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Abstract

In this work we consider steady state solutions of the Saint-Venant equations.
We approach these solutions by adding a small artificial viscosity term to the
steady Saint-Venant equations and then considering the limit as this term goes
to zero. We show that for a uniform rectangular channel, and under certain
assumptions, that this limiting process gives a unique physical solution to the
problem. We show that in these cases the limiting process also gives us a well-
behaved numerical scheme for the computation of this solution. Numerical results
are given for a set of test problems and compared with the analytic solutions.
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1 Background

1.1 The Steady Saint-Venant Equations

The flow of water in an open channel can be modelled by the Saint-Venant equa-
tions. This model approximates the actual flow by a one-dimensional flow. A
system of two conservation laws is derived using principles of mass and momen-
tum balance. For these equations to be valid various assumptions about the
channel and the flow are required, but we will not consider the question of valid-
ity here. A derivation of the Saint-Venant equations can be found in Cunge et
al[3].

In this work we investigate steady state solutions of the Saint-Venant equa-
tions and in particular numerical methods for their computation. By steady state
solutions we mean solutions that are constant in time. We are interested in such
solutions from a practical point of view since steady flow often occurs in nature.

A steady form of the Saint-Venant equations, which we refer to as the steady
Saint-Venant equation, is found by assuming that all the variables are time in-
variant in the unsteady equations. We state the steady Saint-Venant equation
below.

Let the z-axis be horizontal and in a direction along the channel length.
Figure 1 shows a typical channel cross-section normal to the z-axis. Let y(x)
be the depth of the flow at this section, which is the height of the free surface
(assumed to be a horizontal line) above the lowest point in the section, and Q(x)
be the discharge, the rate at which a volume of water flows through the section.
We also need the following functions which come from the shape of the section:

o(x,n): Width of the section at height  above the lowest point in the section.

A(z,y): Cross-sectional area of the flow passing through the section, for depth
y, and given by

Atway) = [ o, n)dn, (11)

P(x,y): Perimeter length of the flow in contact with the channel.

Figure 2 shows a side view of the channel with the channel bottom a distance
z(x) below the x-axis. Let So(x) = 3—; be the slope of the channel bed. The
height of the free surface above the x-axis is given by y(x) — z(x).

The steady form of the conservation of mass equation is then

Q(l‘l) = Q(l'z)a (1-2)

for any xy, x5 along the channel. This equation is trivial and tells us that the
discharge is constant throughout the length of the channel. In future we will take
this constant value as a known parameter ().

The corresponding “conservation of momentum” equation is

T2

Flezy(e)) = Flary(an) = [ d(e,y(o)de, (13)

1

for any xy, x2 along the channel. Here F' is a quantity called the Specific Force

Fx,y) = Ag?y) +g/0y(y —n)o(z,n)dy, (1.4)

given by
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Figure 1: Cross-section of channel, normal to z-axis

where ¢ is the acceleration due to gravity. This quantity has units of force per
unit mass and has two components. The first term is the momentum flux due to
the flow of water and the second is due to hydrostatic pressure forces. The source
term d(x,y) is given by

de,y) = 9A(e,0) (Sola) — Sy(es) 40 [ (o= mgmotendn.  (15)

The friction slope, S, models the effects of channel friction and turbulence. There
are several common forms for this term; we shall use the form due to Manning
(see Chow [2]), which is given by

[P (w,y)]*?

S1(e.y) = QIQI s

(1.6)
where n is the Manning roughness coefficient which controls the roughness of the
channel.

From now on we shall make the assumption that ¢} > 0 without loss of
generality, since if () < 0 we can simply reverse the z-direction. Also the case
Q) = 0 is trivial.

At any point along the channel where the depth y behaves smoothly, and
as long as the channel geometry is smooth enough, we can take the limit as
r1 — x93 — x in equation (1.3) to obtain the differential equation

L Pa.y) = da.y). (1.7

It is clear that if a stretch of channel has a discontinuous flow then this differential
equation does not describe the flow globally. The integral form (equation 1.3),
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Figure 2: Side view of channel

however, allows discontinuities, namely hydraulic jumps. From (1.3) any hy-
draulic jump must satisfy the jump condition

P(a*,yr) = F(2", yr), (1.8)

where # = x* is the position of the jump and ¥, ygr are the depths on the left
and right of the jump respectively. Combining the differential equation (1.7) and
the jump condition (1.8), we can construct a family of general solutions to the
integral form (1.3), although, not all of these solutions will be physically allowed.
The unphysical solutions are those where the flow gains energy across a hydraulic
jump rather than dissipating energy. This is not allowed because it violates a
fundamental law of thermodynamics.

The most common form of equation (1.7) is with the left-hand side differen-
tiated out to give a differential equation in standard form

dy  Ti(x,y)
de — Ty(z,y)’ (1.9)
where
Py y) = Sole) — Syl + — 2 [* Do pa
1(1’,?})— 0(1’) STy g[A(:L',y)P 0 8:1;0 €T,n)amn,
and
FQ(xvy) =1- [FT(xvy)]z‘
The Froude Number, F,, given by
2
Fi(e,y) = | £0:) (1.10)

glA(x, y)I*

is an important parameter, because it indicates the state of the flow at a given
section for a given discharge and depth. For F, < 1 gravitational forces dominate
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inertial forces and the flow is said to be subcritical. For F, > 1 the inertial
forces dominate gravitational forces and the flow is said to be supercritical. The
behaviour for these two types of flow is significantly different. For F, = 1 the
flow is said to be critical. Note that I'y; — 0 as F, — 1, so that |§—i| becomes
unbounded as the flow approaches criticality. Because of the assumptions about
the smoothness of the flow the differential equation will break down at this point.



1.2 Solution Profiles for a Rectangular Channel

Although the solutions to equation (1.9) for a general channel shape are difficult
to obtain, for certain channel geometries we can get a very good idea of how the
solutions behave. Suppose that we restrict attention to a uniform rectangular
channel given by o(x,n) = B, A(z,y) = By, P(x,y) =2y + B, where B> 01is a
constant. We will also assume that the bed slope, Sp, is constant. Equation (1.9)
then becomes the autonomous equation

dy _ L) (1.11)
de  Tyy)’
where i
20+ B
I'i(y) = So — QZﬁwa
and .
Ye
—
2(y) y
Here

Q2
Ye = Ea

is the critical depth. For y < y. the flow is supercritical and we have I'y; < 0. For
y > y. the flow is subcritical and we have I'y > 0.

