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vRCTi�& } $�]`_���i%�kCTAXa LNF ]`~E~@P Lji�a�I��EFkL DT�"�kCTidn2]^aT�r��AXaTi�P!]^F��kCTi�FG�G_OABDT�/MYABDEFG�G_O]^L D��%> vRCTi3MYABD;H
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vRCTi,L DELj�kLN]^P[MYABDEaELj�kLNABDEF¥]`_ki,�BLj�^i�Dd�t�3�kCTi,��ABFk���EDEFG�k]`�5Pji�np]^aT� � ]��^i���DTA^_O��]^Pg��A�aEi��¸A^_R�kCEi,DTABD;H
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gives vortex stretching and so intensifies the lower level cyclonic anomaly. 

The streamfunction field tilts to the west with increasing height.  From the omega

equation, there is ascent ahead of the cyclonic anomaly.  This vertical motion
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vRCTi�D��E��i%_OLNM%]^P�np]^aE� ��AXaTi�P�CE]^F�~E_ki%�XLjAB�EFkPj� �$i%i�D �EFGi�a ��� S!]^aT�^i%_d]^DEa UVABFGW�L DEF���|`{^{Txz�3]^DEa
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FG~@]^MYi �¤=!vV=�ZE��FkM©CTi���i �Âh�Lj�kC ]!#EA^_kh�]`_©a v�LN��i�=!i�D��G_ki�a Z�~@]^MYi �2#wvV=RZE��FkMOCEi���i��¸A^_��kCTi <E_OFG�
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A^_OaTi%_©LNDT�T>)Z�A)�kCE]`���kCTi3��i�]^D A^�¥�kCTi�Fk�G_ki�]^�����EDEMY�kLjABD <Ei�PNa/L F�]^PNFGA�FGi%�-�GA2!%i%_kATI�])Fk��]^PNPp~$ABFkLj�kLj�^i
D��E���$i%_�LNF�]^aEaTi�a��GA�i%�^i%_k�)i�Pji���i�Dt��A^�2�kCTi���]`�G_OL �$>,c J�c�� _kAB�E�kLNDTi LNF��EFGi�a��GA3~[i%_O�¸A^_O� ]^D�fgl
��]^MY�GA^_OLNFk]`�kLjABDd�GA�FGABPj�^i��kCEi�PN]`~@PN]^MYi�i�g��E]`�kLjABD�>
c�D�]^a�F�ABL D��¥��AXaTi�P[A^�³�kCEi�n2]^aT�3��A�aEi�P[C@]^F!�[i%i�D3MY_ki�]`�Gi�a)aELj_ki�MY�kPN���¸_OAB� �kCTi��¸A^_kh!]`_Oa���AXaTi�P$MYAXaTi^I
LND�]�FkL ��LNPN]`_!h!]��3�GA�J�]��^ABD?ACB!D3EHFw��x�A�A^|B�©I[]^D@a3�Gi�FG�Gi�a"�EFOLNDT� �kCTi,DTA^_O� �Gi�Fk��]^DEa��kCTi��^_©]^aELji�Dt�¥�Gi�FG�
]^F�aEi�FkMY_OLj�$i�a3LND�fgL�ACB D0EGFw��x�A�A�&t�©>!vRCTi,]^a�FGABLNDt�R��A�aEi�P$i�gt�E]`�kLNABDEFR]`_ki�aEi%_OLj�^i�a�LND�]`~E~$i�DEa@L ��c->

x%{



$ 
 7 � � �����4�  #-,.�+� �

vRCTi�aE]`�k] ]^FkFkL ��LNPN]`�kLjABD A^~E�kLN��L"!�]`�kLjABD ~@_kA^�@Pji�� _ki�g��ELj_ki�F�] D��E��i%_©LNM%]^PV��LNDELN��L Fk]`�kLjABD�]^Pj�^A^_©Lj�kCE��>
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vRCTi���h�A ��ABFG��MYAB����ABD ��i%�kCEA�aEF��ÂA^_�Fk�EMOC ] ~E_kA^�@PNi�� ]`_ki�MYABD�Fk�T�B]`�Gi��^_O]^aELNi�D��3��i%�kCTAXaEF3]^DEa
g��E]^FkLIH�JVi%hR�GABDd��i%�kCEA�aEF�>�vRCTi%���[A^�kC"]`~E~E_kAz�XLN��]`�Gi,J�i%hR�GABD6E®FVm"i%�kCTA�a�IEh�CELNM©C�LNF <E_OFk�¥iY�X]^��L DTi�a�>
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=�ABDEFOLNaTi%_3�kCTir��L DELN��LNFO]`�kLjABD�A^��]^D A^�;FGi�MY�kLj�^i/���EDEMY�kLNABD � � 3 ��h�Lj�kC _ki�Fk~[i�MY�"�GA�] �^i�MY�GA^_ 3 > q«�
LNF ~$ABFkFkLN�@Pji��GA/aEi%_OLj�^id]^D Lj�Gi%_O]`�kLN�^id]^Pj�^A^_OLj�kCE� �kC@]`��M%]^D �$i3�@FGi�a �GA�<@DEa �kCTi��`]^PN�Ti3A^� 3 ]`���kCTi
��LND@LN�-�@��>#S��3MYABDEFkLNaEi%_OLNDT� ]�FGi�MYABDEa�A^_OaEi%_Rv³]z��PjA^_VFGi%_OLji�F!iY�X~@]^DEFkLNABD�A^� � � 3 �©I@]^D@a��EFkLNDT� �kCTi���]^MY�
�kCE]`���kCEiR�^_O]^aELji�Dt��A^� � L F
!%i%_kA�]`��],��LNDEL �-�E�dI��kCEi�D��kCTi�JVi%hR�GABD�E®F���i%�kCTAXa�]^Pj�^A^_OLN�kCE�<LNF�A^�@�k]^LNDTi�a
��S�i�]^Pji^I³x�A�`�`B�[=

3�� � H 	 3�� ��� �z(7� H P	� ��|�'B�
h�CTi%_Oi�W�LNF2�kCTi�Lj�Gi%_O]`�kLjABD�I ( 	 ��� � LNF2�kCTi�CEi�FkFkLN]^D���]`�G_OL �$I�]^D@a P 	 � � LNFp�kCTi��^_O]^aELji�Dt�2�^i�MY�GA^_z>
vRCTi"~@]`_O]^��i%�Gi%_ � � CE]^F��$i%i�D�LNDEFki%_k�Gi�a LNDt�GA/�kCTi)i�gt�@]`�kLjABD FGA �kCE]`��] PNLNDTid��LNDELN��L Fk]`�kLjABD A^���kCTi
���EDEMY�kLjABD � L F¥~$i%_k�¸A^_©��i�a�LND3�kCTi,aELN_ki�MY�kLjABD ( � H P >
q�D ]rP ]`_k�^i)FkM%]^PNi"~E_kA^�5Pji��;Fk�EM©C ]^F�aE]`�k]r]^FOFkLN��LNP ]`�kLjABD �kCTi)CEi�FkFkLN]^D���]`�G_OL � ( LNF��GA�A iY�X~$i�DEFkLj�^i
�GA�M%]^PNM%�EPN]`�Gi�]^DEarFG�GA^_Oi�iY�X~@PNLNM%LN�kPj�^Ig]^DEa FGA)]`~@~E_kA��TLN��]`�kLNABDEF,� �EFG���$i���]^aTi^> #TAB�T_ Fk�EM©CrFk�@Lj�k]`�@Pji
]`~E~E_OA��TLN��]`�kLjABDEF�C@]��^i��$i%i�D��Gi�FG�Gi�arh�Lj�kCELND)�kCTi & } $�]`_-�¸_O]^��i%h2A^_kW�]`~E~@P Lji�a"�GA"�kCTi�np]^aT����AXaTi�P�>
vRCTi�Fki3]`_Oi��kCEid��i%�kCTAXaEF A^�VFG�Gi%i%~$i�FG��aTi�FOMYi�D��%I!MYABD�Fk�T�B]`�Gi��^_O]^aELji�Dt�%I7g��E]^FkLIH�JVi%hR�GABD ]^DEa P LN��Lj�Gi�a;H
��i���A^_O� $EhVCELNMOC�]`_Oi,DTAzh
aTi�FkMY_OLj�$i�a�>
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vRCTi�Fk�Gi%i%~[i�Fk�,aTi�FkMYi�Dt����i%�kCTAXa�]`~E~E_kAz�XL ��]`�Gi�F��kCTi�CEi�FkFkLN]^D���]`�G_OLj�����)�kCEi�LNaTi�Dt�kLj������]`�G_OL �$>�vRCTi
]^Pj�^A^_OLN�kCE� �kCTi%_ki%�ÂA^_ki,�$i�MYAB��i�F)=
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LNDt�GA��kCTi���L DELN� �E��I��BLj��L DT��FkPjAzh MYABD��^i%_k�^i�D@MYi-h�CEi�D3�kCTi�MYABDEaELN�kLjABD�Dt�@���$i%_¥A^� ( LNFRP ]`_k�^i^>
vRCTi�Dt�@��i%_OLNM%]^PtFG�Gi%i%~$i�FG�³aTi�FOMYi�D���]^Pj�^A^_OLN�kCE� �EFki�a�LND��kCELNF�_Oi%~[A^_O�³�EFGi�F³�kCTi2�^_O]^aELji�Dt�kFgABD@Pj���GAV~@_kAz�XLNaTi
�kCTi�Fki�]`_OMOC)aELj_ki�MY�kLjABD�IX]^D@ad�EFGi�FR]^D"LNDTiY�T]^MY�RFGi�]`_OMOC"�GA�M%]^PNM%�@PN]`�Gi��kCTi�FG�Gi%~)Pji�DT�^�kC�>
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q«��LNF�~$ABFkFkLN�@Pji �GA)�EFGi��kCEi��^_O]^aELji�Dt�,�^i�MY�GA^_OF-�GA)MYABD@FG�G_O�EMY��MYABD9FG�T�B]`�Gi�aELj_ki�MY�kLNABDEF H�Ig�kCE]`�-�k]`W^i�LNDt�GA
]^M%MYAB�EDt���kCTi-CTi�FkFkLN]^D"��]`�G_OL �$>2c
�^A�A�adaEi�FkMY_OLj~E�kLNABD3A^�wMYABD9FG�T�B]`�Gi aELj_ki�MY�kLNABDEFRLNF¥�BLN�^i�D"LND"ZXCEi%h�M©Ct�TW
��x�A�A�&t�©>-=�ABD�Fk�T�B]`�Gi aELj_ki�MY�kLNABDEF�M%]^D��$i-MYABDEFk�G_O�EMY�Gi�a��EFkLNDE���kCTi MYABD�FG�E�B]`�Gi���_O]^�MH«ZXM©CE��LNaT��~E_kAXMYi�FkF
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LNF!�BLj�^i�D"�t��=
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� � �
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h�CTi%_Oi��kCTi�� � � ]`_ki-MOCTABFGi�D)FGA��kCE]`� � � � (K� � 	 {��¸A^_����		�T>2vRCELNF��BLj�^i�F)=

