let E∂Ω be the set of edges that lie
on ∂Ω and let he be the length of edge e ∈ E∂Ω. Show: There exists C > 0
depending solely on the shape-regularity constant of T such that upon setting

‖∂nu‖2
−1/2,h :=

∑

e∈E∂Ω

he‖∂nu‖2
L2(e)

we have ‖∂nu‖−1/2,h ≤ Cinv‖∇u‖L2(Ω) for all u ∈ S1,1(T ) for some suitable
Cinv > 0.

If the inverse Assumption 7.13 is satisfied, then the bilinear form aN is coer-
cive on VN provided that the parameter γ is chosen suffiently large:

Lemma 7.15. If Assumption 7.13 is satisfied, then we have for γ > 2C2
inv

min

{
1

4
,

1

4Cinv
, γ − 2C2

inv

}
‖u‖2

1,h ≤ aN (u, u) ∀u ∈ VN , (7.22)

|aN (u, v)| ≤ (1 + γ)‖u‖1,h‖v‖1,h ∀u, v ∈ H3/2+ε(Ω). (7.23)

Proof. Using the fact that ∂Ω ⊂ ∪i∈I∂Ω
Γi, we can estimate with the Cauchy-

Schwarz inequality
∣∣∣∣
∫

∂Ω

∂nuu ds

∣∣∣∣ ≤ ‖∂nu‖−1/2,h‖u‖1/2,h.

Using next the bound 2|ab| ≤ εa2 + 1
ε b

2, which is valid for all ε > 0, we get

aN (u, u) ≥ ‖∇u‖2
L2(Ω) − 2‖∂nu‖−1/2,h‖u‖1/2,h + γ‖u‖2

1/2,h

≥ ‖∇u‖2
L2(Ω) − ε‖∂nu‖2

−1/2,h − ε−1‖u‖2
1/2,h + γ‖u‖2

1/2,h

≥ (1 − εC2
inv)‖∇u‖2

L2(Ω) + (γ − ε−1)‖u‖2
1/2,h,
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where we appealed to the inverse assumption. Choosing now ε = (2C2
inv)

−1

gives the desired bound (7.22).
The bound (7.23) follows from the trace theorem. ut

Remark 7.16. Lemma 7.15 shows that the problem (7.18) is well-defined and
leads to a symmetric positive definite stiffness matrix, provided that the
parameter γ is choosen sufficiently large. A good estimate on Cinv is required
for that. Determining Cinv can be formulated as an eigenvalue problem, and
a numerical scheme that works well has been proposed in [51,96].

The consistency result Lemma 7.12 allows us to get quasi-optimality of the
Nitsche method:

Lemma 7.17. Set a := min{ 1
4 ,

1
4Cinv

, γ − 2C2
inv}. Assume that the solution

u of (7.1) satisfies u ∈ H3/2+ε(Ω) for some ε > 0. Then

‖u− uN‖1,h ≤
(

1 +
1 + γ

a

)
inf
v∈VN

‖u− v‖1,h.

Proof. The proof is the same as the proof of Céa’s lemma, for which we refer,
for example, to [23, Thm. 2.8.1]. ut

Theorem 7.18 (Convergence of Nitsche’s method). Let the solution u
of (7.1) satisfy u ∈ Hk(Ω) for some k ≥ 2. Assume:

(a) the constant a of Lemma 7.17 is positive;
(b) the sets Γi, i ∈ I∂Ω satisfy an overlap condition;
(c) hi ∼ h for all i ∈ I∂Ω,
(d) inf

v∈VN

‖u− v‖L2(Ω) + h‖u− v‖H1(Ω) + h2‖u− v‖H2(Ω) ≤ Chk‖u‖Hk(Ω).

Then
‖u− uN‖H1(Ω) ≤ Chk−1.

Proof. By the quasi-optimality result Lemma 7.17 it suffices to bound the
expression infv∈VN ‖u − v‖1,h. Using hi ∼ h for all i ∈ I∂Ω and the overlap
condition on the sets Γi gives us for arbitrary v ∈ VN

‖u− v‖2
1,h ≤ ‖u− v‖2

H1(Ω) + Ch‖∂n(u− v)‖2
L2(∂Ω) + h−1‖∂n(u− v)‖2

L2(∂Ω).

The trace Theorem A.2 applied to z ∈ H2(Ω) gives in view of ∇z ∈ H1(Ω)

‖u− v‖2
1,h ≤ C

{
‖u− v‖2

H1(Ω)

+ h‖u− v‖H1(Ω)‖u− v‖H2(Ω) +
1

h
‖u− v‖L2(Ω)‖u− v‖H1(Ω)

}
.

The assumptions on the approximation properties of VN allow us to conclude
the argument. ut
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We required k ≥ 2 in the proof of Theorem 7.18 for convenience only. The
follow exercise shows that k > 3/2 is in fact sufficient:

Exercise 7.19. Use Theorem A.2 to show that the approximation result of
Theorem 7.18 is true for k ∈ (3/2, 2) provided

inf
v∈VN

‖u− v‖L2(Ω) + h‖u− v‖H1(Ω) + hk‖u− v‖Hk(Ω) ≤ Chk‖u‖Hk(Ω).

Remark 7.20. The approximation properties of VN stipulated in Theorem 7.18
required simultaneous approximation properties of VN in three norms. Such
results were established in Theorem 2.6 and Proposition 3.11.