For Sy > 0 we can also find a unique root, y,, to I'y = 0. This depth is called
the normal depth. We also have that I'y < 0 for y < y, and I'y > 0 for y > y,.
For the case Sy < 0 we have I't < 0 for all y. In this case the normal depth
strictly doesn’t exist, but for convenience it can be given a value of +o00. The
following properties of I'; /T’y are then easy to show:

r
F—l — 00, asy — Y., provided y, # y.. (1.12)
2
r
F_l — 0, asy —y,, provided y, # y.. (1.13)
2
r
RN So, asy — oo. (1.14)
L'y

Equation (1.14) implies that for large y the free surface becomes horizontal, since
the distance of the free surface above the z-axis is given by y(x) — z(z) and

d r
%(y(x)—z(:z:)):—l—soe() as y — 00.

For any y we can also obtain the sign of I'; /T’y and hence decide whether the
depth is increasing or decreasing. To do this we divide the positive y-axis into
three regions as follows:

| Region | y interval | Sign of I'y/T} |
1 y > max{y,, y.} +
2 minf{y,, y.} <y < max{y,,y.} —
3 0 <y <min{y,,y.} +

Note that for Sy < 0, region 1 doesn’t exist since y,, = +oc.
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The main question now is how do we determine the relative positions of ¥,
and y.? It turns out that this can be done by classifying the slope, So, as follows
(see Chow|2]). Let us define the critical slope Sp. by

(2y. + B)*/3

_ 2.2
SOC — Q n (Byc)10/3

>0,

then
So <0 ADVERSE SLOPE  and y, = 400,

—

0 < S < Sy = MILD SLOPE and y, > y.,
So = Soe — CRITICAL SLOPE and y, = v.,
So > So. = STEEP SLOPE and vy, < y..

Now, using all the previous information we can determine the behaviour of the
solution for each region and for each different slope. Figures 3, 4 and 5 show
how the solutions behave for mild, steep and adverse slopes. We label each of
the possible types of flow profile by an expression such as 52, where S stands for
steep slope and 2 stands for region 2.
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Figure 3: Flow profiles for a mild channel
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2 Regularisation of the Problem

Suppose that we have a stretch of channel in the interval [0, L] where L > 0.
A steady solution of the Saint-Venant equations in this channel is given by a
function y that satisfies

T2

Flaz,y(w2) = Floyen) = [ de,yle))de, (2.15)

T

for any x1,z5 € [0, L]. We may also require the depth to have certain values at the
boundaries. It is much easier to work with the interval [0, 1] so we put & = z/L
and §(i&) = y(x) to arrive at

F(33L, (i) — F(31L, §(31)) = L/ (3L, §(%))dz, (2.16)

for any 1,5 € [0,1]. Where ¢ is smooth it satisfies the differential equation

%F(:I;L,gj(:%)) = Ld(zL,y(z)). (2.17)
In future we will drop the tildes.

A common technique for analysing problems with solutions that may be dis-
continuous is to study a family of problems having smooth solutions with these
solutions tending to the discontinuous solution of the original problem in some
limit. In this work we proceed in a similar manner as that for first order conser-
vation laws such as the Inviscid Burger’s equation (see LeVeque[7]). We add a
small artificial viscosity term to equation (2.17) in the expectation that this will
ensure the existence of smooth solutions to the resulting problem. We then look
at the limit of these smooth solutions as the “viscosity” tends to zero.

The family of problems that we shall study is generated by varying the vis-
cosity ¢ in the problem

d*y d
ey M) =0, 0l p>0 (209
y(0) = 70, y(1) = m, where 90,71 > 0. Here f(z,y) = —F(zL,y) and

b(x,y) = Ld(xL,y). Clearly for ¢ — 0, we recover equation (2.17). We denote
problem (2.18) by P, and its solution by y. (if it exists).

P, is a two point boundary value problem and hence always requires boundary
conditions at both ends of the channel, whereas the original problem can have
none, one or two boundary conditions. Because of this feature we may need to
supply artificial boundary values for P,, which we shall usually take as the critical
depth.

Solutions to singular perturbation problems, such as P., have certain well
known features (see Ascher et al[l], O’Malley[12], Pearson[15]). In the interior
of the domain we find transition layers, i.e. regions where the solution changes
extremely rapidly. The region in which these rapid changes occur gets narrower
as € gets smaller and we expect the transition layer to tend to a discontinuity as e
tends to zero. An important question is whether in the limit, these discontinuities
satisfy the jump condition (1.8). The regions of sharp variation can also occur



at the boundaries, in which case they are called boundary layers. In the limit we
expect these layers to tend to a discontinuity at the boundary and in particular
expect them to occur when invalid or artificial values are given as boundary data.
By this mechanism we also expect the flow in the interior of the domain to be
able to disregard any artificial or invalid boundary values if necessary.

The above discussion is just speculation at this stage; we require some very
important questions to be asked, most of which we cannot answer for a general
channel. The questions are as follows:

1. Does P. have a unique solution for € in some range, where € can get arbi-
trarily close to zero?

2. Can we construct a convergent sequence {y., } of such solutions, with ¢, — 0
as n — 0o’

3. Does the limit of this sequence of solutions satisfy equation (2.16)?
4. Is this limit solution always physically allowable?

We now proceed to give answers to these questions in a special, but useful
case. The proofs of the theorems required are postponed to section 5 and only
quoted here. We consider a uniform rectangular channel where the bed slope is
strictly positive. The exact assumptions are as follows:

o(x,y) = B = constant,
A(x,y) = By,
P(z,y) =2y + B,
L.Q.Bn >0, 219
So € C0, L],
So(z) >0 Vae]0,L].
The resulting functions f and b are given by
2 1 5
= =~ _ 4B 2.2
Hey) = Hy) = =g = 398y (2.20)

b(x,y) = gBLy

sen-(%) (3+1) ] e

It is easily seen that under the assumptions given, we have b,, b,, b., € C°([0,1] x (0, 00)),
f € C?*0,00) and

2 1/3
by(x,y) = gBLSo(xL)+ gL (%Z) (% + 5) : (2 + %) , (2.22)
is strictly positive. We also observe that
b(z,y) — 400, asy — oo, (2.23)
b(z,y) — —o0, asy —0, (2.24)

and since b, is always positive it is clear that, for any = € [0, 1], there is a unique
depth y,,(x) such that b(x, y,(x)) = 0. This depth is the normal depth mentioned
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in the previous section, but, since the channel slope now varies with x, the normal
depth also varies with x. It is easy to show that the function y,(z) is bounded,
so let M = max{y,(z):x € [0,1]} and m = min{y,(z) : @ € [0,1]}; hence

(z,y) €10,1] x (0,m] = b(z,y) <0,
(2.25)
(x,y) € [0,1] x [M,00) = b(x,y) > 0.