� � � 	 � X � � (K� �� �� (K� � � ��|�`B�

vRCTi�~@_kA^�@Pji�� LNF3�kC@]`� ( LNF��@DTW�DEAzh�D�> UVAzh�i%�^i%_�I-LN�dLNF�FG�kLNPNP�~$ABFkFkLN�@Pji��GA MYABDEFG�G_O�@MY�"MYABD�Fk�T�B]`�Gi
aELj_Oi�MY�kLjABDEF¥�����EFkLNDT���kCEi,�^_O]^aELji�Dt�R�^i�MY�GA^_OF�
 � ]`��i�]^MOC)~$ABLNDt�<� � ��S�i�]^Pji^I#x�Ai@`|�Iwx�A�`�`B�©>�vRC@]`��LNF%IEh�i
MOCEAtABFGi 8 � 	 � 
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vRCTi <5DE]^PTMYABD�Fk�T�B]`�Gi�aELj_Oi�MY�kLjABD�LNF�MYABD�Fk�T�B]`�Gi��GA,]^P PT~E_ki%�XLjAB�EFwaELj_Oi�MY�kLjABDEF%IBCTA¼h2i%�^i%_zIt�kCT_OAB�T�BC��kCTi¥h!]��
�kCTi%��CE]z�^i,�$i%i�DdMYABDEFG�G_O�@MY�Gi�a�IEABDEPj���kCTi,~E_Oi%��LjAB�@F¥FGi�]`_OMOC)aELj_ki�MY�kLNABD�DTi%i�aEF¥�GA��$i,FG�GA^_Oi�a�>
vRCTi,MYABD9FG�T�B]`�Gi �^_O]^aELNi�D�����i%�kCTA�a"�EFGi�adLNDd�kCELNF¥h�A^_kW�LNF¥WXDTAzhVDd]^FVc�|^|B�,=¥m ��J�]^FkC�I³x�A�A`{���]^D@adLNF
]�MYABD�Fk�T�B]`�Gi,�^_©]^aELji�Dt����i%�kCTAXa3�kCE]`���EFki�FR]�PNLNDEi�]`_RFGi�]`_OMOC"�GA��E_O]^MOW^i%�V]���LNDELN� �E��>
vRCTi�MYABD�Fk�T�B]`�Gi-�^_O]^aELji�Dt�¥��i%�kCTAXad�EFGi�F!�kCTi,CEi�FkFkLN]^D���]`�G_©L ��LNDE�¸A^_O��]`�kLjABD3LN��~@PNL M%Lj�kPj�^>³UVAzh�i%�^i%_�I[�kCTi
g��E]^FkLIH�JVi%hR�GABDd��i%�kCEA�ad]`~@~E_kA��TLN��]`�Gi�FR�kCTi�CTi�FkFOLN]^D3iY��~5PNLNM%Lj�kPj�^>

(�� \��I\ � ���N Y���O�K*-/ 
��Q� 
 *8
YcW���

vRCTiVg��E]^FkL H�DTi%hR�GABD/��i%�kCEA�a �Â�`]`_OLN]`�5Pji���i%�G_OLNM���i%�kCTA�a[��]`~E~E_kAz�XL ��]`�Gi�F��kCTi�CEi�FkFkLN]^D���]`�G_©L ���@FkLNDT�
<E_OFk�RaTi%_OLj�`]`�kLj�^i�F%>�vRC@LNF!LNDT�ÂA^_O��]`�kLjABD�LNF!�5�ELNPj�¥�T~daE�E_OLNDT� Fk�EM%MYi�FkFOLj�^i�Lj�Gi%_O]`�kLNABDEF%>
vRCTi,]`~@~E_kA��TLN��]`�kLNABD3�GA ( FkCEAB�EPNa�Fk]`�kLNFk�¸���kCTi0g��E]^FkLIH�JVi%hR�GABDdMYABDEa@Lj�kLjABD/��\�_Oi�FkF ACB!D3EHFNI³x�A�A^|B�[=

( � 3�� ��� � 3�� �
	 P�� ��� � P�� � B^|B�
h�CEL MOC�LNFRaEi%_OLj�^i�a3����~$i%_k�ÂA^_O��LNDE� ]��k]z��PNA^_�iY�X~@]^DEFkLjABD3A^�w�kCTi��^_©]^aELji�Dt�RA^� � >
ZX�T~@~[ABFki¥�kCTi�CTi�FkFOLN]^D�LNF2]`~E~E_kAz�XLN��]`�Gi�a���� L � >�vRCTi�D L � M%]^D��[iV�T~�aE]`�Gi�a�ABD�i�]^M©C3Lj�Gi%_O]`�kLjABD��@FkLNDT�
_O]^DTW�x,��]`�G_©LNMYi�F%> #TA^_ViY�X]^��~5Pji^I@S�_kAz�XaTABD�E®FV�T~�aE]`�Gi�LNF¥�BLj�^i�Dd�t��=

L � 	 L � � H ������� � � B�BB�
S���Fk�T�@FG�kLN�k�T�kLNDT���kCELNFpLND��GA��kCTi4g��E]^FkLIH�JVi%hR�GABD�MYABDEaELj�kLjABDd�Âi�g��E]`�kLjABD�� B^|B�G�©IX�kCTi�D��ÂA^_O� �EPN]`iR�ÂA^_�� ]^DEa
M,M%]^D��$i��ÂAB�EDEa�>
vRCTiagt�E]^FOLIH�J�i%h��GABD"��i%�kCTAXad]^PNPNAzh�F��kCTi�CTi�FkFOLN]^D��GA��$i�]`~@~E_kA��TLN��]`�Gi�a�>2UVAzh�i%�^i%_�I�Lj��LNFRDEA^��]^Pjh!]��XF
~$ABFkFkLj�5Pji,�GAdFG�GA^_ki��kCEi ]`~@~E_kA��TLN��]`�kLNABD)]^F,LN��LNF��GA�A�PN]`_k�^id��Lj��LNF�DTA^��~$ABFkFkLj�@PNi��ÂA^_�A^~$i%_O]`�kLNABDE]^PwaE]`�k]
]^FkFkL ��LNPN]`�kLjABD[�©IX]^D@a�CTi�DEMYi�PNL ��Lj�Gi�a3��i���A^_k�3��i%�kCTAXaEFR]`_Oi,_ki�g��ELj_ki�a�>
� �"![§¥µY��Á«¢¤§O¡¤¶$#� ©¦`º&%  k¡¤�pÁ«§­¦('*)�¯­ O¢¤�,+j§©¡�-�.¸§O¡�¢¤À�§©¯­§­¦� ©¬0/"!�´·¢¤À�¡¤��¶��^��Á«¢�¢¤§�¢¤À¼��£R O¢�¡¤´21&3 ´·¨

#54"36%87:9;#:<7=% +�>@?A/

x�|



(�� \�� " �R�2� ��
�*8� 
f*,�!���YZ 
f*-
YcW���+ 

vRCTi�~E_kA^~$i%_k�kLNi�F�A^�V�kCTi>gt�E]^FOLIH�DTi%hR�GABD ��i%�kCTAXa ]`_ki�MYAB���5LNDTi�a h�Lj�kC MYABD�Fk�T�B]`�Gi��^_O]^aELNi�D�����i%�kCTAXa
�GA��BLj�^i�PNLN��Lj�Gi�a ��i���A^_k� ��i%�kCTA�a@F%>/q�DEFG�Gi�]^a A^� X�� 	 � P�� LND �kCTi�MYABD�Fk�T�B]`�Gi��^_O]^aELji�Dt����i%�kCTAXa�I
MOCEAtABFGi X�� 	 � ( � � P�� �GA�i�DEMYA^_k~$A^_O]`�Gi��kCTi�M%�T_O��]`�k�T_Oi�LNDT�ÂA^_O��]`�kLjABD�]^FGh�i�PNP�> vRCTi�LNDt�^i%_OFGi�CTi�FOFkLN]^D
aTA�i�F¥DTA^�RDTi%i�a��GA��$i�MYAB��~@�E�Gi�a3iY��~@P LNM%Lj�kPj�^IXFGA�ABDEPj���kCTi��^i�MY�GA^_V�E~$a@]`�Gi�F!�GA��kCTi,]`~E~E_kAz�XL ��]`�Gi ( � H
]`_ki�Fk�GA^_ki�a�I³��J�]��^ABD�]^DEa�f�i%�BPNi%_�Igx�A�`i@^�©>
vRCTi�g��E]^FkLIH�JVi%hR�GABD ]^DEa PNLN��LN�Gi�ar��i���A^_O�:gt�@]^FkLIH�JVi%hR�GABD ��i%�kCTAXaEF �kCE]`��]`_ki��EFGi�a LNDr�kC@LNF h2A^_kW[I
]`_ki�W�DTA¼h�Dr]^F =Ru�J�mdq�J A^_-]^PN�^A^_OLj�kCE� '`{^{)�Â_kAB� vVu,m�Z[>³vRCTi g��E]^FkLIH�JVi%hR�GABD ��i%�kCTAXarLNF��5]^FGi�a
ABD�]���S�_kAz�XaTi�D;H #wPji%�kM©CTi%_ H«��ABP aT�Â]`_O�_H«ZXCE]^DEDEA,�T~�aE]`�Gi¼�Wgt�E]^FOLIH�J�i%h��GABD���i%�kCTAXa�Fk�T�^�^i�FG�Gi�a���� ZTCE]^DEDTA
]^DEa�\2Ct�E]��¤ZXC@]^DEDTA�]^DEa�\pC��E]XI�x�Ai@`�B�©I5]^D@a3�kCTi,PNLN��LN�Gi�a���i���A^_k����i%�kCTA�a3LNF¥]���i���A^_k�XPji�FkF g��E]^FkLIH
JVi%hR�GABD)MYABD9FG�T�B]`�Gi-�^_O]^aELji�Dt�V]^PN�^A^_OLj�kCE� hVLj�kCdS�i�]^Pji�_Oi�FG�k]`_k�kF ��S2i�]^PNi^INx�Ai@`|�INx�A�`�`B�©>�v�CTi�]^Pj�^A^_OLN�kCE��F
CE]z�^i�~E_ki%�XLjAB�EFOPj���$i%i�D��EFGi�a����d=!CE]`A�]^DEa"=¥CE]^DT�"��x�A�A^|B�©>