A Results from Analysis

Theorem A.1 (universal extension operator). Let Ω ⊂ Rd be a Lip-
schitz domain. Then there exists a linear operator E : L1(Ω) → L1(Rd) with
the following properties:

(i) (Eu)|Ω = u for all u ∈ L1(Ω).
(ii) For each k ∈ N0, p ∈ [1,∞], there exists C > 0 such that ‖Eu‖Wk,p(Rd) ≤

C‖u‖Wk,p(Ω) for all u ∈W k,p(Ω).

Proof. See [99, Chap. VI.3]. ut

Theorem A.2 (multiplicative trace theorem). Let Ω ⊂ Rd be a Lip-
schitz domain, s ∈ (1/2, 1]. Then there exists a constant C > 0 such that for
all u ∈ Hs(Ω) the trace γ0u = u|∂Ω satisfies

‖γ0u‖L2(∂Ω) ≤ C‖u‖1−1/(2s)
L2(Ω) ‖u‖1/(2s)

Hs(Ω).

Proof. The case s = 1 is well-known (see, e.g., [23, Prop. 1.6.3]). For the case
s ∈ (1/2, 1), a proof that is based on elementary techniques can be found in
Exercise A.3. A short proof resting on the theory of interpolation spaces is
as follows. From [104, Thm. 2.9.3], we can infer the trace theorem

‖γ0u‖L2(∂Ω) ≤ C‖u‖
B

1/2
2,1 (Ω)

, (A.1)

where the Besov space B
1/2
2,1 (Ω) = (L2(Ω), H1(Ω))1/2,1; here, the K-method

of interpolation, [15,104] is employed. For s ∈ (1/2, 1], the reiteration theo-

rem then allows us to recognize B
1/2
2,1 as an interpolation space between L2(Ω)

and Hs(Ω), namely, B
1/2
2,1 (Ω) = (L2(Ω), Hs(Ω))θ,1, where θ = 1/(2s). Insert-

ing into (A.1) the interpolation inequality ‖u‖
B

1/2
2,1 (Ω)

≤ Cθ‖u‖1−θ
L2(Ω)‖u‖θHs(Ω)

then gives the desired result. ut
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Exercise A.3 (alternative proof of Theorem A.2). The present exercise illus-
trates a very useful device of analysis, namely, how scaling arguments can
lead to multiplicative bounds.
For simplicity, consider the case Ω = (0, 1)d. Write Γ := Rd−1 × {0}. Using
the extension operator of Theorem A.1, we may assume u ∈ Hs(Rd). Proceed
in several steps:

(a) Starting from the estimate ‖v‖L2(∂Ω) ≤ C‖v‖Hs(Ω) for all v ∈ Hs(Ω),
show that

‖v‖L2(Γ ) ≤ C
[
‖v‖L2(Rd) + |v|Hs(Rd)

]
∀v ∈ C∞

0 (Rd) (A.2)

where we recall that | · |Hs(Rd) is defined as the Slobodeckij norm (1.1).
(b) By scaling (i.e., considering the function ũ(x) := u(Rx)) show that (A.2)

has actually the form

‖v‖2
L2(Γ ) ≤ C

[
R‖v‖2

L2(Rd) +R1−2s|v|2Hs(Rd)

]
∀v ∈ C∞

0 (Rd) (A.3)

for arbitrary R > 0.

(c) Choose R in (A.3) suitably to obtain ‖v‖2
L2(Γ ) ≤ C‖v‖2−1/s

L2(Rd)
|v|1/s

Hs(Rd)
.

The following theorem shows that it is possible to cover arbitrary bounded
sets by balls that satisfy a finite overlap property:

Theorem A.4 (Besicovitch covering theorem). Let d ∈ N. Then there
exists a constant Md > 0 (depending solely on d) with the following property:
Let B be a collection of nondegenerate closed balls in Rd with sup{diamB |B ∈
B} < ∞. Let A be the set of centers of the balls of B. Then there exist
countable collections B1, . . . ,BMd

⊂ B such that each Bi, i = 1, . . . ,Md, is a
collection of disjoint balls and

A ⊂
Md⋃

i=1

⋃

B∈Bi

B.

Proof. See, for example, [112, Thm. 1.3.5] or [40, Sec. 1.5.2]. ut

B Properties of Polynomials

Theorem B.1 (polynomial approximation). Let B ⊂ Rd be a ball of
diameter h ≤ 1. Then for each polynomial degree p ∈ N0 there exists a linear
operator Qp : L1(B) → Pp with the following properties:

Qpu = u ∀u ∈ Pp, (B.1)

‖u−Qpu‖W s,q(B) ≤ Cp,q,kh
(min{p+1,k}−s)+‖u‖Wk,q(B), 0 ≤ s ≤ k. (B.2)
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Here, the notation (·)+ represents the function x 7→ (x)+ = max{x, 0}. The
constant Cp,q,k depends only on p ∈ N0, q ∈ [1,∞), d, and k ≥ 0. The bound
(B.2) also holds for q = ∞ if k and s are restricted to integer values s,
k ∈ N0.
If q ∈ (1,∞) and k > d/q or if q = 1 and k ≥ d, then additionally

‖u−Qpu‖L∞(B) ≤ C̃p,q,kh
min{p+1,k}−d/q‖u‖Wk,q(B), (B.3)

where C̃p,q,k depends only on p, q, d, and k.