Under the above assumptions about the channel we can apply theorem 1 of
section 5. This proves that P. has a unique solution, y. € C?[0,1], for all ¢ > 0.
The theorem also gives the bound

min{~o,y1,m} < y(x) < max{yo,v1, M}, 0<z <. (2.26)

The next question to be answered is what happens when we let ¢ tend to zero.
Theorem 2 of section 5 shows that, given a sequence {¢,} with ¢, > 0 and ¢, — 0
as n — 0o, then there is a subsequnce {¢,, } such that

Yeo, = YV € NBV ae. as k — co. (2.27)

Let the set NBV be the set of all functions w of finite variation such that for
r€[0,1)

u(z) = u(z+) = léiglu((S) (2.28)
and
u(l)y =u(l-) = léi%lu((S). (2.29)

It is a property of functions of finite variation that these limits always exist.

Next we ask whether the limit function Y has the desired properties. In
particular, we would like it to be the physical solution of (2.16). Theorems 3
and 5 of section 5 show that Y satisfies the reduced differential equation (2.17) in
intervals where it is continuous. Also we show in section 5 that at discontinuities
the jump conditions (1.8) are satisfied. These two facts are enough to ensure that
Y satisfies the integral relation (2.16).

For a rectangular channel, only hydraulic jumps from supercritical to subcrit-
ical flow are physically allowed due to energy considerations. It can easily be seen
that, since f is strictly concave and maximum at the critical depth, condition (ii)
of theorem 5 of section 5 tells us that Y can only have such physical jumps.

Although we have shown that the limit function Y is a physical solution of
the integral relation (2.16) we require more for Y to be useful. We need to have
some control over Y, i.e. be able to specify the depths at the channel ends. We
can apparantly do this by assigning ~y, v1 appropriate values, but the situation
is more complicated than it seems. First we discuss what boundary conditions
we may apply to the steady flow problem (see Chow [2]). At @ = 0 we can
only assert that the depth has a certain value if this value is supercritical. If
no condition is given at this point a subcritical depth occurs at the boundary.
At & = 1 we can only assert that the depth has a certain value if this value is
subcritical. If no condition is given at this point a supercritical depth occurs at
the boundary. The difficulty arises for the following reason: Given an arbitrary
set of valid boundary conditions (as described above) which may be at both ends
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or just on end, then there does not always exist a solution satisfying the full set of
boundary conditions and it is often impossible to tell in advance when this is the
case. There will always be flows satisfying subsets (which may be empty) of the
boundary conditions, and it is of use to us to find the “strongest” of these flows
(in the sense of greatest Specific Force throughout the channel). This “strongest”
flow will always satisfy the maximum possible number of boundary conditions
and will tell us which of the given boundary conditions are too weak, if any, by
overriding them.

We choose vy and v, by giving them the values of the corresponding valid
boundary condition if there is one, or else the critical depth is assigned. Condi-
tion (iii) of theorem 5 gives us some information about how the given values of
7 and ~; influence Y at the boundaries. It is easy to show that the following
implications hold:

'70 Z Ye = Y(O) Z Ye,

o < Yo — Y(O) = Yo or Y(O) > 7(7; > Yes (2 30)
1<y = Y(1) <y, '
Nnzy = Y()=yor V(1) <A <y

The star superscript denotes the corresponding sequent depth, i.e. y* is the depth
such that f(y) = f(y*) and (y — y)(y* — y.) < 0. From (2.30) it can be shown
that Y depends on 7y, 71 in the way we require. Y satisfies any valid boundary
conditions if possible and if this is not possible then Y overrides the boundary
conditions as described previously.

From the above discussion it appears that in the case considered we can use
the limit of solutions of P, to define, for a particular set of boundary conditions,
the unique physical solution, ¥ € NBV, of the integral relation (2.16). The
uniqueness can be argued from theorem 4 of section 5.
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3 Numerical Solution of the Regularised Prob-
lem

In this section we look at a numerical scheme for solving the singular perturbation
problem (2.18). Asin section 2 the theory that we shall give only applies to chan-
nels satisfying assumptions (2.19), although the scheme can be applied under less
restrictive conditions. In section 6 we include some analysis for a class of mono-
tone schemes. However, here we shall just discuss one case, which is the scheme
due to Engquist and Osher[4][5]. We choose this scheme since it has been suc-
cessfully used for similar singular perturbation problems before (see Osher[13][14]
and Glaister[6]). In this work we use a uniform grid, x; = th, ¢ =0,1,..., N, of
spacing h = 1/N, where N —1 € IN. The difference scheme can be written as
follows:

(i — 204 i) (i) = F () Fos) = i) = b, ) =0,
(3.31)
i=1,....,N — 1, with
Uo = Yo, UN = 71,
where, since f is concave we define
f+(y) = f(min{y, y.}), (3.32)

[-(y) = f(max{y,y.}).

Theorem 1 of section 6 shows that this scheme has a unique solution, uj, =
[ug™, uf™, .t uS]T for all € > 0 and all A = 1/N, where N —1 € IN.
Moreover, the solution satisfies the bound

min{707717 m} < u; < maX{707717 M}v (333)

where m,M are defined in (2.25). This is an identical bound to that satisfied by
the solution of the continuous problem and ensures stability. Using a technique
given in Niijima [11] we can also show that the total variation of the numerical
solution is uniformly bounded in ¢ and h.