(�� \�� < �R*8 )
����WP 
f�2�+�2�!�� ��_
������ 
f*8
Yc����+ 

c�D3iY��~$i%_OLN��i�D��!�EFkLNDE�-DTA �@]^MOWt�^_kAB�@DEa�FG�k]`�Gi,]^DEa3A^�@Fki%_k��]`�kLNABDEF�A^�³�@�EAz�B]^DEMY��ABD3�kCTi�PjAzh�i%_R�$AB�EDEa;H
]`_k�^I`]^DEa !%i%_OA G,��\7$ L D��kCTipLNDt�Gi%_OLjA^_gAz�^i%_�|¥�kLN��i�PNi%�^i�PNFgLNFg�EFGi�a��GA�MYAB��~@]`_ki2��LNDELN��L Fk]`�kLjABD���i%�kCTAXaEF%>
c MYAB��~@]`_OL FGABD/A^�!�kCTi���i%�kCTA�a@F�LNF��BLN�^i�DrLND #wLj�B�E_ki1B�>3vRCTi�FG�Gi%i%~$i�FG� aTi�FkMYi�Dt�-]^Pj�^A^_©Lj�kCE� �k]`W^i�F ]
PjABDT�3�kLN��i-�GAdMYABDt�^i%_k�^i H¥�kCTi�]^Pj�^A^_OLN�kCE� h�]^F��Gi%_©��LNDE]`�Gi�a�]`� '`{�Lj�Gi%_O]`�kLNABDEF%I$�$i%�¸A^_ki �kCTi�]^Pj�^A^_©Lj�kCE�
MYABDt�^i%_k�^i�a�>/vRCTi%_Oi�LNF ]�FkCE]`_k~ aTi�MY_ki�]^FGi3LNDELN�kLN]^PNPj�^I³h�CTi%_ki��kCTi��@�TAz�B]^D@MY�r�`]^PN�Ti�F-ABD �kCEi�A^�@Fki%_k�^i�a
PjA¼h2i%_¥�$AB�EDEa@]`_k��]`_ki�A^�E�k]^LNDTi�a�>�vRCTi�_ki�FG�!A^�g�kCTi�Lj�Gi%_©]`�kLjABDEF¥]`_ki�DTi%i�aTi�a3�GA A^�E�k]^L D3�kCTi�LNDT�ÂA^_O��]`�kLjABD
ABD3�kCTi,�EDEA^�@FGi%_k�^i�a3�GA^~d�$AB�ED@aE]`_k�^>�vRCELNF�iY�X~$i%_OLN��i�Dt��C@]^F¥�$i%i�D�_©�ED��EDt�kLNP[|`{^{�Lj�Gi%_O]`�kLjABDEF�ITh�Lj�kC3DTA
���T_k�kCTi%_RM©CE]^DT�^i-L D3�kCTi�_O]`�Gi,A^��aTi�FkMYi�Dt�%>
vRCTi A^�kCTi%_-��i%�kCTAXaEF��EFGi��kCTi�CEi�FkFkLN]^D�LNDT�ÂA^_O��]`�kLNABD)�GA)FG~$i%i�a��T~��kCTi�_O]`�Gi�A^�!aTi�FkMYi�Dt��A^�2�kCEi���LND;H
LN��L Fk]`�kLjABD ��f�i�]XI³|`{^{Txz�©>�vRCTi�MYABD�Fk�T�B]`�Gi��^_O]^a@Lji�D��,��i%�kCTA�a�M%]^P M%�EPN]`�Gi�F,MYABD�Fk�T�B]`�Gi�aELj_ki�MY�kLjABD@F%I$�kCE]`�
�k]`W^i�L D��GAd]^M%MYAB�EDt�,�kCTi�FOCE]`~$i A^�¥LNFkA�MYABDt�GAB�T_OF�A^� ��Ig�kCE]`��L F��BLj�^i�D����"�kCTi�CEi�FkFkLN]^D���]`�G_OLj�[I�hVCELNPNFG�
�kCTiVg��E]^FkLIH�JVi%hR�GABD���i%�kCEA�a�i%�`]^PN�E]`�Gi�F-]^D�]`~E~E_kAz�XLN��]`�kLjABD��GA��kCTi�CTi�FkFOLN]^D�>-S�A^�kC ��i%�kCTAXaEF��BLj�^i�]
aT_O]^��]`�kLNM�LNDEMY_ki�]^Fki�LND��kCTi�_O]`�Gi�A^�!MYABDt�^i%_k�^i�DEMYi^I�]^DEa��kCTi�MYABD9FG�T�B]`�Gi��^_O]^aELji�Dt�,��i%�kCTAXa�LNF,FOPNLj�BCt�kPj�
��]^FG�Gi%_ �kCE]^Dr�kCEi]g��E]^FkLIH�JVi%hR�GABD ��i%�kCTAXa L D/�kCELNF�iY��~$i%_OL ��i�D��%>)U�A¼h2i%�^i%_�I2�kCTi�MYABD9FG�T�B]`�Gi H¤�^_©]^aELji�Dt�
~$i%_k�ÂA^_O��F¥��A^_ki�i%�`]^PN�E]`�kLNABDEF¥A^�#�kCTi,MYABFG�����EDEMY�kLNABD/��FkLN� �EPN]`�kLjABDEF­�©IX]^D@a�FGA�LND3�kCEL F¥M%]^FGi�LNF¥MYAB��~5�T�k]�H
�kLjABDE]^P Pj����A^_ki�aTi���]^DEa@LNDT�T>Vv�CTi-PNL ��Lj�Gi�a;H���i���A^_k����i%�kCTAXa�MYAB�-�@LNDEi�F��kCTi g��E]^FkLIH�JVi%hR�GABD���i%�kCTAXa
]^DEa��kCEi,MYABD�FG�E�B]`�Gi��^_O]^aELNi�D��R��i%�kCEA�a�IT�5�T�RLND3�kCELNF¥M%]^Fki^I5aTA�i�FRDTA^�R~$i%_k�ÂA^_O� ]^F¥h�i�PNP�>
vRCTi%_Oi%�¸A^_ki^IT�kCEi gt�@]^FkLIH�JVi%hR�GABDd��i%�kCTAXadLNF¥�@FGi�adLND�]^PNP$���T_k�kCEi%_¥iY��~$i%_OLN��i�D��kF%>
v³i%_O��LNDE]`�kLNABD"MY_OLj�Gi%_©LN]�]`_ki _ki�g��ELj_ki�a"�GA3�[i ]`�@Pji-�GA3Fk�GA^~��kCEi ��L DELN��LNFO]`�kLjABD�]^Pj�^A^_OLj�kC@��>Vc�D"iY�X~$i%_OLIH
��i�Dt�V]^FkFOLN��LNPN]`�kL DT��]�CTA^_OL"!%ABD��k]^P³PNLNDTi�A^���kCTi FG�G_ki�]^�����EDEMY�kLNABD <Ei�PNa�I@h�Lj�kCd] !%i%_kA��@]^MOWt�^_OAB�EDEa�FG�k]`�Gi
LNF,�@FGi�a��GA)LNDt�^i�FG�kLj�B]`�Gi��kCTi��$i�CE]��XLjAB�T_�A^�!�kCTi1gt�E]^FOLIH�J�i%h��GABD/��i%�kCTAXa�>�vRCEi�aTi�MY_ki�]^FGi�A^�!�kCTi�MYABFG�
���EDEMY�kLjABD��EFOLNDT���kCTiVgt�@]^FkLIH�JVi%hR�GABD/��i%�kCTAXa�LNF�FkCEAzh�D�LND #wLj�B�T_Oi &@��]��©>�vRCTi%_ki�]`_ki &�&"i%��]^PN�@]`�kLjABDEF
A^���kCTi�MYABFG�����EDEMY�kLjABD�ABD��kCTi1@¼�kCrLj�Gi%_O]`�kLjABD�I³FkCTAzhVLNDT���kCE]`����]^M©CELNDTi ~E_ki�M%L FkLjABD�CE]^F��$i%i�D�_ki�]^MOCEi�a�>
q«��LNF�LN��~$A^_k�k]^Dt���kC@]`�V�kCTi ��LND@LN��LNFk]`�kLNABD�LNF��Gi%_©��LNDE]`�Gi�a Fk�EFG���$i%�ÂA^_ki��kC@LNF�~$ABLNDt�%I$FGA��kC@]`��MYAB��~5�T�Gi%_
�kLN��i�LNF�DTA^�,h!]^FG�Gi�a�>3U�A¼h2i%�^i%_zI�Lj�,LNF,LN��~[A^_O�k]^D����kCE]`���kCTi���LND@LN�-�@� C@]^F,�$i%i�D��ÂAB�EDEa��$i%�¸A^_Oi��kCTi
]^Pj�^A^_OLN�kCE� LNFRFG�GA^~@~[i�a�>
vRCTi,��]`�BDELj�k�EaTi�A^�w]��^i�MY�GA^_VM%]^D"�$i�aEi�FkMY_OLj�$i�a3�EFkLNDE� a@L��[i%_Oi�D��¥DTA^_O��F%>�vRCTi�|YH�DTA^_©� A^_�np�@M%PNLNaTi�]^D

x�B



0 5 10 15 20 25 30 35 40 45 50
−10

0

0 5 10 15 20 25 30 35 40 45 50
01
23

Cost Function

iteration

lo
g(

J)
 o

r 
lo

g(
|∇

 J
|)

+N �/

1 2 3 4 5 6 7 8 9 10
−40

−35

−30

−25

−20

−15

−10

−5

0

1 2 3 4 5 6 7 8 9 10
0

5

10

15

20

Cost Function

iteration

lo
g(

J)
 o

r 
lo

g(
|∇

 J
|)

+�� /

0 2 4 6 8 10 12
−40

−35

−30

−25

−20

−15

−10

−5

0

0 2 4 6 8 10 12
0

1

2

Cost Function

iteration

lo
g(

J)
 o

r 
lo

g(
|∇

 J
|)

+jÁ /

0 20 40 60 80 100 120 140 160
−40

−35

−30

−25

−20

−15

−10

−5

0

0 20 40 60 80 100 120 140 160
0

2

4

6

8

10

12

14

16

18

20

Cost Function

iteration

lo
g(

J)
 o

r 
lo

g(
|∇

 J
|)

+Nº /

#wLj�B�T_ki0B,=!� ��>�!kiN��� ���j��Bp&'>��6GI� �.&KBL����GI&������]���.����b,03!A5 � &�����?X���.&-�-�8��G����A& �,�I&'>��97<!���7:0 ^ 5  j��� "`��b !
&�� # �'!
o
79�����A&��,��&�>��97[0 G�5!%���! �.��o 'M��OK&'�����,�I&'>��97[037�5 *P������&��87 �,���/� ��_F� �I&�>��N7PE�OF��&�>,����GI�'��! �.����b�. ��&����'!
&��������/.�� �
b��*!�7������ &���i
!�"���!
&���������SChK>��K����"��%7D"������KG����'���8�.?X���=7��P&'�)&�>��FGI�A�`&�BL���=GR&������ 0(E�!
�=7�&'>��M79�
&�&��87D"������KG����'���8�.?X���=7��
&���&'>��6�2�A��!����87����=GI"���79�8!
�<�����'�4�
BC&�>��sb��*!�7������ &8E
3�5�67398)OF�J&'>Y&'>��6�@!
b ���J&'��79�)���<&�>��s"��IB &M>�!���7Y!
q9����S�hK>��
GI���*GI"����s�.>��
O &�>��@�N��� ^ ���6�
BJ. �����l��"%!
&������=��.u���)BL���=GR&������W��ik!�"��=!
&������=�-&'�,G�!
"%GI��"�!
&��l&�>��@����qN&6�.&���?PEPOF��&�>\&�>��
�@!
b ���J&'��79�����,&'>�������b�>A&�>=!
��7 !
q9���)hK>����)�/�������/�%��!
&������ �%��BL����&�>��/G�! �.�DOF�J&'>:���<� ^ �����'i
!
&'��� ���M� �,&�>��l&�� ?
^ ������7�!
�'_�S