Proof. The L∞-bound (B.3) will be treated in the following Exercise B.2.
We elaborate the arguments of [23, Chap. 4] in order to show the statements
(B.1), (B.2). We proceed in several steps.
1. step: Let F : B1(0) → B be an affine bijection. We define u 7→ Qpu by

(Qpu) ◦ F := Q̂p(u ◦ F ), where Q̂p : L1(B1(0)) → Pp is defined as in [23,
Chap. 4]. From [23, Prop. 4.3.8 and Cor. 4.1.15] we have

Q̂pu = u ∀u ∈ Pp, (B.4)

‖Q̂pu‖Wm,∞(B1(0)) ≤ Cm‖u‖L1(B1(0)) for any m ∈ N0. (B.5)

(B.4) implies (B.1). We therefore turn to the proof of (B.2). We set µ :=
min{p+ 1, k}, let v ∈ Pp be arbitrary, and calculate for s ∈ [0, µ] using (B.4)
and the stability result (B.5)

‖u− Q̂pu‖W s,q(B1(0)) ≤ ‖u− Q̂pu‖Wµ,q(B1(0))

≤ ‖u− v‖Wµ,q(B1(0)) + ‖Q̂p(u− v)‖Wµ,q(B1(0))

≤ ‖u− v‖Wµ,q(B1(0)) + C‖(u− v)‖L1(B1(0)) ≤ C‖u− v‖Wµ,q(B1(0)). (B.6)

2. step: In order to employ scaling arguments, we have to replace the full
norm on the right-hand side of (B.6) by a semi-norm. The technique for
doing this can be traced back to [21,31] and is based on a compactness ar-
gument: From Rellich’s theorem, [39, Chap. 5.7], we have that the embed-
ding W k,q(B1(0)) ⊂⊂ W k−1,q(B1(0)) is compact for k ∈ N; for k = k̃ + s

with k̃ ∈ N0 and s ∈ (0, 1) we have W k,q(B1(0)) ⊂⊂ W k̃,q(B1(0)), [104,
Sec. 1.16.4, Thm. 2]. Reasoning in the same way by contradiction as in the
classical proof of the Poincaré inequality (see, e.g., [39, Sec. 5.8.1]), we can
infer for p ∈ N0 with p ≥ k − 1

inf
v∈Pp

‖u− v‖Wk,q(B1(0)) ≤ C|u|Wk,q(B1(0)) ∀u ∈W k,q(B1(0)). (B.7)

3. step: Since v ∈ Pp in (B.6) is arbitrary and µ ≤ p+ 1, we get for s ∈ [0, µ]

‖u− Q̂pu‖W s,q(B1(0)) ≤ C inf
v∈Pp

‖u− v‖Wµ,q(B1(0)) ≤ C|u|Wµ,q(B1(0)).
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By transforming to B and observing how the semi-norms | · |W s,q , | · |Wµ,q

scale (cf. (1.1)) we obtain the desired bound (B.2) for s ∈ [0, µ].
4. step: It remains to see the bound for min{p+ 1, k} < s ≤ k. This can only
happen for p+ 1 < k. But then p+ 1 < s and an easy calculation shows that
|Qp|W s,q(B) = 0. We conclude for the semi norm

|u−Qpu|W s,q(B) ≤ |u|W s,q(B) + |Qpu|W s,q(B) = |u|W s,q(B) ≤ C‖u‖Wk,q(B).

This allows us to obtain the desired bound (B.2) for the case min{p+1, k} <
s ≤ k. ut

Exercise B.2. Show (B.3) by proving the following two results.

(a) Show the following generalization of (B.7) for p+ 1 < k and Ω := B1(0):

inf
v∈Pp

‖u− v‖Wk,q(Ω) ≤ C|u|Wp+1,q(Ω) +
∑

j∈N

p+2≤j<k

|u|W j,q(Ω) + |u|Wk,q(Ω).

(b) The parameter k in the statement of Theorem B.1 is such that the Sobolev
embedding theorem W k,q(B1(0)) ⊂ L∞(B1(0)) holds. By proceeding as
in the proof of Theorem B.1 show the estimate (B.3).

Theorem B.3 (polynomial inverse estimates). Let p ∈ N0, d ∈ N, k ∈
N. Then there exists a constant C > 0 depending only on p, d, and there
exists a constant Ck depending only on d, p, k such that for any ball B ⊂ Rd

of radius h ≤ 1 there holds for all π ∈ Pp:

‖π‖L∞(B) ≤ Ch−d/2‖π‖L2(B),

‖π‖Hk(B) ≤ Ckh
−k‖π‖L2(B).

Proof. For h = 1 this estimate follows from the equivalence of norm of the
finite dimensional space Pp. The general case h 6= 1 follows by a scaling
argument (see also [23, Lemma 4.5.3]).

Lemma B.4. Let B1 ⊂ B2 ⊂ Rd be two balls of radius r1, r2, respectively.
Then

‖π‖L∞(B2) ≤
(

2r2
r1

)p
‖π‖L∞(B1) ∀π ∈ Pp. (B.8)

Proof. To show this, we employ the following one-dimensional Bernstein es-
timate for r ≥ 1, [33, Chap. 4, Thm. 2.2]:

‖π‖L∞(−r,r) ≤ rp‖π‖L∞(−1,1) ∀π ∈ Pp. (B.9)

Let B1 = Br1(x1), B2 = Br2(x2). Let y ∈ Br2(x2)\{x1} be arbitrary; let l be
the line passing through the points y and x1. Then the length of l∩B1 is 2r1
and the length of l∩Br2(x2) is bounded by diamBr2(x2). Since the restriction
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of π to l can be viewed as a univariate polynomial, the one-dimensional result
(B.9) implies

|π(y)| ≤ ‖π‖L∞(l) ≤
(

diamBr2(x2)

r1

)p
‖π‖L∞(l∩B1) ≤

(
2r2
r1

)p
‖π‖L∞(B1).