Although this numerical scheme can be used to compute the solution to the
singular perturbation problem for any € > 0, in this work we are solely interested
in computing the solution of the reduced problem (e — 0). Theorem 8 of section 6
gives us a useful result. Suppose we have a sequence of grids with h, — 0 as
n — oo. If U" is the piecewise constant extension to u?, then there exists a
subsequence {h,, } such that

Uiy Y € NBV a.e. as k — oo. (3.34)

Y is the limit function given in section 2 and is the physical solution we require.

Because of the above we see that to approximate the solution of the
reduced problem (e = 0) in practice, we do not need to carry out the
limiting process, but simply solve the scheme (3.31) with € set to zero.
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3.1 Solution of Discrete Equations

Now that we know that the numerical scheme converges as we refine the grid, we
need to think about how we calculate the solution of the numerical scheme. This
involves solving a system of N — 1 nonlinear equations. The most robust method
is a pseudo time iteration. Theorem 7 in section 6 gives us the following practical
method.

Let u® = [ud,uf,...,ud]t > 0, with u§ = v, u¥ = 4 and define u =
min{m, ud, u?, .;,u?v} and © = max{M,ud,u?,..., ul}, where m,M are given
by (2.25). Let Sy = max{So(x) : € [0,1]}, So = min{Sp(x) : = € [0,1]},

nmassiea (F) (G0 ()
b, =gLB L|— — 4+ — 24 — :
y = 9LBSo+g <BM B—I—M —I—BQ ) (3.35)
and , s
QOn 2 1 B
ooms o (2) (240 048
9L\ 5r) \B T g T 3a (3:36)
It At satisfies
2 2 , L B R
0<At< |7y + = max{l/ @] F @I} +5] (3.37)
then the sequence of vectors, {u"}°2 ., given by
wiTh = ul  AY(Tu");,  i=1,.. N —1, (3.38)
Ug = 70, unN = 71

where

(Tu)i = o (uf — 207 +uil,)

1 (3.39)
o (=) = F(uf) o Feul) = Feluly) = b ),
converges to uf, the solution of (3.31). We also have that
o — gl < exp(—nArts)u® — il (3.40)

where 0 < Até < 1.

Although the above method has the advantage that it is guaranteed to con-
verge, it is also true that, because of the CFL-like condition on At, the speed of
convergence can be prohibitive. In practice it is more efficient to use Newton’s
method to solve the nonlinear equations. The speed improvement is very signif-
icant since the Jacobian is tridiagonal and hence efficient to invert. Newtons’s
method needs to be modified slightly to prevent solution values from becoming
negative. The main drawback of Newton’s method is that the initial guess is
required to be sufficiently close to the solution for convergence to occur, but we
can arrange this by performing some iterations of the time stepping algorithm,
before switching to the Newton iteration.
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3.2 Post-Processing Solution at Channel Ends

In certain circumstances when invalid or artificial boundary values vy, 71 are given
to the singular perturbation problem, we find that Y (0) # v and or Y(1) # 1,
where Y is the solution of the physical solution of the reduced problem. It is the
values of Y (0) and Y(1) that we are interested in. If we let & — 0 we would
expect discontinuities in the numerical solution at the boundaries, but a problem
arises since we can only solve for finite h, and this results in these discontinuities
being smeared under certain conditions. Because of this smearing the numerical
solution may not approximate the values of Y'(0) and Y'(1) very well at grid points
close to the ends.

One method to remedy this problem is to post-process the numerical solution
near the ends of the channel. The method used here is as follows. If smearing is
detected at an end, we artificially extend the channel at that end by a number
of grid points (say two) and then re-apply the numerical scheme at that end
for a number of grid-points (say five), with an extended boundary condition of
y.. By doing this we find that any smearing is now in the extended region, and
that the value at the real boundary is correct. For example, suppose we detect
smearing near the boundary = = 0, then typically we would add grid points
x_1 = —h, x5 = —2h. We would then apply our numerical scheme to the
subgrid {z_y,2_1,x0, 21,22} to solve for {w_y,w_1,we, w1, ws}, where we have
set boundary conditions w_, = y. and wy; = wuy. Here uy is the value of our
original solution vector at x,. We now replace elements wug, u; of our original
solution vector by wg and w; respectively. This fix is rather ad hoc, and it is
hoped that a more elegant method can be found.
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4 Results

In this section we include numerical results from five different test problems. For
each test problem the analytic solution is known so we can get a good measure of
the performance of the numerical scheme. The test problems were created using
an “inverse” approach and are published in MacDonald[10]. Full details of the
test problems are given in appendix A. The numerical scheme used is that of
Engquist-Osher, as described in the previous section, and all the test problems
satisfy assumptions (2.19) so all the theory given in the previous two sections is
applicable.

For each test problem we show the exact solution, Y, as well as numerical
solutions on various grids. The numerical solution is shown by crosses for N = 10,
triangles for N = 25, circles for N = 50 and squares for N = 100. For each test
problem we also show the channel bed profile, the exact free surface profile, and
computed free surface profiles.

4.1 Discussion of Results

The solution to test problem 1 is a smooth subcritical flow. Figure 6 shows
the exact solution as well as numerical solutions for N = 10,25,50. The flow
for this problem is controlled by the boundary condition at = = 100, so it is
not surprising that the numerical errors grow as the solution moves away from
this boundary. However, they unexpectedly decrease as the solution approaches
the other boundary. It can be seen that the numerical solutions give a good
approximation to the exact solution and also it can be seen visually that the
accuracy increases as the grid is refined. This has been confirmed experimentally
by calculating the Lo errors for a large range of grids and as expected the scheme
is found to give a first order accuracy.

The solution to test problem 2 is a smooth supercritical flow. Figure 8 shows
the exact solution as well as numerical solutions for N = 10,25. The flow for
this problem is controlled by the boundary condition at = 0, and the numerical
errors grow as the solution moves away from this boundary; moreover, as in the
previous problem they eventually start to decrease. Again it can be seen that the
numerical solutions give a good approximation to the exact solution and also the
accuracy increases as we refine the grid.

The solution to test problem 3 is a smooth flow that is subcritical for = < 50
and supercritical for x > 50. Figure 10 shows the exact solution as well as nu-
merical solutions for N = 10,25. This problem has no boundary conditions; the
flow is controlled by the critical section at x = 50. This explains why the numer-
ical errors grow as we move away from this point. Again the numerical solutions
give a good approximation to the exact solution and the accuracy increases as we
refine the grid.