DTA^_O� LNF¥aTi@<@DTi�a3��� � 3 � Q 	�� � � � Q��� �¾  � B�&t�

]^DEa��kCEi,LND <@DELN����DTA^_©� A^_���]��TLN� �E�0DTA^_O� L FRaTi@<@DTi�a3���� 3 ��� 	 ��]���
	 � � 	 � � B�'B�

vRCTi,]`�5FGABPN�T�Gi�i%_k_OA^_RA^�³�kCEi,�^_O]^aELji�Dt�¥A^� �/LNFRaTi@<@DEi�a�]^F)=� 5���� � �³�
	 � � � �  � B^�B�

x &



0 1 2 3 4 5 6 7 8 9 10
−40

−30

−20

−10

0

lo
g(

J)
 o

r 
lo

g(
||∇

 J
||2 2)

iteration

||gradJ||2
2

J

0 1 2 3 4 5 6 7 8 9 10
0

3

6

9

12

15

18

21

24

27

30

33

36

39

42

45

48

si
m

ul
at

io
ns

Behaviour of the Cost Function

+N �/
0 1 2 3 4 5 6 7 8 9 10

10
−20

10
−15

10
−10

10
−5

10
0

10
5

iteration

er
ro

r 
no

rm

Maximum Norm, Combination Errors

grad J
x
J

+�� /

0 1 2 3 4 5 6 7 8 9 10
10

−20

10
−15

10
−10

10
−5

10
0

10
5

iteration

er
ro

r 
no

rm

Maximum Norms

absolute
relative
combination

+jÁ /
0 1 2 3 4 5 6 7 8 9 10

10
−20

10
−15

10
−10

10
−5

10
0

10
5

iteration

er
ro

r 
no

rm

Euclidean Norms

absolute
relative
combination

+Nº /

#wLj�B�T_ki &_= hK>�� ^ ��>�!kiN�������F��BC&'>��DG�� �.&QBL����GR&'��� �,OF�J&'>,����G����8!�������bl��&����'!
&���������0 ! 5KG�� �.&FBL����GR&'��� � 03����"���7]"������85RE
��� �=!
�'��7Dc
og��� ��� �
B�&�>��Qb��*!�79�����A&Hi���GI&�� �Q0 7�!���>���7D"������k5RE
�����l��"�!
&��������H� �pBL���=GR&������l��i
!
"��9&'��� ���K03GI���*GI"����*5$0 ^ 5ChK>��
���I&M�
BC&������/����!
&'��� �]G�����&������%!U0L�/�A��!
&��������D< >�E92A@�E92CBk5)03G�5� j���/?�!����%�.� �Y��B � !
q9���l��� 'M� ���@�K��B 5F0n03�/�A��!
&'��� �
< H 5)037�5� j���/?�!
�'�%�.� �<��BHd$�=GI"���79�8!
��'M� ���@�K�
B 5F0n0L�;�A��!
&'��� ��<�2A5IS

�kCTi,_Oi�PN]`�kLj�^i�i%_k_kA^_VLNF¥aTi@<@DTi�a"]^F)= �
��� � � �³� 	 � � � ��  � Bi@^�

]^DEa��kCEi,MYAB���@L DE]`�kLjABD�i%_k_OA^_-�¤��LNPNP�ACB!D3EHF Igx�A�`Xxz�RL F¥aTi@<@DTi�a�]^F)=

����� 5`� � �³��	 � � � �
x�� � � � B�`B�

#wLj�B�T_ki &���Mz�wFOCTAzh�F�]�MYAB��~@]`_OLNFkABD-A^�[�kCTiR]`�@FkABPN�T�Gi^IB_ki�P ]`�kLj�^iR]^DEa�MYAB�-�@LNDE]`�kLjABD i%_O_kA^_OF�aTi@<@DEi�a �@FkLNDT�
�kCTi���]��TLN� �E� DEA^_O��>�q¿��LNF�CE]`_©aTi%_V�GA�FG~$i�M%Lj�Â�d]��GABPji%_O]^DEMYi��ÂA^_��kCTi ]`�@FGABPN�T�Gi i%_k_OA^_�]^F�LN��aTA�i�F�DTA^�
�k]`W^i"LNDt�GA�]^M%MYAB�EDt���kCTi���]^P �Ti�A^� ��> c�Pj�kCTAB�T�BC �kCTi3_ki�P ]`�kLj�^i3i%_k_kA^_�aTA�i�F �k]`W^i��kCTidFkL#!%i3A^� � LNDt�GA
]^M%MYAB�EDt�%I!�kCTi%_kid]`_kid~@_kA^�@Pji���F h�CEi�D � L F !%i%_kAr]`���kCTi"��LNDELN� �E��>rv�CTidMYAB���5LNDE]`�kLjABD i%_k_OA^_�LNF�]
MYAB�-�@LNDE]`�kLjABDrA^�!�[A^�kCri%_k_kA^_OF�I#]^DEa CE]^F�]"��]^P �Ti�LND��$i%�¿h2i%i�D �kCTi�]`�5FGABPN�T�Gi�i%_O_kA^_-]^DEar�kCTi�_Oi�PN]`�kLj�^i
i%_k_kA^_VLND>#wLj�B�T_ki &)��Mz�©>
#wLj�B�T_ki &���a5�!FkCTA¼h�F�]�FkLN��LNP ]`_!MYAB��~@]`_OLNFGABD�IT�@�T�R�EFkL DT���kCTi�n2�EM%PNLNaTi�]^D3DTA^_©��>pvRCTi��^_O]`~@CEF���Mz�R]^DEa
��a5�!]`_Oi��^i%_k��FkLN��LNP ]`_!�@D��kLNP[�kCTi ���kC"Lj�Gi%_O]`�kLNABD�ITh�CTi%_ki��kCEi,��]��XL �-�E� DEA^_O� _ki�]^M©CTi�FV]�PNAzh�i%_��`]^PN�Ti^>
#T_kAB� �kCTi�FGi MYAB��~@]`_OL FGABDEFR]���]��XL �-�E� DTA^_O��I[MYAB���@L DE]`�kLjABD�i%_k_OA^_VCE]^F��[i%i�D)MOCTABFki�D"�ÂA^_��kCTi FGi%��A^�
�Gi%_O��L DE]`�kLjABD�MY_OLj�Gi%_©LN]XITh�CELNM©C�]`_ki�aTi@<5DTi�a�]^F)=

x�'



x`>���_O]^aELji�Dt�¥A^� � � � � � �
x ��� 
�� H � B�AB�

|�>�=¥CE]^DT�^i�LND 3 � 3�� � 3�� � H � �x � � 3�� � � 
�� Q ��&B{��

B�>�=¥CE]^DT�^i�LND��
� � � ��� � � � Hx � � � � 
�� b ��&Exz�

h�CTi%_Oi��
�
LNF�]�FG~$i�M%LH<Ei�a3�GABPji%_O]^D@MYi^>

vRCTiV�$i�CE]��XLjAB�T_�A^�g�kCTi�FGiVMY_©Lj�Gi%_OLN]-]`_kiVFkCEAzh�D�LND #wLj�B�E_ki &��Â�[�©I�]^D@a��Â_kAB�<�kC@LNF��^_O]`~5C�It�kCEi��GABPji%_O]^D@MYi�F
]`_ki FG~$i�M%LH<Ei�a�>!q«��]^D��"A^���kCTi�FGi FG�GA^~E~@LNDE��MY_OLj�Gi%_OL ]�]`_ki Fk]`�kLNF <Ei�a�I5�kCTi�D)�kCTi ��LNDELN��LNFk]`�kLjABD�]^Pj�^A^_©Lj�kCE�
LNF¥FG�GA^~@~[i�a�>

� � �	� � ��
 ��� � � ��� 1K� � 

����� 	Q� ��� � � � 0 � ���
q�D��kCTi�aE]`�k]-]^FOFkLN��LNP ]`�kLjABD ~E_kA^�@PNi��1�kCTiVD��EPNP@FG~@]^MYi`H�DEi%i�aEF��GA �$iRi�PNLN��L DE]`�Gi�a�����]^aEaELNDT�,MYABD@FG�G_O]^LNDt�kF
�GA"�kCEi�MYABFG�����EDEMY�kLNABD�>�q�D & } $�]`_�I#h2i�]^aEa/�kCTi���A�aEi�Pwi�gt�E]`�kLNABDEF�]^F-]dFG�G_kABDT��MYABDEFG�G_O]^L D��%>�vRCE]`�
LNF%IT�kCEi,FGABPN�T�kLjABD�� �EFG�R]^P FGA�Fk]`�kLNFG�Â���kCTi,��AXaTi�P$i�gt�@]`�kLjABDEF%>�vRCEi,Dt�EP P[Fk~@]^MYi,A^�#�kCTi0& } $�]`_�~@_kA^�@Pji��
h�Lj�kC�DEA��@]^MkW��^_kAB�EDEad�Gi%_O� LNF¥DEAzh L D��^i�FG�kLN�B]`�Gi�a�>
#TA^_Ri�]^Fki,A^�#DEA^�k]`�kLjABD�IEaTi@<@DEi X Q 	 X � X >�=!ABDEFkLNaTi%_¥]^Dd]^FOFkLN��LNP ]`�kLjABD�hVLNDEaTA¼h PNi�DT�^�kC3A^�2x��kLN��i�FG�Gi%~
��| �kLN��i,Pji%�^i�PNF©�©I@]^D@a�LNaTi�Dt�kLj����i%_k_kA^_�MYA¼��]`_©LN]^DEMYi-��]`�G_OLNMYi�F%>pv�CTi,MYABFG�R���EDEMY�kLjABD�L F

�2	 x| =�� Z�� � ( 3�� � Q � � Z � � ( 3 � � Q ? ��&�|B�

h�CTi%_Oi ( LNF!�kCTi�A^�@FGi%_k�`]`�kLjABD�A^~$i%_O]`�GA^_�>2vRCELNF¥M%]^D��$i�hR_©Lj�G�Gi�D�LND��kCTi��ÂA^_O�

�p� 3�� � 	 x| = � Z�� � ( 3�� � Q � � Z H � ()
 3�� � Q ? 	 x| 7 6 Z��Z H ; � 6 (()
 ; 3�� 8 Q � ��&-BB�

h�CTi%_Oi 
 L F¥�kCTi,PNLNDEi�]`_R��A�aEi�P�>�J�A^�Gi��kCE]`�R�Â_kAB� �kCELNF�ITh2i�M%]^DdhR_OLj�Gi��kCTi��^_©]^aELji�Dt�RA^���r]^F�=
� ��� 3�� �
	 � ( � � Z�� � ( 3�� � � 
 � ( � � Z H � (�
 3�� � � ��&�&t�

q«� 3�� LNF!A^��Pji�DE�^�kCdD�IT�kCTi�D��ÂA^_�]��@DEL g��Ti���LNDELN� �E��I�h2i�_ki�gt�@Lj_ki��kCTi,��]`�G_OLj�
�( 	 7 (

()
 8 ��&-'B�

�GA3CE]��^i _O]^DTWdD�>VvRCELNFRL F�i�g��ELj�`]^Pji�Dt�R�GA�FO]��XLNDT���kCE]`� �( � HViY�TLNFG�kF�]^DEad�kCE]`� �( 3 	 Z CE]^FV]��EDEL gt�Ti
FGABPN�E�kLjABD 3 �¸A^_ i%�^i%_k� Z >)q¿�!�kCEL F�LNF��kCTi�M%]^Fki^I��kCTi�Dr�kCEi�FG�XFG�Gi�� LNF�FO]^LNa/�GA��$i(�����CA�� � D��@EHA%>"q«�¥�kCTi
��]`�G_OLj�3LNF¥DEA^�RA^�³���EPNP[_O]^DEW5IT�kCTi�D)Lj�¥��i�]^DEF��kCE]`�R�kCTi,Fk]^��i�LNDT�ÂA^_O��]`�kLjABD�L F!�BLj�^i�D"]`��PNi�]^FG�¥��h�L MYi^>
� �$À¼�#¦@)�¬®¬`¶��� ©Á��g§©¨� �£R O¢�¡¤´21,3 ´®¶5¢¤À¼�³¶��¿¢$§©¨t¶�§­¬ )z¢¤´»§©¦�¶$¢¤§ 3���7������$À��³º¼´®£¥��¦¼¶�´®§­¦R§©¨�¢¤À���¦@)�¬®¬`¶��� ©Á��³´»¶[�! )` ©¬¼¢¤§