Since y ∈ Br2(x2) was arbitrary, the desired bound (B.8) follows. ut

C Approximation with adapted function systems

In this appendix, we prove Theorems 5.13, 5.14, and 5.17. These results are
restricted to two-dimensional problems and make use of complex variables.
We will identify R2 with the complex plane C where appropriate without
explicit mention.

C.1 The theory of Bergman and Vekua

We consider equations of the form

−∆u+ a∂xu+ b∂yu+ cu = 0 on Ω ⊂ R2, (C.1)

where the constants a, b, c are real. The theory of S. Bergman [16] and
I.N. Vekua [105] asserts the existence of a bijection between (suitably nor-
malized) holomorphic functions and the solutions of (C.1). This bijection is
even bicontinuous in Sobolev norms:

Lemma C.1. Let Ω ⊂ C be a simply connected Lipschitz domain. Fix z0 ∈
Ω. Let H := {ϕ |ϕ holomorphic on Ω and ϕ(z0) real}. Then there exists a
linear map ReV with the following properties:

1. ReV(ϕ) solves (C.1) for every ϕ ∈ H.
2. For every solution u of (C.1) there exists a unique ϕ ∈ H such that

ReV(ϕ) = u.
3. ‖ReV(ϕ)‖Hk(Ω) ≤ C‖ϕ‖Hk(Ω) for all ϕ ∈ H and k ≥ 0.

4. If u ∈ Hk(Ω), k ≥ 1, solves (C.1), then the corresponding ϕ = ReV−1(u) ∈
H is likewise in Hk(Ω) and ‖ϕ‖Hk(Ω) ≤ C‖u‖Hk(Ω).

In the last two estimates, the constant C depends on k, Ω, and the differential
operator.

Proof. See [80]. Corresponding bicontinuity results in Hölder spaces have
been obtained in [38]. ut

Remark C.2. The case of Laplace’s equation is particularly simple. Then ReV
reduces to the operator Re, i.e., taking the real part of a holomorphic function.
Lemma C.1 can be generalized to the case of real analytic coefficients a, b, c;
we refer to [80] and [16,105] for the precise statements.



62 J.M. Melenk

An important observation is that the operator ReV can also be computed for
Helmholtz’s equation. For z0 = 0 and writing (x, y) in polar coordinates, it
is shown in [80] that

ReV[zn] = n!

(
2

k

)n
cos(nϕ)Jn(kr), (C.2a)

ReV[izn] = −n!

(
2

k

)n
sin(nϕ)Jn(kr); (C.2b)

here and in the remainder of this section (r, ϕ) denotes polar coordinates, i.e.,
x = r cosϕ, y = r sinϕ; the functions Jn are the first kind Bessel functions.

C.2 Proof of Theorems 5.13, 5.14

The approximation properties of the spaces V (p) of (5.8) are proved in [80].
The purpose of the present section is to show how the approximation prop-
erties of W (p) (see (5.7)) can be inferred from those of V (p). To that end,
we need to approximate the functions einϕJn(kr) from W (p):

Lemma C.3. Let the spaces W (p) be defined by (5.7). Then there exists
C > 0 independent of n ∈ N0 and p ∈ N and there exists, for each n ∈ N0, a
function v ∈W (p) such that for all R ≥ 1, (x, y) ∈ R2, k ≥ 0 we have

|einϕJn(kr) − v(x, y)| ≤ CenReke
R(|x|+|y|)e−pR/e,

|∇(einϕJn(kr) − v(x, y))| ≤ CenR(1 + keR)eke
R(|x|+|y|)e−pR/e.

Proof. Given n and p, we will construct the function v ∈W (p) explicitly.
1. step: We start by deriving an integral representation for einϕJn(kr). From
[46, 8.411] we have for z ∈ C the integral representation

Jn(z) =
1

π

∫ π

−π

e−niθ+iz sin θ dθ. (C.3)

Next, we recall x = r cosϕ, y = r sinϕ, and we get using the periodicity of
the integrand in (C.3)

πeinπ/2einϕJn(kr) = einπ/2einϕ
∫ π

−π

e−in(θ+ϕ+π/2)+ikr sin(θ+ϕ+π/2) dθ

=

∫ π

−π

e−inθ+ikr{cos θ cosϕ−sin θ sinϕ} dθ =

∫ π

−π

e−inθ+ik{x cos θ−y sin θ} dθ

=

∫ π

−π

e−inθ+ik{x cos θ+y sin θ} dθ. (C.4)

By differentiating under the integral sign with respect to x and y, we obtain
a similar expression for the gradient of einϕJn(kr).
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2. step: For ρ > 0 we define the strip Sρ := {z ∈ C | | Im z| < ρ}. We claim
that the Fourier coefficients gν of periodic functions g that are holomorphic on
a strip SR decay exponentially. For ρ < R the expression gρ := supz∈Sρ

|g(z)|
is finite and an m-fold integration by parts gives for ν 6= 0

gν =
1

2π

∫ π

−π

e−iνθg(θ) dθ =
1

2π

(
1

iν

)m ∫ π

−π

e−iνθg(m)(θ) dθ.

Using the Cauchy integral representation formula we get for ν 6= 0

|gν | =

∣∣∣∣∣
1

2π

m!