The solution to test problem 4 is a discontinuous flow with a jump at x =
200/3. Figure 12 shows the exact solution as well as numerical solutions for
N = 25,50,100. For this problem a boundary condition is given at x = 100.
The numerical solutions for this rather hard problem are very good. The jump
is resolved very well taking into account the coarseness of the grids used. It
can be seen visually that both the position and height of the jumps become more
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accurate as the grid is refined, but unlike the previous problems with smooth solu-
tions, there are no simple methods to quantitatively confirm this improvement in
accuracy. Further refinement beyond that shown here continues the improvement
in the numerical solution.

The solution to test problem 5 is also a discontinuous flow and has a jump
at © = 100/3. Figure 14 shows the exact solution as well as numerical solutions
for N = 10,25,50. For this problem a boundary condition is given at = = 0.
Again, taking into account the coarseness of the grids used the scheme is very
sucessful. For example, using only ten grid points, all the important features
of the solution are present and we have a good estimate for the position of the
jump. This estimate could be used if we wished to refine the grid locally in the
neighbourhood of the jump. Again we see that accuracy of both the position and
height of the jump increases as the grid is refined. Further refinement than that
shown here continues this process.

It is clear that the method proposed here is a very powerful in generating
approximate solutions to a range of test problems. We have also carried out nu-
merical experiments on test problems which do not satisfy assumptions (2.19).
Although the theoretical results do not hold for these test problems, good numer-
ical results have been obtained.
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5 Analysis of a Class of Singular Perturbation
Problems

In this section we prove a number of results concerning the problem
d*y.

€T —f(ye) b(z,ye) =0, y(x)>0, 0<z<1, (5.41)

ye(0) =70, ye(1) =,
where €,79,71 > 0, which are relevant to the steady Saint-Venant problem and
have already been used in section 2. Here b, b,, b, € C°([0,1]xR,), f € C*(IRy)

and we have

by(w,y) >0, V(z,y) € [0,1] x IRy (5.42)
We also assume that there exist m,M > 0 such that

(z,y) €10,1] x (0,m] = b(z,y) <0,

(z,y) €[0,1] x [M,00) => b(a,y) > 0. (5.43)

We let y = min{yo, y1,m} and 7 = max{~yo, 1, M}.

This problem without the solution restricted to being positive is well known,
for example see Lorenz[8][9]. The existing results do not directly apply to our
problem because they require the functions f and b to be defined for all y. We are
particularly interested in problems where these functions are singular at y = 0.
In order to use the existing analysis we construct another problem from (5.41) to
which we can apply the existing results. Then, because of the way our new prob-
lem has been constructed, we can infer information about the original problem.

The intermediate problem we shall consider is as follows:

— —f(He) = b(z,) =0, 0<a <1, (5.44)

7e(0) =70, ge(1) = .
We define the functions f and b by

(@) + 27 @) + F@)(y —7)° y>7
+(' @)+ f@)y —¥) + f([@)]e v
fy) =3 fy) y<y<7y .,  (5.45)
U7 (w) =2 () + F()y — »)? y<y
+(f'(y) = f()y —y) + fy))e¥ ¥
and
R b(x,7) + (y — 7)by (2, 7) y>7
b(a,y) = { b(x,y) y<y<y . (5.46)
bz, y) + (y — y)by(r,y) y<y
It is not hard to see that f € C?(IR), b € C''([0,1] x IR) and also that
by(z,y)>6>0, Y(x,y)el0,1] x R, (5.47)

where 6 = min{b, : (z,y) € [0,1] x ly, 7]}



Theorem 1 Existence and Uniqueness
Problem (5.41) has a unique solution, y. € C?[0,1], for all ¢ > 0. This solution
satisfies

y <y lx) <7, 0<z<l1. (5.48)

Proof.
Lorenz[8] proves that problem (5.44) has a unique solution, g, € C?[0,1].
Clearly if we can show that this solution satisfies the bound

Yy <yelx)<y, 0<ax<1, (5.49)

then it is also a solution of problem (5.41).

Suppose that max{g.(z) : 0 <« < 1} > 7, then . must have a maximum
turning point at a* € (0,1), say, where g/(2*) = 0, y”(2*) < 0. Now using the
differential equation we have

ba*,gela”)) = el (e + )]
= l(a") + [(G(x"))il(a7)
= j!(a")
< 0

This is a contradiction since y > M implies ?)(:zj,y) > 0. The same type of
argument also gives the lower bound.

We have now shown that (5.41) has at least one solution, next we show that
this solution is unique. Let y. be a solution to (5.41), then using the same
argument as above we get the bound

y<ylr)<y, 0<z<,

and hence y, is also a solution to (5.44), implying that we must have y. = ¢..
This completes the proof.

In this work we are mostly interested in solutions of the reduced equation
(e — 0), which under certain circumstances are relevant to the steady Saint-
Venant problem. The remaining theory in this section concerns the limit € — 0
of solutions to problem (5.41).

Now let the set NBV be given by

NBV ={y € BV :y(z) =y(a+) Yo € [0,1) and y(1) = y(1—)}. (5.50)

BV is the set of all functions of finite variation on [0,1]. The set NBV is well
defined, since for functions of finite variation, the limits from the left and right

always exist for interior points, although only from the right at * = 0 and the
left at @ = 1; see Stromberg[16].

Lemma 1 Let Y € NBV and let {¢,} be a positive null sequence with y., — Y
a.e. asn — oo. Then'Y has the bound

y<Y(@)<y,  0<z<l (5.51)
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Proof.

Suppose € [0,1). Let rp = (1 — 2)/k and consider the sequence of intervals
given by I, =[x, x +ry) for k € IN. Since we have that y.,, — Y a.e. as n — oo,
we can find for each k € IN, an xy € [} such that y., (2r) — Y(xg) as n — oo.
Now because of the bound (5.48) we have that y < Y'(x)) <7. Clearly z; > 2 and
x — ¢ as k — 0o, so we have that Y(x;) — Y (2) as k — oo, since Y € NBV.
This gives the bound. We can use the same principle to prove the bound for z = 1.

We now give four important theorems. These can be all proved by applying
the corresponding theorems in Lorenz[8][9] to problem (5.44) and then using the
fact that y. = g. Ve > 0 and the bound given by lemma (1) to remove the tildes.