¢¤À��g¦@)�£ �^�«¡@§©¨#"��«¡¤§p¶�´®¦�¯ )¼¬» O¡�µ© ©¬ )��«¶$���$À��g¦�)¼¬®¬�¶��` OÁ��#Á«§©¡�¡¤��¶��^§©¦`º¼¶5¢¤§�¢¤À¼��)�¦`ºz�«¢¤�«¡¤£¥´®¦���º��` k¡�¢$§©¨t¶�¢� O¢¤�g¶��` OÁ��&%%¢�¡� ©¦¼¯
+ ?!')(�* /

x��



� i �kCTi%_ki%�ÂA^_ki�WXDTAzh �kCE]`��hVLj�kCdDTA��@]^MkW��^_kAB�EDEa"�Gi%_O��I5h2i DTi%i�a"]`��Pji�]^FG��]^F���]^Dt��A^�@FGi%_k�`]`�kLjABDEFV]^F
�EDTWXDTA¼h�DEFR�Â�kCTiVA^�@FGi%_k�`]`�kLjABDEF���]�� �$i�aELNFG�G_©Lj�@�T�Gi�a LND��kLN��i¼�©>�#@�T_k�kCTi%_�It�kCTiR_O]^DEW-A^�$�kCTiRA^�5FGi%_k�`]`�kLjABD
A^~$i%_O]`�GA^_ �( � �EFG�!�$iVi�g��E]^P$�GA��kCTi�D��E�-�[i%_�A^�w�EDTWXDTAzh�D@Fpi�g��E]^P$�GA �kCTi�FkL#!%i�A^�g�kCEi,MYABD��G_kABP$�^i�MY�GA^_zI
D�>

� 
�� � � ';���! ,0�*� ' ,.����� ,��$� *!��� ,�#�� ' ,��=#���� ��� ,��$� ,0��� * ����� !$#)� ,
=�ABDEFOLNaTi%_g�kCEi�M%]^FGi!h�CEi%_ki2�kCEi�PjA¼h2i%_w�$AB�EDEa@]`_k���@�TAz�B]^D@MY�-]^DEa LNDt�Gi%_OLjA^_�gt�E]^FOLIH¤�^i%ABFG�G_kA^~@C@LNMp~$A^�Gi�Dt�kLN]^P
�^A^_k�kLNM%LN����]`_ki,A^�@Fki%_k�^i�a�Az�^i%_���h�A��kL ��i,Pji%�^i�PNF%IT�5�T�!�kCTi��T~E~$i%_!�$AB�EDEaE]`_O��LNF¥DTA^��A^�@FGi%_k�^i�a�>
f�i%���kCTi,FG�k]`�Gi��^i�MY�GA^_��$i

3 	 	
 U �
U H
�

��
��&��B�

h�CTi%_OiV�kCTi��@�TA¼�B]^DEMY��ABD��kCTi�PjA¼h2i%_¥Pji%�^i�P U � ]^DEa��kCTi��@�TA¼�B]^DEMY��ABD��kCTi��T~E~$i%_2PNi%�^i�P U H ]`_Oi��^i�MY�GA^_©FA^�gPji�DE�^�kC�D3]^DEa��kCTi�LND��Gi%_©LjA^_ G���\ $ � LNF�]��^i�MY�GA^_�A^�gPji�DT�^�kC���>2ZX�T~@~[ABFkiR�kCE]`�!ABDEPj� U � ]^DEa � ]`_ki
A^�@FGi%_O�^i�a�I@FGA��kCE]`���kCTi,A^�@FGi%_O��]`�kLjABDdA^~[i%_©]`�GA^_VLNF

( 	 6 	�
 � �� � 	�� ; � ��&8@^�

vRCTi�~$A^�Gi�Dt�kLN]^P��^A^_O�kLNM%Lj����LNF�]^aT�^i�MY�Gi�a h�Lj�kC�DTAd�ÂA^_OM%LNDE�TIg�kCTi��5�TAz�B]^DEMY�/L F,]^PNFGAd]^aT�^i�MY�Gi�a ]^DEar]^PNFGA
�ÂA^_OMYi�a �t� �kCTi�FG�G_ki�]^�����EDEMY�kLNABD�I�h�CEL MOC LNF aTi%�Gi%_O��L DTi�a �¸_kAB���kCTi3�@�EAz�B]^DEMY� ABD �$A^�kC �$AB�ED@aE]`_OLji�F
]^DEa"�kCTi-LNDt�Gi%_OLjA^_V~$A^�Gi�D��kLN]^Pg�^A^_k�kLNM%Lj�¿�^>�Z�ATI5�kCTi-��AXaTi�P³M%]^D"�$i�]`~E~@_kA��TLN��]`�Gi�a)�kCT_kAB�T�BC)FkM%]^PNLNDE��]^DEa
aE]`�k]�H��EA¼h ]`_k�B�@��i�D��kF��t���kCTi�P LNDTi�]`_¥A^~$i%_O]`�GA^_�=


 	 	
 	�
 � 	�
 5 	��� 	 
 	 
 5 	 �� � 	��
��

��&-`B�

h�CTi%_Oi �  5�]`_ki,FOM%]^PN]`_VMYABDEFk�k]^D��kFVFk�EMOCd�kCE]`� 	 � 	 0 x,]^DEa 	 5 	 0 x`>pvRCTi�D�ITh�i�M%]^D"hR_OLj�Gi
(�
 	 6 	�
 � 	�
 5 	��� � 	�� ; ��&-AB�

]^DEadCEi�DEMYi

�( 	
	��
 	�
 � 	�
 5 	��� � 	��
	�
 � �� � 	��

����� � '`{��

q�D��kCELNF¥M%]^FGi �( CE]^F�_O]^DTW � ��|��r]^DEa�FGA��kCEi,~E_kA^�@PNi�� L F¥h2i�P PIH�aTi%�Gi%_O��L DTi�a�>
� � �7	 � 0 ��	
oRi�FO�EPj�kFV�¸_kAB� �kCTi LNaTi�Dt�kLNM%]^P��¿h�LND)iY��~$i%_OL ��i�D��kF��EFkL DT���kCTid& } $�]`_���i%�kCTAXa�h�Lj�kC"�kCTi n2]^aT�d��AXaTi�P
]^DEa)�kCTiag��E]^FkL H�J�i%hR�GABD���LND@LN��LNFk]`�kLNABD���i%�kCTAXa�I[]`_Oi-DTA¼h
~@_ki�FGi�Dt�Gi�a�>�c�PNP��kCTi iY�X~[i%_©LN��i�Dt�kF�LND"�kCELNF
_ki%~$A^_k�R�EFki�~[i%_O�¸i�MY�¥A^�@Fki%_k��]`�kLNABDEF%>

x�@



1010 2020 3030 4040

22

44

66

88

1010

zonal directionzonal direction

he
ig

ht
he

ig
ht

-1.9934-1.99341.99341.9934

+N �/

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

-1.378

1.378

+�� /
#wLj�B�T_ki ',= � &'���8!
��BL����GI&������,+M��!�"�_9�����QBL�'��� 03!A5I<�� #$!��-!
��7W0 ^ 5K2 �y#$!
�FOF>������s&'>����'��!
�'�s���@� ^ �����'i
!
&'��� ���
b���i���� ���x&�>��/��?�?=��� ^ ������7�!
�'_�S62A� #$!
�s���s! ^ "��D&��]���8GI� ���`&'���=GR&-&'>��/��?�?X���sOK!ki���EX&'>���� ��b�> &�>��/�����l��B$&�>��
�/�979��"p7�_A�=!
�/��G���S

0 20 40
−1

0

1
Bottom

0 20 40
−1

0

1
Top

0 20 40
−0.5

0

0.5

1

0 20 40
−0.01

0

0.01

0 20 40
−0.5

0

0.5

0 20 40
−0.02

0

0.02

0 20 40
−0.2

0

0.2

2

0 20 40
−0.01

0

0.01

0 20 40
−5

0

5

0 20 40
−0.2

0

0.2

0 20 40
−1

0

1
x 10

−5

3

0 20 40
−5

0

5
x 10

−4

0 20 40
−5

0

5

0 20 40
−0.5

0

0.5

0 20 40
−5

0

5
x 10

−5

4

0 20 40
−5

0

5
x 10

−4

0 20 40
−5

0

5

0 20 40
−5

0

5

0 20 40
−2

0

2
x 10

−4

5

0 20 40
−2

0

2
x 10

−4

0 20 40
−5

0

5

0 20 40
−5

0

5

Gradient Data Actual Fields

#wLj�B�T_kiR�,= hK>�� ^ ��>�!kiN����������B=&'>��M�.� "���&�������OF�J&'>�����G����8!�������b)��&����*!
&'��� ���HBL����&'>���%���! �.��o('-��OK&'����� �I&�>��N7PS�hK>��
GI� "������=�K���]&�>��6"��IB &-��>��
O � 5 ��� 0(E � 5����/0\!���7Y&�>���G���"����/���F���<&�>��6����b�>A&M�.>��
O 	���!
�=7�	 � S

7$
�� � � &=# '�� � �*����� ! � ���*�
q�D��kCTi��ÂABPNPjAzhVLNDT��Dt�@��i%_OLNM%]^P$iY�X~$i%_OLN��i�Dt�%IT�kCTi,�@�EAz�B]^DEMY�3ABDd�kCEi,PjAzh�i%_��$AB�EDEa@]`_k��]^DEa3�kCEi�LNDt�Gi%_OLjA^_!%i%_kA>G,��\ $1]`_ki1E·A^�@FGi%_k�^i�a6Ej>�UVAzh�i%�^i%_�I$�kCTi��T~@~[i%_¥�$AB�ED@aE]`_k���5�TAz�B]^DEMY�dL FRDTA^��A^�5FGi%_k�^i�a�> � LN�kC)|
�kLN��i,PNi%�^i�PNF¥�ÂA^_R�kCTi�]^FkFOLN��LNPN]`�kLNABD�hVLNDEaTA¼h,IX�kCELNF¥FG�XFG�Gi�� L F!A^�@FGi%_k�`]`�@Pji���]^F�~E_kAz�^i�a"LND�FGi�MY�kLjABD BB�©>
vRCTi�_ki�Fk�EPj�kFV]`_ki-FOCTAzh�D)LND #wLj�B�E_kia'�>�vRCEiaB } $�]`_��EFGi�FVABDEPj�3�kCTi-�[A^�G�GAB� �$AB�EDEaE]`_O��]^DEa)LNDt�Gi%_OLjA^_
~$A^�Gi�D��kL ]^P!�^A^_k�kLNM%Lj�¿� ]^F �kCTidMYABDt�G_kABP!�`]`_OLN]`�@Pji^I�]^D@a �kCTi3�GA^~ �[AB�@DEaE]`_k�/LNF�PNi%�¸� ]^F.!%i%_kAT> vRCELNF LNF�]
�G_OLj�XLN]^PwM%]^FGi^I#FGA��kCTi���LND@LN��LNFk]`�kLNABDd_ki�]^M©CTi�F�]���L DELN� �E� L D)ABDEi�Lj�Gi%_O]`�kLjABD�>�UVAzh�i%�^i%_�I#�kCTi & } $�]`_
FG�XFG�Gi�� LNF¥]`�@PNiV�GA�~E_OA^~@]`�B]`�Gi�LNDT�ÂA^_O��]`�kLNABD��Â_kAB� �kCTi�A^�@FGi%_O��]`�kLjABD@F!ABD3�kCTi,PjAzh�i%_RPji%�^i�P$�kCT_OAB�T�BC3�kCTi
��AXaTi�P�aT�XDE]^��LNM%F!�GA�_ki�MYABDEFG�G_O�@MY�R�kCTi,�T~E~$i%_¥Pji%�^i�P�h!]��^i-�kCE]`��LNF�DTi%i�aTi�a3�GA��BLj�^i��kCTi,�^_kA¼hR�kC�A^�w�kCTi
A^�@FGi%_O�^i�adPjAzh�i%_VPNi%�^i�P�h�]z�^i^>
q«��LNF�]^P FGAdA^�¥LNDt�Gi%_ki�FG���GA�LNDt�^i�FG�kLj�B]`�Gi�CEAzh �kCEi�LNDT�ÂA^_O��]`�kLNABD�LNF,~E_OA^~@]`�B]`�Gi�a/�GA)�kCTi��GA^~ �[AB�@DEaE]`_k�^>