2πi

(
1

iν

)m ∮

|t|=ρ

∫ π

−π

eiνθ
g(θ + t)

(−t)m+1
dθ dt

∣∣∣∣∣ ≤ C
m!

(ρ|ν|)m gρ.

The parameter m ∈ N0 is at our disposal. We choose it as b|ν|ρ/ec and get,
using the generous bound m! ≤ mm,

m!

(ρ|ν|)m ≤
(
m

ρ|ν|

)m
≤
( |ν|ρ/e

|ν|ρ

)|ν|ρ/e−1

= ee−|ν|ρ/e.

Thus, we arrive at
|gν | ≤ ee−ρ|ν|/egρ ∀ν ∈ Z

and conclude ∑

|ν|≥p

|gν | =
2e

1 − e−ρ/e
e−pρ/egρ. (C.5)

3. step: For p ∈ N and θj := −π+ 2π
p j, j = 0, . . . , p− 1, we denote by Tp the

trapezoidal rule for integration on the interval (−π, π), i.e.,

Tpf :=
2π

p

p−1∑

j=0

f(θj).

The rule Tp is exact for trigonometric polynomials of degree p− 1, i.e.,

Tpf =

∫ π

−π

f(θ) dθ ∀f ∈ Tp := span{ejθ, e−jθ | j = 0, . . . , p− 1}.

Hence, if the periodic function g has the Fourier representation g(θ) =∑
ν∈Z

gνe
iνθ, we can bound

∣∣∣∣
∫ π

−π

g(θ) dθ − Tpg

∣∣∣∣ ≤ 4π inf
v∈Tp

‖g − v‖L∞(−π,π) ≤ 4π
∑

|ν|≥p

|gν |. (C.6)

4. step: We observe that an approximation of einϕJn(kr) from W (p) can be
obtained by applying the trapezoidal rule to the integral (C.4). We set

g(θ) :=
1

π
e−inπ/2e−inθ+ik{x cos θ+y sin θ}
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and note v := Tpg ∈ W (p). It therefore remains to get bounds on the error
einϕJn(kr) − v. The function g is entire, and we can bound for any R > 0

sup
z∈SR

|g(z)| ≤ enReke
R(|x|+|y|). (C.7)

Hence, we get by combining (C.5), (C.6), (C.7)

|einϕJn(kr) − v| ≤ 4π
∑

|ν|≥p

|gν | ≤ CenReke
R(|x|+|y|)e−pR/e,

where the constant C > 0 is independent of n, p, R ≥ 1, and x, y.
5. step: The bound for the gradient ∇(einϕJn(kr) − v) is obtained similarly:
By differentiating under the integral sign, we have the representation formula
∂xe

inϕJn(kr) =
∫ π
−π ∂xg(θ) dθ; by linearity of the operator Tp we have ∂xv =

Tp(∂xg). Reasoning as above then gives the desired bound. ut
Proof of Theorems 5.13 and 5.14. It only remains to prove the approximation
properties of the space W (p). We will only show Theorem 5.14 and leave the
proof of Theorem 5.13 to the reader. Let Ω be star-shaped with respect to
the ball Bρ(0). The real and imaginary parts u1 := Reu and u2 := Imu
of the complex-valued solution u of the Helmholtz equation also solve the
Helmholtz equation. Additionally, ‖u1‖Hk(Ω) + ‖u2‖Hk(Ω) ≤ C‖u‖Hk(Ω).
From the approximation properties of V (p) detailed in (5.10) and the obser-
vation (C.2) we have the existence of holomorphic polynomials Pj ∈ HN of
degree N such that

‖uj − ReV Pj‖H1(Ω) ≤ C

(
lnN

N

)λ(k−1)

. (C.8)

Lemma C.1 asserts that ReV is bicontinuous in Sobolev spaces, so we get

‖Pj‖H1(Ω) ≤ C‖ReVPj‖H1(Ω) ≤ C (C.9)

for some C > 0 that is independent of N . We now approximate ReV Pj from

W (p). To that end, we write the polynomial Pj as Pj(z) =
∑N

n=0 an,jz
n.

Cauchy’s integral representation then gives

an,j =
1

2πi

∮

|t|=ρ/2

Pj(t)

(−t)n+1
dt.

The bound (C.9) and Lemma C.8 then imply

‖Pj‖L∞(Bρ/2(0)) ≤
1√

π dist(∂Bρ/2(0), ∂Bρ(0))
‖Pj‖L2(Bρ(0)) ≤ C

for some C > 0 independent of N . From this, we infer for the coefficients an,j
of the polynomial Pj

|an,j | ≤ C
1

(ρ/2)n
‖Pj‖L2(Bρ(0)) ≤ C

1

(ρ/2)n
.
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In view of (C.2) and Lemma C.3, we can approximate for p ≥ N

inf
v∈W (p)

‖ReVPj−v‖H1(Ω) ≤ C

N∑

n=0

|an,j |n!

(
2

k

)n
enR(1+keR)eke

R diamΩe−pR/e.