Theorem 2 Let {¢,} be a positive null sequence, then there is a subsequence

{€n, } and a function Y € NBV such that
Yo, > Y @ as k— oo, (5.52)

Theorem 3 Let Y € NBV and let {¢,} be a positive null sequence with y., — Y
a.e. asn — oo. Y satisfies the following three conditions

(i) [ (08~ ba,¥)6) de = 0 ¥6 € C2(0, 1),

(ii) For all discontinuities x € (0,1) of Y sg(Y (x+)=Y (x=))(f(Y(x))—f(k)) <
0 holds for all k between Y (x+) and Y (x—).
(iii) At the boundary pointsi =0 andi =1 0 < (=1)Tlsg(Y (i) —7)(f(Y (7)) —
f(k)) holds for all k between Y (¢) and ;.
Theorem 4 There is a unique function Y € NBV that satisfies conditions
(i),(ii) and (iii) in theorem 3.

An equivalent characterisation of the limit function, Y, which is more useful
for applications is given below. Roughly speaking it requires that Y satisfies the
reduced differential equation

— @) = b V) =0, (5.53)

in the smooth parts and Y obeys certain jump conditions at discontinuities and
at the boundaries. The precise result follows.

Theorem 5 A function Y € NBV satisfies conditions (i),(ii) and (iii) in theo-
rem 3 if and only if the following holds:

(i) If I is an interval where Y is continuous, then f(Y (1)) is differentiable on
I, onesided in end points, and differential equation (5.53) holds on I.
(i) If Y is discontinuous at x € (0,1), then
fY(2=)) = f(Y(2+)) = f(k) i Y(z=)>Y(xt),
f¥(2=)) = f(Y(z+)) < f(k) i Y(z=)<Y(xt),
for all k between Y(x—) and Y (x+).

(5.54)

(tii) Fori=0,1 and k between Y (i) and ~;
0 < (C1 gV (i) — 3 (FV () — F(8)). (5.55)
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6  Analysis of a Class of Monotone Difference
Schemes for the Singular Perturbation Prob-
lem

In this section we analyse a family of numerical schemes for solving problem (5.41).
We consider a uniform grid ; = i/h, : =0,1,..., N and the difference scheme

1
% (wipr — 2u; + i) — 7 (9(uwirr, ui) = gui,wir)) = b(zg,ui) =0, (6.56)

i=1,...,N—1,
Ug = 7o, unN = 71-

Here the “numerical flux function” g(u,v) € C°(IR%) is subject to consistency
and monotonicity conditions

g(u, u) = f(u), (6.57)

v — g¢g(u,v) is nonincreasing,
v — g(u,v) is nondecreasing.

(6.58)

We also require that, for any bounded set @ C IR?, there is a constant Lo > 0
such that for all [uy, v1]7, [ug, v2]T € Q,

|g(u1,v1) = g(uz,v2)] < La(lur — ua| 4 |1 — val). (6.59)

We shall be most interested in the C'' numerical flux function of Engquist-Osher
given by

g(u,v) = /cu min{ f'(s),0}ds + /CU max{ f’(s),0}ds, (6.60)

where ¢ > 0 is some arbitrary value.

6.1 Existence and Uniqueness of Discrete Solution

Lemma 2 Let Q = [yr,yr]* C IR3. Then for any uy, vy, uz,v2 € [yr, yr]

g(ur,v1) — g(ug,v2) = (ur — ug) L (uy, ug, v1) + (v1 — v2) L (01, v2, u2),

where
0 Zf S1 = 89
LY 51,592,853 :{ — .
( 1929 ) g(51,s§1)_5572(52753) Zf817£82,
0 Zf S1 = 89
L S1,52,83) = { — .
( y 52, ) 9(5375;1)_5572(53752) Zf 51 7£ So,
and

0 S —L“(ul,u2,v1) S LQ,
0 S LU(Ul,UQ,UQ) S LQ

The proof is trivial and will be omitted.
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Lemma 3 Let 0 < yr, < ygr, h > 0 and ¢ > 0. There exists a value At;ﬁyR >0
such that, for 0 < At < AtS!

YL YR’

2 1
At h—j 7 (L¥(s1, 52, 59) = L¥(s1,52,80)) + by, 5) | < 1, (6.61)

for all s1,83,83,84,85 € [y, yr], v € [0, 1].

Proof.
Let B
by = maX{by(:p,y) : (l',y) S [07 1] X [yLvyR]} > 0. (662)
Now let )
2¢ 2 .
Atlﬁ/fvyR = ﬁ —|— %LQ —|— by 5

where ) = [yr,yr|*. Tt is easily seen that this value satisfies the lemma.

Lemma4 Let0 <y, <y,yp>79, ¢ >0 and h =1/N, where N —1¢& IN. Let
us define the set

Al]/\;—!—le = {u = [uo, u1, ..., un]" € RV s ug = y0,uny = 71,y2 < u < ?JR}
(6.63)
and the operator G : Rf"’l — RN by
7o t= 07
G(u)l, =1 w +At(Tiu); i=1,....,N —1, (6.64)
g i = N7
where
€ 1
(Thw)i = 5 iy = 2ui +wica) = 2 (9(iva, ui) = g(wi, uiz)) = blai, ui) (6.65)
and 0 < At < At;fwk Then we have the following:
(i) u,v € RN 4y, <u<v <yp= G(u) < G(v).
(”) G(AZJ/\;TZ/IR) C AZJ/\;-I:Z}R
(i) wv € AL || Glu) — G(v) |1 < (1= Ay, ) [ u—v |1,
where
51‘/L71/R = min{by(xvy) : (l',y) S [07 1] X [yLvyR]}' (666)

Note that 0 <1 — Atéy, 4, < 1.