x�`



vRCTi��^_O]^a@Lji�D�� <Ei�P aEF��Â~@_kA�a@�EMYi�a�ABD3AB�T�G~@�T�!�Â_kAB� �kCTi,]^a�FGABLND��!��AXaTi�P¸�2]^DEa3]^MY�k�E]^P�<@i�PNaEF��Â~E_kAXaE�EMYi�a
ABD AB�T�G~@�T���¸_OAB� �kCTi���LND@LN��LNFk]`�kLNABD5��h�Lj�kC L DEMY_ki�]^FkLNDE� Lj�Gi%_O]`�kLNABDEF�]`_Oi)FkCTA¼h�D LND #wLj�B�E_ki���>
vRCTi
]^a�FGABLNDt�V��AXaTi�P�~@_kA�a@�EMYi�FR�^_O]^a@Lji�D�� <Ei�PNaEFRh�Lj�kCd�5�TAz�B]^DEMY�"h�]z�^i�FVABD)�$A^�kC"�$AB�ED@aE]`_OLji�F!ABD)�kCTi <E_OFG�
Lj�Gi%_O]`�kLNABD�>�vRCTi�h!]��^i�ABD��kCTiVPNAzh�i%_��$AB�ED@aE]`_k���ÂA^�@FGi%_k�^i�a5�pCE]^F2�kCTiVMYA^_O_ki�MY�!~@CE]^FGi^It�@�T�p�kCEi�h!]��^i�ABD
�kCTi��T~@~[i%_��$AB�EDEaE]`_O�r���EDTA^�@FGi%_O�^i�a5��CE]^F��kCTi�hR_OABDT�3~@CE]^FGi�]^DEa�LNF�A^�!]3Fk��]^PNPji%_���]`�BD@Lj�k�EaTi^> vRCTi
]^��~@P Lj�k�EaTi�F�A^�R�$A^�kCrh!]��^i�F�L DEMY_ki�]^FGi�F-ABD �kCTi�Fki�MYABDEa Lj�Gi%_O]`�kLjABD�>�v³A)�$i3]`�@Pji��GA�MYAB��~$i�DEFO]`�Gi��ÂA^_
�kCTi,��]^MY���kC@]`���kCTi-A^�@FGi%_k�^i�a"h�]z�^i LNFR�^_kAzh�L DT�TI@�kCTi-]^��~@PNLj�k�@aTi�A^���kCTi,�$A^�G�GAB�0h!]��^i�LNFRFOPNLj�BCt�kPj���GA�A
PN]`_k�^i-]`�R�kCELNF¥~$ABLNDt�%>�UVAzh�i%�^i%_�I5ABD"�kCTi�DTiY�X��Lj�Gi%_©]`�kLjABD�IT�kCTi,~5CE]^FGi�A^�w�kCTi��T~@~[i%_¥�$AB�ED@aE]`_k��h!]��^i LNF
FkCELN�¸�Gi�a"�GA��kCTi MYA^_k_ki�MY��~$ABFkLj�kLjABD�>RvRCELNF¥h!]��^i�LNFV�kCTi�D�LNDd�kCEi�A^~E�kLN��]^Pg~$ABFkLj�kLNABD��GA��BLN�^i-�kCTi �^_kA¼hR�kC
LND�]^��~5PNLj�k�EaTi A^���kCTi�]^DE]^Pj�XFGi�a�h!]��^i^>�UVi�DEMYi�ABD����T_k�kCEi%_,Lj�Gi%_O]`�kLjABDEF�I��kCTi�]^��~@P Lj�k�EaTi-A^���kCEi�PjAzh�i%_
Pji%�^i�P�h!]��^i LNF!_ki�aE�@MYi�a�>�vRC��EF%IT�kCTi��^_O]^a@Lji�D�� <@i�PNa3ABD��kCTi�PNAzh�i%_R�$AB�EDEaE]`_k��ABDd�kCTi��ÂAB�T_k�kC�Lj�Gi%_©]`�kLjABD
LNF!�kCTi-MYAB��~@Pji%�Gi,A^~@~[ABFOLj�Gi�A^�#�kC@]`�RABD��kCTi�<@_OFG�¥Lj�Gi%_O]`�kLjABD�>

7$
%$ � �+, � ,��$� &=# '�� � �.� ��� ! � � � �
#wLj�B�T_ki"� @^��FkCTAzhVF��kCTi�_ki�Fk�@Pj�kF��¸_kAB� ]^D�iY��~$i%_OL ��i�D���h�CEi%_ki�A^�@FGi%_k�`]`�kLjABDEF�]`_Oi��BLj�^i�D/]`�B]^LND/ABD��kCTi
PjA¼h2i%_3�$AB�EDEaE]`_O� ]^DEa LNDt�Gi%_OLjA^_�]`���¿h2A �kLN��i�Pji%�^i�PNF%>
c�!%i%_kA �@]^MkW��^_kAB�ED@a FG�k]`�Gi 3 �� 	 { LNF�]^PNFGA
LNDEM%P �EaTi�a�I�h�Lj�kC�LNaEi�D��kLj�¿��MYA¼��]`_©LN]^DEMYi���]`�G_©LNMYi�F%I@FGA��kCE]`�R�kCTi,MYABFG�V�Â�@DEMY�kLjABD�LNF!A^�w�kCTi��ÂA^_O�>=

�p� 3�� � 	�� � Q� � 3�� � 3 �� � Q � H� �
� �
� � Q� � Z � � ( 3 � � Q � 'Xxz�

q�D:#wLj�B�T_ki>@X��]����kCTi�_ki�Fk~[i�MY�kLN�^i�h�i�Lj�BC��kF �GA��kCTi ����]^DEa ���,�Gi%_O��F ]`_ki�FO�EMOC �kCE]`� i�gt�E]^Pph2i�LN�BC�� LNF
�BLj�^i�D��GA��kCTi-�5]^MkW��^_kAB�EDEa�]^DEa)�kCTi-A^�5FGi%_k�`]`�kLjABDEF%>�vRCTi-]^D@]^Pj��FOLNFRA^���kCEi-�@�EAz�B]^DEMY�dABD��kCTi �$A^�G�GAB�
�$AB�EDEaE]`_O�rLNF CE]^Pj�Âh�]z� �$i%�¿h2i%i�D �kCEi��@]^MkW��^_kAB�EDEa Fk�k]`�Gi"]^DEa �kCTi�A^�@Fki%_k��]`�kLNABDEF�]^F�iY�X~[i�MY�Gi�a�h�Lj�kC
i�g��E]^Pwh2i�LN�BC��kF%> U�A¼h2i%�^i%_zI³�kCTi h!]��^i�ABD��kCEi��T~E~$i%_V�$AB�ED@aE]`_k�dCE]^F�DTA^���$i%i�D�_ki�MYABDEFk�G_O�EMY�Gi�a�> vRCTi
h�i�Lj�BC��kL DT� �GA��kCTi�A^�@FGi%_k�`]`�kLjABDEF¥L F¥LNDEMY_ki�]^FGi�a3LND�#wLj�B�T_Oi0@X�Â�$�©>pcVPN�kCTAB�T�BC3�kCTi,]^DE]^PN��FkL F2ABD3�kCEi,PjAzh�i%_
�$AB�EDEaE]`_O��LNF!�^i%_k�3M%PjABFGi��GA��kCTi��G_O�T�kC�I��kCEi%_ki,LNF!FG�kLNPNP5�^i%_k�3PNLj�G�kPji�LNDT�ÂA^_O��]`�kLNABD�ABD3�kCEi��GA^~��[AB�@DEaE]`_k�^>
q�DEMY_ki�]^FkLNDE���kCTi h�i�Lj�BCt�kLNDT��FGA3�kCE]`���kCTi A^�@FGi%_k�^i�a <@i�PNa)L FV�BLN�^i�D x%{^{^{3�kLN��i�F���A^_ki h�i�Lj�BCt�kLNDT���kCE]^D
�kCTi��@]^MOWt�^_OAB�EDEa=<Ei�PNa���]^DEa"DTA^�Gi��kCE]`�¥�kCTi�A^�@Fki%_k�^i�a <Ei�PNa3LNF¥]^P FGA �BLj�^i�D�ABD3��h�A��kLN��i,Pji%�^i�PNF%IXh�CEL MOC
i��$i�MY�kLj�^i�Pj��aEAB�T�@Pji�Fp�kCTiVh�i�Lj�BCt�kLNDT�t�©IX��i�]^DEF��kCE]`���kCTi%_ki�LNF�]�h!]��^i�ABD��kCTi��GA^~��$AB�ED@aE]`_k�^>�U�A¼h2i%�^i%_zI
�kCTi,h!]��^i FG�kLNPNP$CE]^F�]^Dd]^��~@PNLN�k�EaTi��kCE]`��LNF!�GA�A�Fk��]^PNP�>
#T_kAB� �kCTi�FGi-_ki�Fk�EPN�kF%IEh�i-FGi%i-�kCE]`���kCTi-�@]^MkW��^_kAB�ED@a"FG�k]`�Gi CE]^F�]�FkLj�BDEL <@M%]^D��RL ��~@]^MY�RABD)�kCTi�_Oi%�BLjABDEF
h�CEL MOC�]`_ki�DEA^�¥A^�@FGi%_k�^i�a�I@�@�T�¥A^�E�k]^LND"LNDT�ÂA^_O��]`�kLjABD��kCT_kAB�E�BC��kCTi���AXaTi�P�aT�XDE]^��L M%F%>