Here, the constant C > 0 is independent of the parameters R and N , both
of which we will now choose. We estimate

N∑

n=0

|an,j |n!enR
(

2

k

)n
≤ CN !e(γ+R)N

for suitable C, γ > 0 independent of N , R. Choosing now (ignoring the
complications do to rounding p/ log p to the nearest integer)

N =
p

log p
(C.10)

we can bound logN ! ≤ N logN = p
log p log(p/ log p) ≤ p to arrive at

N∑

n=0

|an,j |n!enR
(

2

n

)n
≤ Ceγ

′p

for some C, γ′ > 0 independent of p and R. Hence, choosing R > 0 sufficiently
large allows us to estimate

inf
v∈W (p)

‖ReVPj − v‖H1(Ω) ≤ Ce−bp, (C.11)

for some appropriate b > 0 independent of p. The triangle inequality ‖uj −
v‖H1(Ω) ≤ ‖uj−ReVPj‖H1(Ω) +‖ReVPj−v‖H1(Ω) and making use of (C.8),
(C.10), (C.11) allows us to conclude the proof. ut

C.3 Two-dimensional elasticity

For complex-valued functions, we use the standard abbreviations ∂z = 1
2 (∂x−

i∂y), ∂z = 1
2 (∂x + i∂y). As discussed in (5.14), the displacement field (u, v)

can be expressed on simply connected domains in terms of two holomorphic
function ϕ, ψ. We can then check that

2µ∂mz (u+ iv) = −zϕ(m+1) − ψ(m), (C.12a)

σx + σy = 2 Reϕ′, (C.12b)

2µ∂z(u+ iv) = (κ+ 1) Reϕ′ + i(κ− 1) Imϕ′, (C.12c)

where the stresses σx, σy are defined in Section 5.4. It will be convenient to
combine the components of the displacement field (u, v) into the complex-
valued function

u(x, y) := u(x, y) + iv(x, y).

The next lemma shows that the functions ϕ, ψ appearing in the representation
formula (5.14) inherit regularity from the displacement field u:
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Lemma C.4. Let Ω ⊂ R2 be star-shaped with respect to a ball Bρ(z0). Let
the displacement field u = u + iv ∈ Hk(Ω) for some k ∈ N. Let z0 ∈ Ω. Let
ϕ, ψ be the holomorphic functions appearing in the representation formula
(5.14), which are uniquely determined by stipulating ϕ(z0) = 0. Then

‖ϕ‖Hk(Ω) + ‖ψ‖Hk−1(Ω) ≤ C‖u‖Hk(Ω),

where C > 0 depends only on the Lamé constants, upper bounds on diamΩ,
and lower bounds on ρ.

Proof. We will only show the case k = 1 and leave the case k > 1 to the
reader. Equation (C.12b) implies that Reϕ′ ∈ L2(Ω) with ‖Reϕ′‖L2(Ω) ≤
C‖u‖H1(Ω). Equation (C.12c) then shows that also Imϕ′ ∈ L2(Ω) with
‖ Imϕ′‖L2(Ω) ≤ C‖u‖H1(Ω). The condition ϕ(z0) = 0 then allows us to infer
from Lemma C.9 that ‖ϕ‖L2(Ω) ≤ C‖ϕ′‖L2(Ω) for a constant C > 0 that
depends only on upper bounds on diam Ω and lower bounds on ρ. Finally,
we use once more the representation formula (5.14) to get the desired L2

estimate for ψ. ut
Lemma C.5. Let Ω ⊂ C be a domain and define for ε > 0 the set Ωε =
{z ∈ Ω |Bε(z) ⊂ Ω}. If f , g are holomorphic on Ω and satisfy f ∈ Hs(Ω),
zf ′ + g ∈ Hs(Ω) for some s ∈ [0, 1], then

‖zf ′ + g‖H1(Ωε) ≤ Cεs−1
{
‖f‖Hs(Ω) + ‖zf ′ + g‖Hs(Ω)

}
.

Proof. The case s = 1 is trivial and the case s = 0 is very similar to the case
s ∈ (0, 1). We have to bound the L2(Ωε)-norms of

∂z(zf ′ + g) = f ′, ∂z(zf ′ + g) = zf ′′ + g′.

By an interior estimate for holomorphic functions, [80, Lemma 2.4], we have
for each s′ ∈ [0, 1] a constant Cs′ > 0 such that for all f ∈ Hs′(Ω) that are
holomorphic on Ω

‖f ′‖L2(Ωε) ≤ Cεs
′−1|f |Hs′ (Ω). (C.13)

For the bound on zf ′′ + g′ we use Cauchy’s integral representation formula
to get for z ∈ Ωε

zf ′′ + g′ =
1

2πi

∮

|t−z|=ε

(z − t)f ′(t)

(z − t)2
dt

+
1

2πi

∮

|t−z|=ε

tf ′(t) + g(t) − (zf ′(z) + g(z))

(z − t)2
dt. (C.14)

For the second term, we used additionally
∮
|z−t|=ε

1
(z−t)2 dt = 0. For the first

integral in (C.14), we observe that |t−z| = ε implies z−t = ε2

z−t and recognize
the first integral to be

1

2πi

∮

|t−z|=ε

(z − t)f ′(t)

(z − t)2
dt =

ε2

2!

2!

2πi

∮

|t−z|=ε

f ′(t)

(z − t)3
dt =

ε2

2!
f ′′′(z).
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Together with bounds on the second integral, we arrive at

∣∣∣zf ′′ + g′
∣∣∣
2

≤ Cε4|f ′′′(z)|2 + Cε+2s sup
t∈∂Bε(z)

|tf ′(t) + g(t) − (zf ′(z) + g(z)|2
|z − t|2+2s

.