Proof.
(i). Let u,v € RY*! with yp <u<v <ygr. Nowfor 1 <:< N —1
eAt
G(v)|i = Gp(u)|; = w; + W (wiy1 — 2w; + wi_y)
At At

T (9(vig1,vi) — g(wigr,u;)) + W (g(vi,vic1) — g(ui, uizg))

27



—At(b(x,v;) — blx,uy)),

where w; = v; — u;. Using lemma 2 and the mean value theorem, this can be
written as

1
G(v) | — G(u)|: = w1 Al [% L (i, ui)] (6.67)
2¢ I . L, o
+w; [1 — At (ﬁ - %L (Vi ug, vi_1) + %L (Viy Uy Ui ) + by(l'iawi))]

€ 1

+wi 1 Al [hz %Lu(vi-l—ly Uit1, Uz)] )

where y;, < w; < yg. Since all the w; are non-negative, the first and last term
are easily seen to be non-negative. Also by lemma 3 the second term is also
non-negative. Hence we have the required result

G(u) < G(v),

since G(v) |y = Glw)|y = 5 and G(v) v = G(u) |y = .
(ii). Let yp, = [yL,yL,---,yL]T € RNt thenfor 1 <i:< N —1

G(yz) i = yr — Atb(wi,y1) > yr,

by (5.43), G(yr)|lo = 7% = yr and G(yr)|v = 71 > yr. Similarly, for ygp =
(YR, YR, - .., yr)t € RY*L, for
1< <N-1

G(yr) i = yr — Atb(xi,yr) < yr,
by (5.43), G(yr)|lo = 70 < yr and G(yr)|v = 71 < yr. Now let u € Az]/\;—!—ylw
then

yr, <yr <u <ygr<yg,

and so by (i) we have

yr < G(yr) < G(u) < G(yr) < yr.

(iii). Let u,v € AY*! | Taking absolute values of equation (6.67) and using

YL YR

the triangle inequality on the right hand side we obtain

€ 1
|G(V) i = G(u) |; | < [wi—1]| At [ﬁ + %Lv(vi—lvui—lvui)] (6.68)
2¢ . I, o
—|—|w2| [1 — At (ﬁ — %L (vi,ui,vi_l) —|— %L (vi,ui,uﬂ_l) —|— by(xi,wi))]
€ I,
+|wi g1 | At [ﬁ - zL (vi-l-lvui-l-lvvi)] )

t=1,..., N — 1. Summing this equation from ¢ =1 toz = N — 1, we find that
the sum telescopes, giving

i=N-1 i=N-1

Yo IGW) [ = Gl < D Jwil (1 — Athy (2, w:))
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1 1
+|wo| At [ + hL (vo,uo,ul)] + |wn|At [ﬁ — %L (vN,uN,vN_l)]
€ 1 1
—|w1|At [ﬁ — %L“(vl,ul,vo)] — |U)N_1|At |:h2 + hL (UN_l,UN_l,UN)] .

Now, using the fact that wo = wy = |G(V)|o— G(u)|o| = |G(V)|ny — G(u)|n| =0
and leaving out the two negative terms, we arrive at

Zi |G(V) |Z N G(U)M = Z |w2| (1 - Atby(wii)) < (1 - At&yL,yR) |wz|

s

o,

This completes the proof.

Theorem 6 Let ¢ > 0, h = 1/N, where N — 1 € IN. Then there is a unique

u; = [ugh,uih, . .,uﬁ\}h]T e RY™ satisfying system (6.56), and

y<uj <7. (6.69)

Proof

Let yr = y and yr = §. By lemma 4, G : AN"'1 — AN"'1 is a contraction
mapping in the [; norm and, by the Contractlon mapping thoerem, G has a
unique fixed point in AN+1 By definition this fixed point must be a solution to

the system of equations (6.56).

Now suppose that the system of equations (6.56) has more than one solution in
RN‘H Then there exist 0 < yr, <y and yr > ¥ such that ANL"'le contains multiple
solutlons As above we can apply lemma 4 to show that G : Az{/\;—!—le AZJL/\;-I;[/IR

has a unique fixed point in this set. This is a contradiction, and completes the

proof.
Theorem 7 Let ¢ Z 0, h = 1/N, where N —1 € IN, u’ = [ug,u?,... ) e
R with ug = Jouk = . My = min{y,ulauga-- Juy_q} and yr =
max{y,ul,ul, ..., ul_,}, then the sequence of vectors {u™}°2, given by
u"t! = G(u"), n >0,

where G : AZJL/\;-I_Z/IR Az{/\;—l—le is given by lemma 4, converges in Ly to the solution,
uj, of system (6.56) and we have that

[ — il < exp(—nAtdy, 40 ) 0" —uj 1, (6.70)

where 6, . is given by (6.66).
Proof.
From lemma 4 we have
[ —ui = |G(u") = Guj)[l < (1= Atdy, ) [[u" — il
hence
[0 —uhll < (1= Atdy, )" [[0® = wj i < exp(—nAtdy, ) [[u” —uj L.

The convergence is trivial, since Atd,, ,, >0
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6.2 Convergence as h,e — 0

In section 5 we proved the existence of a unique physical solution, ¥ € NBV,
of the reduced problem (¢ — 0). We now give a theorem that shows that, if
we apply the above numerical scheme then, as € — 0, the numerical solution is
guaranteed to converge to Y.

Theorem 8 Let ul = [uy", ud", ... u"|T denote the discrete solution of (6.56)
for e =0 and let U" be the piecewise constant function

UM(z) = ud” forih <a <ih+h,i=0,1,...N —1. (6.71)

Let {h,} be a null sequence where each h, = 1/(j + 1) for some j € IN, then
there is a subsequence {h,, } such that

Ui Y € NBV a.e. as k — oo. (6.72)

Y is the unique function in NBV that satisfies conditions (i),(ii) and (iii) in
theorem 3.

Proof.
To prove this result we take the same approach as in the analysis in section 5.
We look at the numerical scheme
€ 1 ~

e (wipr — 2u; + i) — 7 (9(uirr, ui) = glui,uir)) = b(zg,ui) =0, (6.73)

i=1,...,N—1,

Up = %0, UN = 71,

for solving problem (5.44). Here g is given by

g(u,v) y<u<yandy <v <7,
9(¥,Y) + H(w;¥) + Ha(v;7) u>7yandv>T7,
97, v) + Hi(u;7) u>7yandy <v <7,
97 y) + Hi(w;7) + Hy(vsy) u>7and v <y,
glu,v) =< glu,y) + Ha(viy) y<u<yand v <y,
9(y,y) + Hi(uw;y) + Ha(vsy) u <y and v <y,
g(y,v) + Hy(u;y) u<yandy <wv <7,
9(y,7) + Hi(uw;y) + Ha(v; ) u <y and v >7,
9(u,y) + Ha(v;7) y<u<yandv>7,
(6.74)
where N
Hl(u;z):/ min{f’(s)}ds, (6.75)
and

Hy(v;z) = /U max{ f'(s)}ds. (6.76)

z

Since Hy(z;z) = 0 and Hs(z;2) = 0 it is can be shown that ¢ € C°(IR?). It is not
hard to see that g(u,u) = f(u) forall u € IR. Alsou — Hy(u;z) is nonincreasing
and v — Hj(v; z) is nondecreasing, so with our assumptions (6.58) about ¢, we
have that u — ¢(u, v) is nonincreasing and that v — §(u,v) is nondecreasing.