7$
�� 1� 3 3���4��%�# ,.� ��� � ��� � � �.#-,.�$�.��� *! "� � �)#-,.�+���! 
vRCTi�]^FkFkL ��LNPN]`�kLjABD A^���Gi���~$i%_O]`�k�E_ki �Â�5�TAz�B]^DEMY�E��A^�@FGi%_O��]`�kLjABD@F�L F�DEAzh MYABDEFkLNaEi%_ki�a�>1vRCTi�MYABDt�G_kABP
�`]`_OLN]`�@Pji-LNF�FG�kL PNP��BLj�^i�D)�����@�TAz�B]^D@MY�dABD"�kCEi �T~@~[i%_V]^DEa"PjA¼h2i%_��$AB�EDEa@]`_OLji�FR]^DEaKgt�@]^FkLIH¤�^i%ABFG�G_kA^~5CELNM
~$A^�Gi�D��kL ]^P��^A^_k�kLNM%Lj�¿� LND �kCTi/LNDt�Gi%_OLjA^_z><U�A¼h2i%�^i%_��kCTi��¸A^_Oh�]`_Oa A^�5FGi%_k�`]`�kLjABD A^~[i%_©]`�GA^_"LNF3��AXaELH<Ei�a
�GA/MYABDt�^i%_k���Â_kAB� �@�TA¼�B]^DEMY� ABD �kCTi��$AB�EDEaE]`_OLNi�F-]^DEaTG���\ $9LND �kCTidLNDt�Gi%_OLjA^_��GA/FG�G_Oi�]^���Â�@DEMY�kLjABD
�EFkL DT���kCTi"PN]`~@P ]^MYi"FGABPj�^i%_�> vRCTi�D�I��kCTid�^i%_O�kLNM%]^P�aTi%_©Lj��]`�kLN�^idLNF��k]`W^i�D �GA/�BLj�^i"�kCEid�@�TA¼�B]^DEMY� <Ei�PNa
�kCT_kAB�E�BCTAB�T���kCTi�hVCTABPji�aTAB��]^LND�>�vRCTi�]^a�FGABLNDt�,A^�2�kC@LNF�A^~$i%_O]`�GA^_�LNF�]^PNFGA�_ki�g��ELj_ki�a�Ig]^DEa�LNF,aEi%_OLj�^i�a
�Â_kAB� �kCTi,aEL FkMY_ki%�Gi,i�g��E]`�kLjABDEF�IT�BLj�^i�DdLND�]`~E~$i�DEa@L ��c->
c9�@]^MOWt�^_kAB�@DEa Fk�k]`�Gi�L F�_ki�g��ELj_ki�a FGAr�kCE]`���kCTi)~E_kA^�@Pji�� LNF�h�i�PNPIH�aEi%�Gi%_O��LNDTi�a�> v�CTi%_ki%�ÂA^_ki)LND �kCTi
�ÂABPNPjAzhVLNDT��iY�X~$i%_OLN��i�Dt�kF�]�!%i%_OA��5]^MkW��^_kAB�EDEa�FG�k]`�Gi�LNF�FG~$i�M%LH<Ei�a�I5h�LN�kC)]�|`{��kLN��i Pji%�^i�Pw]^FkFkLN��LNPN]`�kLjABD

x�A



h�LND@aTAzh,>

\�� J��2
 6]���,/1�2��P � �N��Z 8b�8XQ*

vRCTi��G_©�Ti,FGABPN�T�kLNABDdLNF!�BLj�^i�D"�t���kCTi���ABFk���EDEFG�k]`�5Pji�np]^aT�3h!]��^i^>!c
CEA^_OL#!%ABDt�k]^P�PNLNDTi�A^�w�@�TA¼�B]^DEMY��LNF
A^�@FGi%_O�^i�a)]`���kCTi�i�D@adA^���kCTi ]^FkFkLN��LNPN]`�kLjABD3h�L DEaTAzh�>RvRCTi�]^DE]^PN��FkL F%I@FkCTA¼h�D�LND #wLj�B�T_kiM`�I[L F�M%PjABFGi-�GA!%i%_kA�]`�V�kCTi-�$i%�BLNDEDELNDE�-A^���kCTi ]^FkFkLN��LNPN]`�kLjABD3h�L DEaTAzh�IE�@�T��C@]^F�]�h!]��^i�FG�G_©�EMY�k�T_ki�]`�V�kCTi�i�D@a�>¥vRCELNF
��]^FG���^_kAzh�L DT��FGABPN�T�kLjABD�LNF�MOC@]`_O]^MY�Gi%_OLNFGi�a����"�kCEi FG�G_Oi�]^���Â�@DEMY�kLjABD <Ei�PNa��kCE]`���kLNPj�kF��GA3�kCTi h�i�FG��h�Lj�kC
LNDEMY_Oi�]^FkLNDT��CTi�Lj�BCt�%>

\�� J�� ( �>*8�-�-Z��2�WP � �N�WZ 8b�-X�*

JVAzh �kCEiR�G_O�Ti�FkABPN�T�kLjABD�LNF��BLj�^i�D����-�kCEi���ABFG�p�@DEFG�k]`�@PjiRaEi�M%]��XLNDT��n2]^aT� h�]z�^i^>pvRCTiRFG�G_Oi�]^���Â�@DEMY�kLjABD
<Ei�PNa@Fw�kLNPj�kF��GA,�kCEiRi�]^FG�phVLj�kC�LNDEMY_ki�]^FOLNDT��CTi�Lj�BCt�%It]^DEa��kCTiR�Gi���~$i%_O]`�k�T_Oi <Ei�PNa��kLNPN�kFw�GA��kCTiRh�i�FG�%> � Lj�kC
�kCTi"CEA^_OL#!%ABDt�k]^PRPNLNDTi3A^��A^�@FGi%_O��]`�kLjABD@F�]`���kCTidi�D@a ABDEPj�^I�h2i <@DEa��Â�G_OLj�XLN]^PNPN�T���kCE]`���kCEid_ki�Fk�EPN�kF�]`_ki
iY�T]^MY�kPj� �kCEi3FO]^��id]^F �¸A^_��kCEi��^_OAzh�LNDE��n2]^aT�rh!]��^i^> q�DEFG�Gi�]^a A^��]�aEi�M%]��XLNDT��FGABPN�T�kLNABD�Ip]^F ~@]`_k�kPN�
A^�@FGi%_O�^i�a�I@]��^_kA¼h�LNDT��FkABPN�T�kLjABD�LNF!A^�@�k]^LNDTi�a�IEaE�Ei��GA��kCTi !%i%_kA��@]^MkW��^_kAB�EDEa"FG�k]`�Gi^>
vRCTi�iY�X~$i%_OLN��i�Dt�¥LNF�_ki%~$i�]`�Gi�a�IT�@�T�¥]�CTA^_OL"!%ABD��k]^P�PNL DTiVA^�#�@�TA¼�B]^DEMY�3LNF!A^�@FGi%_k�^i�a�]`��i%�^i%_k���kL ��i�Pji%�^i�P
�kCTi�]^FOFkLN��LNP ]`�kLjABD3h�LNDEaEAzh,>pv�CTi,]^DE]^Pj�XFkLNFRL FRFkCTA¼h�DdLND #wLj�B�E_ki A�>�v�CTi & } $�]`_�FkMOCTi���i�LNF¥~E_OAz�XLNaTi�a
h�Lj�kC�MYABD �@LNMY�kLNDT��LNDE�¸A^_O��]`�kLjABD�>³v�CTi�!%i%_kA��@]^MOWt�^_kAB�@DEa�FG�k]`�Gi���i�]^DEF��kCE]`���kCEiRFGABPN�T�kLjABD�FOCTAB�EPNa �^_kA¼h,I
CTA¼h2i%�^i%_�Iw]�aTi�M%]z��LNDE�"FGABPN�T�kLNABD�LNF�A^�@FGi%_k�^i�a�>�vRCTi�]^DE]^Pj�XFkLNF�aTi�M%]z��F��¸A^_��kCTi <E_OFG��~5]`_k��A^�2�kCEi��kLN��i
h�LND@aTAzh�]^DEad�^_kAzh�FR�¸A^_V�kCTi,FGi�MYABDEa"~@]`_k�%>
vRCTi��^_kA¼hR�kC _O]`�Gi��kCT_kAB�E�BCTAB�T� �kCTi3�kLN��i�h�LNDEaTA¼h aEi%~[i�D@aEF�ABD �kCTi3_ki�P ]`�kLj�^i3h2i�Lj�BCt� �BLj�^i�D �GA��kCTi
�@]^MOWt�^_kAB�@DEa FG�k]`�Gi^IR]^F�FkCTA¼h�D�LND #wLj�B�E_ki/x%{X> � Lj�kC�]rPN]`_k�^idh�i�Lj�BCt���BLj�^i�D �GA/�kCTidA^�@Fki%_k��]`�kLNABDEF%I
�kCTi�]^D@]^Pj��FOLNF�]^PNFGAdaTi�M%]z��F��kCT_kAB�T�BCEAB�T���kCTi�]^DE]^PN��FkL F�h�LNDEaTA¼h,> � LN�kC/]dPN]`_k�^i�h�i�Lj�BCt�,�BLj�^i�Dr�GAd�kCTi
�@]^MOWt�^_kAB�@DEa�FG�k]`�Gi^IX�kCTiV]^DE]^Pj�XFkLNF��^_kA¼h�F��kCE_kAB�T�BCTAB�T�p�kCTiRh�LND@aTAzh,> � Lj�kC�i�g��E]^PTh�i�Lj�BCt�kFph�iVFGi%i��kCE]`�
�kCTi�]^D@]^Pj��FOLNF!aTi�M%]��XF��kCE_kAB�T�BC��kCTi <@_OFG�¥~@]`_k�R]^D@a��^_kAzhVFR�kCT_kAB�E�BC3�kCTi�FGi�MYABDEad~@]`_k�¥A^�w�kCTi,h�L DEaTAzh�>

|`{



10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-0.97124

10 20 30 40
-6

-4

-2

0

2

4

6

bu
oy

an
cy

zonal direction

Bottom Buoyancy 

10 20 30 40
-6

-4

-2

0

2

4

6

bu
oy

an
cy

zonal direction

Top Buoyancy  

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

0.0063373

σ
y
-2 =1 σ

b
-2 =2

LH

+N �/

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-1.8363

10 20 30 40
-6

-4

-2

0

2

4

6

bu
oy

an
cy

zonal direction

Bottom Buoyancy 

10 20 30 40
-6

-4

-2

0

2

4

6

bu
oy

an
cy

zonal direction

Top Buoyancy  

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

-0.00163080.0016308

σ
y
-2=10 σ

b
-2 =1

LH

+�� /

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-1.5895

10 20 30 40
-6

-4

-2

0

2

4

6

bu
oy

an
cy

zonal direction

Bottom Buoyancy 

10 20 30 40
-6

-4

-2

0

2

4

6

bu
oy

an
cy

zonal direction

Top Buoyancy  

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

-0.000228280.00022828

σ
y
-2 =1000 σ

b
-2 =1

L

+jÁ /

Analysis from 4D Var

Background State
True Solution (Observed on lower level)