Upon integrating in z ∈ Ωε, we can bound ε2‖f ′′′‖L2(Ωε) ≤ Cεs−1|f |Hs(Ω)

if we note Ωε ⊂ Ωε/3 ⊂ Ω2ε/3 ⊂ Ω and use (C.13) repeatedly, namely,
twice with s′ = 0 and once with s′ = s. For the second term involving the
supremum, we use the interior estimate (C.22) to bound the supremum and
then integrate in the z-variable to obtain the desired result. ut

Lemma C.6. Let Ω be star-shaped with respect to the ball Bρ(0). Let m ∈ N,
s ∈ [0, 1). Let the displacement field (u, v) be in Hm+s(Ω). Define the function

g(t) := 2µ (u((1 − t)z) + iv((1 − t)z)) .

Then for t ∈ (0, 1/2)

‖g(m+1)(t)‖L2(Ω) + ‖g(m)(t)‖H1(Ω) ≤ Ct−(1−s)‖u‖Hm+s(Ω). (C.15)

Proof. We will only show the bound on g(m), the other one being handled
similarly. Using the representation formula (5.14) for u = u+ iv, we write

g(t) = −(1 − t)zϕ′((1 − t)z) − ψ((1 − t)z)) + κϕ((1 − t)z),

g(m)(t) =
[
−(1− t)zϕ(m+1)((1 − t)z) − ψ(m)((1 − t)z))

]
(−z)m

+mz(−z)m−1ϕ(m)((1 − t)z) + κ(−z)mϕ(m)((1 − t)z),

∂zg
(m)(t) = −(1 − t)(−z)mϕ(m+1)((1 − t)z) +m(−z)m−1ϕ(m)((1 − t)z)

+ κ
d

dz

[
(−z)mϕ(m)((1 − t)z)

]
,

∂zg
(m)(t) = (1 − t)

[
−(1− t)zϕ(m+2)((1 − t)z) − ψ(m+1)((1 − t)z)

]
(−z)m

−m
[
−(1 − t)zϕ(m+1)((1 − t)z) − ψ(m)((1 − t)z)

]
(−z)m−1

+mz
d

dz

[
(−z)m−1ϕ(m)((1 − t)z)

]
.

The estimate (C.15) follows from the change of variables ζ = (1 − t)z, the
observations (C.12), and Lemma C.4. An additional ingredient to the proof
is the fact that there exists C > 0 such that BCt(z) ⊂ Ω for all z ∈ (1 − t)Ω
so that Lemma C.5 can be employed. ut

Lemma C.7. Assume the hypotheses of Lemma C.6. Let Tm be the Taylor
polynomial of g about the point t0 = ε that is evaluated at t = 0, i.e.,

Tm =

m∑

ν=0

g(ν)(ε)
(−ε)ν
ν!

.
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Then Tm is defined on 1
1−εΩ and

‖Tm‖L2( 1
1−ε Ω) ≤ C‖u‖Hm(Ω), (C.16)

‖Tm‖H1( 1
1−ε/2

Ω) ≤ Cε−1‖u‖Hm(Ω), (C.17)

‖g(0)− Tm‖L2(Ω) + ε‖g(0) − Tm‖H1(Ω) ≤ Cεm+s‖u‖Hm+s(Ω). (C.18)

Proof. The bound (C.16) follows from the change of variables ζ = (1−ε)z, an
inspection of the definition of the terms g(j), j = 0, . . . ,m, equation (C.12),
and Lemma C.4. The proof of (C.17) follows along the same lines. Estimating
∂zg

(m)(t), however, requires additionally to use Lemma C.5 and the obser-
vation that 1

1−ε/2Ω ⊂ {z ∈ 1
1−εΩ |Bε′(z) ⊂ 1

1−εΩ} for some ε′ ∼ ε. In the

bound (C.18), we will only show the H1(Ω)-estimate. We will also exclude
the case m = 1, s = 0, which we leave to the reader. We choose δ ∈ (0, 1/2)
such that 2(m− 1) − 2(1− s) + 2δ > 0 and recall the Taylor formula

g(0) − Tm = − 1

m!
(−ε)mg(m)(ε) − 1

(m− 1)!

∫ 0

ε

g(m)(t)(−t)m−1 dt.

The first term can be bounded by εm+s−1
[
‖u‖Hm+s(Ω) + ‖v‖Hm+s(Ω)

]
by

Lemma C.6. For the integral, we estimate

∥∥∥∥
∫ 0

ε

g(m)(t)tm−1 dt

∥∥∥∥
2

H1(Ω)

≤
∫ ε

0

‖g(m)(t)‖2
H1(Ω)t

2(1−s−δ)dt

∫ ε

0

|t−(1−s)+δ+m−1|2dt,

which can again be estimated in the desired fashion using Lemma C.6. ut
Proof of Theorem 5.17. Without loss of generality, we assume that Ω is star-
shaped with respect to the ball Bρ(0). For a parameter ε > 0 sufficiently
small, which will be chosen below in dependence on the polynomial degree
p, we define g and Tm as in Lemmas C.6, C.7. Then Tm is defined on 1

1−εΩ
and, since g(0) = u, we get from Lemma C.7

‖u− Tm‖Hj(Ω) ≤ Cεm+s−j‖u‖Hm+s(Ω), j = 0, 1. (C.19)

From the representation formulas for the g(j), j = 0, . . . ,m, in the proof of
Lemma C.6, we observe that Tm has the form Tm = κϕ1−zϕ′

1−ψ1, where ϕ1,
ψ1 are functions holomorphic on 1

1−εΩ and ϕ1(0) = ϕ(0) = 0. Lemma C.4
(together with the observation that the constant appearing in Lemma C.4
can be made independent of ε ∈ (0, 1/2)) and Lemma C.7 then imply