Moreover, |f’(y)| < C for some constant C', so because of assumptions (6.59) and
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the fact that Hy, Hy have bounded derivatives, ¢ satisfies a Lipschitz condition
globally.

Now under these conditions, the system of equations (6.73) has a unique
solution, u§, = [ag’h,aivh,...,a}h]ﬂ for ¢ > 0 and h = 1/N, where N —1 € IN
(See Lorenz[8]). Because of the way ¢, f and b have been constructed and the
bound on the solution of (6.56), we must have that uj = uj, where uj is the
solution of (6.56). Lorenz[8] proves the corresponding theorem for (6.73). The
result follows because uj, = uy,.
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7 Conclusions and Further Work

For a rectangular channel with positive bed slope, we have shown that the unique
physical steady flow can be obtained as the zero viscosity limit of solutions to a
sequence of viscous problems which are generated by adding an artificial viscos-
ity term, of strength e, to the steady Saint-Venant equations. By this limiting
process we also obtained a family of numerical schemes which are guaranteed to
converge to the physical solution in the limit as the grid size tends to zero. We
demonstrated that these schemes are well behaved in the sense that the numerical
solution always exists and is uniformly bounded. We have also given numerical
results for a particular member of this class of schemes for a series of test prob-
lems. The results show that the numerical scheme approximates the solution well
in smooth regions and also gives very good resolution of the discontinuities.

In the future we would like to extend the theory given in this report to a less
restrictive class of channels. The extension of the analysis to certain other shapes
of cross-section seems to be relatively simple. However, the extension to non-
prismatic channels with non-positive bed slopes appears to be much more difficult.
It it is possible, then it will require a different approach to the analysis given here.
Nevertheless, even if we cannot extend the theory a great deal by the techniques
given in this report, we are confident that we can generalise the numerical schemes
given in this work to they apply to arbitrary channels, and in particular natural
channels given by discrete data. After this we plan to modify the numerical
schemes to work on non-uniform grids and eventually use some kind of adaption.
In this way we hope to obtain a better resolution of the discontinuities without
increasing the number of grid points.
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A Notation

Ik (0, 00)

u Bold denotes a vector

u; v’th component of vector

u<ao u|; < a for all ¢; same for =, >, < and >

u<v u|; < v|; for all 7; same for =, >, < and >

sg(z) sg(z) =—1,0,1for 2 < 0,=0,>0

Cn(A) Set.of functions f A — IR that have n continuous
derivatives

u(x+) Limit u(x 4 6), as 6 — 0 from above

u(x—) Limit u(ax — ¢), as 6 — 0 from above

BV Functions of Bounded Variation on [0, 1]

NBV {u € BV 1 u(x) = u(x+), for x € [0,1),u(l) = u(1-)}

Cse(0,1) Smooth test functions with compact support on (0, 1)

[ Iy h 3oL luil
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B Details of Test Problems

In this Appendix we give details of the test problems used in section 4. The exact
solutions are illustrated in figures 6-15.
Problem 1 Subcritical Flow

A rectangular channel, 0 < z < 100m, has width 10m and a discharge of
20m>s~t. The slope of the channel is given by

4 A/
‘%””‘@‘gwwm)y”**%mwww

. (%)1/3 (1 N %exp l—4 (% - %)QD :
0=- (1) 5 (G- D=9

Manning’s friction coefficient for the channel is 0.03. The flow is subcritical at
outflow, with depth ¢(100), and subcritical at inflow.

The exact solution for this problem is y(x) = y(x).
Problem 2 Supercritical Flow

A rectangular channel, 0 < z < 100m, has width 10m and a discharge of
20m>s~t. The slope of the channel is given by
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and
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Manning’s friction coefficient for the channel is 0.03. The flow is supercritical at
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where

and

inflow, with depth §(0) and supercritical at outflow.

The exact solution for this problem is y(x) = y(x).
Problem 3 Transcritical Flow

A rectangular channel, 0 < z < 100m, has width 10m and a discharge of
20m>s~t. The slope of the channel is given by

sio) = (1~ 7)1+ e (5 )

= (5) " (- )
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and

Manning’s friction coefficient for the channel is 0.03. The flow is subcritical at
inflow and supercritical at outflow.

The exact solution for this problem is y(x) = y(x).
Problem 4 Sub-Super-Subcritical Flow with Hydraulic Jump

A rectangular channel, 0 < z < 100m, has width 10m and a discharge of
20m>s~t. The slope of the channel is given by
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(4) (0.02696808 (25— 2) +0.02022606 (15 — 2) o > %0
—0.434224 (5 — 2) +0.14492)

Manning’s friction coefficient for the channel is 0.03. The flow is subcritical at
outflow, with depth ¢(100), and subcritical at inflow.

The exact solution for this problem is y(x) = y(x).
Problem 5 Sub-Super-Subcritical Flow with Hydraulic Jump

A rectangular channel, 0 < z < 100m, has width 10m and a discharge of
20m>s~t. The slope of the channel is given by
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o) = (1= 357 1)+ e (5 + 0
where
1/3 - 4 . 3
()" (—107872 (2 - 1) 4188777 (55— 1)° w50
2
o +17.9329 (5 — 1) +3.1725(ﬁ—%)+0.850042)
J(x) = ,

OG5 (&Y (&) e

37




and

(1) (—0.431488 (15— 1)+ 0566331 (15— 2)° @< 10
+0.358658 (1% — 1) +0.031725)

j'(x) =
a (2)" + ek (- ) v

Manning’s friction coefficient for the channel is 0.03. The flow is supercritical at
inflow, with depth §(0) and supercritical at outflow.
The exact solution for this problem is y(x) = y(x).
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