‖ϕ1‖H1( 1
1−ε/2

Ω) + ‖ψ1‖L2( 1
1−ε/2

Ω) ≤ C‖Tm‖H1( 1
1−ε/2

Ω)

≤ Cε−1‖u‖Hm(Ω). (C.20)

Since ϕ1, ψ1 are holomorphic on 1
1−εΩ, they can be approximated on Ω

by (complex) polynomials at an exponential rate. Namely, by Szegö’s ap-
proximation result (see [80, Thm. 2.6]) there exist complex polynomials ϕap,
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ψap ∈ Hp of degree p such that

‖ϕ1 − ϕap‖W j,∞(Ω) ≤ Ch−α(1 + h)−p‖ϕ1‖L2(Int(L4h)), j = 0, 1, 2, (C.21a)

‖ψ1 − ψap‖W j,∞(Ω) ≤ Ch−α(1 + h)−p‖ϕ1‖L2(Int(L4h)), j = 0, 1, 2; (C.21b)

here, Lh = {ϕΩ(z) | |z| = 1 + h}, where ϕΩ : C \ B1(0) → C \ Ω is the
unique conformal map with ϕΩ(∞) = ∞ and ϕ′

Ω(∞) > 0. The constants
C, α > 0 are independent of h and p. By geometric considerations (see [80,

Lemma 2.3]), we can ascertain the existence of D > 0 such that for hλ̂ = Dε
we have IntL4h ⊂ 1

1−ε/2Ω. Hence, combining (C.19), (C.20), (C.21), we can

conclude for j ∈ {0, 1}

‖u− (−zϕ′
ap − ψap + κϕap)‖Hj (Ω)

≤ Cεm+s−j‖u‖Hm+s(Ω) + ε−λ̂α(1 + (Dε)1/λ̂)−pε−1‖u‖Hm(Ω).

Choosing

ε = K

(
log(p+ 2)

p+ 2

)λ̂

for sufficiently large K gives the desired bound stated in Theorem 5.17. ut
Lemma C.8 (interior estimates for holomorphic functions). Let Ω ⊂
C be a domain. Define for ε > 0 the set Ωε := {z ∈ Ω |Bε(z) ⊂ Ω}. Then for
any function f that is holomorphic on Ω

‖f‖L∞(Ωε) ≤
1√
πε

‖f‖L2(Ω). (C.22)

Proof. The proof can be found, for example, in [76]. For the reader’s con-
venience, we reproduce it here: For fixed z ∈ Ωε we use Cauchy’s integral
representation theorem to write for any r ∈ (0, ε)

|f(z)| =

∣∣∣∣∣
1

2πi

∮

|t|=r

f(z + t)

−t dt

∣∣∣∣∣ =
1

2π

∣∣∣∣∣

∫

∂B1(0)

f(z + rt) |dt|
∣∣∣∣∣ .

Multiplying this equality by r and integrating over r from 0 to ε gives, if
we note that the right-hand side integral is then an area integral in polar
coordinates,

1

2
ε2|f(z)| =

∫ ε

0

r|f(z)| dr =
1

2π

∫ ε

0

∣∣∣∣∣

∫

∂B1(0)

f(z + rt) |dt|
∣∣∣∣∣ r dr

≤ ε

2
√
π

(∫ ε

0

∫

∂B1(0)

|f(z + rt)|2 |dt|r dr
)1/2

=
ε

2
√
π
‖f‖L2(Bε(z)).

Since z ∈ Ωε was arbitrary, the proof is complete. ut
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Lemma C.9. Let Ω ⊂ C2 be star-shaped with respect to 0 and assume that
Bρ(0) ⊂ Ω. Then for f ∈ H1(Ω) holomorphic on Ω we have

‖f − f(0)‖L2(Ω) ≤
√

2diam Ω

[
1

π
+

(
2 diamΩ

ρ

)2
]1/2

‖f ′‖L2(Ω). (C.23)

Proof. We define δ := ρ/(2 diamΩ) < 1. Since Ω is star-shaped with respect
to 0, we can write for z ∈ Ω by integrating on the line connecting 0 and z

f(z) − f(0) =

∫ 1

t=0

zf ′(tz) dt =

∫ δ

t=0

zf ′(tz) dt+

∫ 1

t=δ

zf ′(tz) dt.

For the first integral, we note that t ∈ (0, δ) and z ∈ Ω implies |tz| ≤ ρ/2.
Hence, Lemma C.8 implies

∣∣∣∣∣

∫ δ

t=0

zf ′(tz) dt

∣∣∣∣∣ ≤
δ diam Ω√
πρ/2

‖f ′‖L2(Bρ(0)) ≤
1√
π
‖f ′‖L2(Ω).

Thus,

‖f − f(0)‖2
L2(Ω) ≤ 2

area(Ω)

π
‖f ′‖2

L2(Ω) + 2

∫

Ω

∣∣∣∣
∫ 1

t=δ

zf ′(tz) dt

∣∣∣∣
2

.

The second term is treated as follows: First, the Cauchy-Schwarz inequality
is applied to the inner integral; then the order of integration is switched, and
finally a change of variables ζ := tz is performed. This leads to

∫

Ω

∣∣∣∣
∫ 1

t=δ

zf ′(tz) dt

∣∣∣∣
2

≤
(

diam Ω

δ

)2

‖f ′‖2
L2(Ω).

Combining the above estimates leads to (C.23). ut
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3. A.K. Aziz and I.M. Babuška, editors. Mathematical Foundations of the Finite
Element Method with Applications to Partial Differential Equations. Academic
Press, New York, 1972.
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