#wLj�B�T_ki @8= +M��!�"�_9�����DBL��� � ! &`Oj� &�������"���i���"K! ����������"%!
&������[OF��&�>n���x� ^ �����'ik!
&������������[&'>��Y&'��?n"���i���"Q!
��7n!
v������ ^ !�G*rNb��'������7,�`&*!
&'��EuOF�J&'>n0 ! 5Md$tX�8GR&'��i ��"�_]�;�A��!
"HOj����b >A&'��EH0 ^ 5 �:����b > &)b���i����,&��Y&�>���� ^ �����'i
!
&'��� ���M�%��B;@
&����/���Db��'��!
&'���)&�>=!
�W&�>�� ^ !�G*rNb ��� ����7x�.&'!
&��@OQ����b�>A&�EQ03G85��:����b >A&Db���i����x&'�,&�>��@� ^ �����'ik!
&��������s�%� B;@?@?@<&'���/���
b��'��!
&�����&�>�!��/&�>�� ^ !�G*rNb��'�����=7D�.&'!
&'�MOQ����b�>A&�S � &��'��!���BL����GR&'��� ��!
��7 % #�� # ;���"%7��/� � � "��%7�op?X� ���J&'��i �-GI� �A&������'��E
7�! �.>��87UoK����bA!
&���i��lGI���A&'�����*��S � ���
_A!
��G�_<� � ��?�?X���s!
�=7,"��
OQ��� ^ � ����7�!��������/� # �������x���
&�&���7 o hC�'��� � � "��9&'��� �
0�� ^ �.����i ��7�5IE � "����6�)!���>���7<o � !�G*rNb��'������7 � &*!
&�� E��F�87 � ��"���7<of+M�=!
"�_N���%�|Xx



10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-1.3615

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

-0
.2

45
22

0.24522

0 10 20 30 40

2

4

6

8

10

12
Buoyancy

-1.2322
1.6429

assimilation window
Analysis at the beginning of the

Weights: Jb=1 Jo=1

C WL

+N  /

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-2.7212

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

-0.24570.2457

0 10 20 30 40

2

4

6

8

10

12
Buoyancy

-4.7458

at this time - given by the black dots

Analysis at the end of the

Horizontal line of buoyancy is observed

L C WH H

assimilation window

+�� /
#wLj�B�T_ki `,= # �'�
OF����b:df!�7�_ �W!ki�� E$+M��!�"�_9�����DBL�'��� 2 � #$!
�8S[+ >����'��v����A&'!�"f"������]�
B-&�>�� ^ ���
_A!
��G�_x;���"�7 ���
� ^ �.����i ��7@!
&Q&�>�������7���Ba&�>��s!��'�.���/��"%!
&'��� ��OF����79�
O6EAOF�J&'>]!Dv����'� ^ ! G*rNb��'������7@�.&'!
&�� EN!���7@�%79���A&'�J&`_�G��
ik!����%!
�=GI�
�@!
&'���%GI�8��S

|^|



10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-0.89504

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

-0.19286

0.19286

0 10 20 30 40

2

4

6

8

10

12
Buoyancy

-1.76591.7659

Analysis at the beginning of the 

Weights: Jb=1 Jo=1

L H

W C

assimilation window

+N  /

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Streamfunction

-0.96296

0.48148

10 20 30 40

2

4

6

8

10

zonal direction

he
ig

ht

Quasi-Geostrophic Potential Vorticity

-0.19271

-0.12848

0 10 20 30 40

2

4

6

8

10

12
Buoyancy

-1.9086

1.4315

Analysis at the end of the
assimilation window

Observations of buoyancy at 
every timestep

L H

W C

+�� /
#wLj�B�T_ki�A,= ����G�!k_A����b dj!�79_ �\!ki ��E�+M��!�"�_9������BL��� � 2 �Z#$!���S + >����'��v����A&*!
"$"������Y�
BF&'>�� ^ ���
_ !
�=GI_ ;=��"%7[���
� ^ �.����i ��7Y!
&F��i�����_�&������6"���i ��"gE9OF�J&'>,!lv����'� ^ !�G*rNb��'������7��.&'!
&'��E�!���7<��79���A&���&`_<GI�
i
!����%!
��G����@!
&��'��G�����S

|�B



2 4 6 8 10 12 14 16 18 20
1

1.5

2

2.5

3

3.5

Time

M
ax

im
um

 a
m

pl
itu

de
 o

f t
he

 b
uo

ya
nc

y 
fie

ld

Weights: Jb=1 Jo=10

+N �/

2 4 6 8 10 12 14 16 18 20
1

1.5

2

2.5

3

3.5

Time

M
ax

im
um

 a
m

pl
itu

de
 o

f t
he

 b
uo

ya
nc

y 
fie

ld

Weights: Jb=1 Jo=1

+�� /

2 4 6 8 10 12 14 16 18 20
1

1.5

2

2.5

3

3.5

Time

M
ax

im
um

 a
m

pl
itu

de
 o

f t
he

 b
uo

ya
nc

y 
fie

ld

Weights: Jb=10 Jo=1

+jÁ /

#wLj�B�T_ki3x%{;= # ���
OK&'> �'!
&��8�M�
Bj2 � #$!
�s!
��!�"�_9�����FBL� �-&'>��/79��G�!k_A����bYdj!�79_UOK!ki�� E=��������b<79��tu���'���A&�OQ����b�>A&�����bA�
BL���K&'>��&0 � !���710 � &������@�K�
B��/�A��!
&������ H B S � ��"���7
�F�87�ojhC�'�9&�>[0L� ^ �����'i���7=5RE � "�����7�!���>���7Yof!
��!�"�_9����7aS

|�&



� � �4� � 0 � 	 � �4�M	 � ��� � � � ��� ��� � � 


vRCEL F�_ki%~$A^_k��CE]^F�iY�X]^��LNDTi�a��kCTiM& } $�]`_,��i%�kCTA�a����"]`~E~@PN��LNDE���kCTi���i%�kCTAXa"�GA�]��kCTi%A^_ki%�kL M%]^P�M%]^FGi
A^���@]`_OA�M%PNL DELNMRLND@FG�k]`�@LNPNLN��� �EFkLNDT�-�kCTi�np]^aT����AXaTi�P�>�vRC@LNF�h�A^_kW�CE]^F!FkCEAzh�D��kCE]`� & } $�]`_,�Âh�LN�kC�DTA����
�Gi%_O���2LNF�]`�@PjiV�GA ~E_kA^~@]`�B]`�Gi�LNDT�ÂA^_O��]`�kLNABD��Â_kAB�+A^�@FGi%_k�`]`�kLjABDEF��GA �kCTi��EDTA^�@FGi%_O�^i�a�_Oi%�BLjABDEF��EFkLNDT�-�kCTi
��AXaTi�P�aT�XDE]^��LNM%F�I��BLN��LNDE��M%Pji�]`_R�$i�DTi@<E�kF!A¼�^i%_ B } $�]`_�>
q«� LNF DTi�MYi�FkFO]`_k�/�GA�]^aEa ]"�@]^MOWt�^_OAB�EDEa MYABDEFG�G_O]^L D�� �GA��kCTi�MYABFk�-���EDEMY�kLjABD FGA��kCE]`� �kCTi�~E_kA^�@Pji��:LNF
h�i�PNPgaTi%�Gi%_©��LNDTi�a�>RUVAzh�i%�^i%_�I��kCEL FRh�A^_kWdCE]^F�FkCTAzhVD"�kCE]`���kCELNFVM%]^D"�$i aTi%�G_OLN��i�Dt�k]^P��GA��kCTi ]^DE]^Pj�XFkLNF
LND)�kCTi�M%]^FGi�A^�p]�~$AtA^_��@]^MOWt�^_OAB�EDEa�FG�k]`�Gi�]^DEa�~$AtA^_�i%_k_kA^_�FG�k]`�kL FG�kLNM%F%>,q�D)~@]`_k�kLNM%�EP ]`_�I5�kCEi�����v³i%_O�
CE]^F ]"PN]`_O�^i�LN��~5]^MY��ABD �kCTi�_ki%�BLNABDEF��kC@]`� ]`_ki��EDTA^�@Fki%_k�^i�a/�@�E��A^�E�k]^LND LNDT�ÂA^_O��]`�kLjABD/�kCT_kAB�T�BC �kCTi
��AXaTi�P[aT��D@]^��LNM%F%>�vRCTi��$i�DTi@<E�kF2A^�6& } $�]`_¥Az�^i%_4B } $�]`_R]`_ki�DTAzh�PjABFk�2����]^aEaEL DT���kCTi��@]^MOWt�^_kAB�@DEa
MYABDEFG�G_©]^LND��%>
� Lj�kC/A^�@Fki%_k��]`�kLNABDEF-]`�-�kCTi�i�D@a/A^�¥�kCTi�]^FkFkLN��L PN]`�kLjABD�h�LND@aTAzh ]^D@a ]�!%i%_kA"�@]^MOWt�^_OAB�EDEa FG�k]`�Gi^I��kCTi
]^DE]^Pj�XFkLNF¥L DEMY_ki���i�Dt�kF�]`_ki�~E_kA�FGi�MY�Gi�adABDt�GA�]���]^FG���^_OAzh�LNDE��FGABPN�T�kLjABD�>�q¿�#�kCTi�]^��~@PNLj�k�EaEi�A^�w�kCTi��@]^MkW8H
�^_kAB�ED@a"FG�k]`�Gi LNF�L DdMYABD��@LNMY��h�Lj�kCd�kCEi�A^�@FGi%_O��]`�kLjABD@F%I@�kCTi�D"�kCTi��^_OAzhR�kC)_O]`�Gi A^���kCTi�FG�XFG�Gi�� ��]��d�$i
LNDEMYA^_O_ki�MY�%>
� i"MYABDEM%P �EaTi��kCE]`���kCTi>& } $�]`_���i%�kCTAXa LNF�]`�@Pji��GA�iY�X�G_O]^MY���-�EM©C���A^_kidL DT�¸A^_©��]`�kLjABD �¸_OAB�&�kCTi
A^�@FGi%_O��]`�kLjABD@F¥�kCE]^D B } $�]`_�>�U�A¼h2i%�^i%_zI@�kCTi,�5]^MkW��^_kAB�EDEadMYABD@FG�G_O]^LNDt�R�-�@FG�R�$i�]`~E~@PNLji�a3hVLj�kC�M%]`_ki^>
#E�T�k�E_kiVh�A^_kW�h�LNPNPEMYABDt�kLND��Ti�iY��~$i%_OL ��i�D��kF2h�Lj�kC�] �@]^MkW��^_kAB�ED@a�Fk�k]`�Gi,�EFkLNDT���kCTi%A^_ki%�kLNM%]^P�M%]^FGi�FG�k�@aELji�F
Fk�EM©C ]^F�FOLNDT�B�EPN]`_��^i�MY�GA^_d����~$i�Fk�G_O�EMY�k�T_ki�F�>
q�D ~@]`_k�kLNM%�EP ]`_�I¥h2i�]^LN�'�GA LNaTi�Dt�kLj�Â� h�CELNM©C ~@]`_O�kF�A^�
�kCTi ]`�k��ABFG~@CEi%_ki FOCTAB�EPNa"�[i-A^�@FGi%_k�^i�a��GA3MYA^_k_ki�MY��]�~@CE]^FGi i%_k_kA^_�I$]^DEa)�GA3�BLj�^i-�kCEi MYA^_k_Oi�MY���^i%_O�kLNM%]^P
FG�G_O�@MY�k�T_ki^> v�CELNF h�A^_kW h�LNPNP��$id]`�@Pjid�GA MYAB��~@]`_ki)�kCTidi��$i�MY��A^��aEL��$i%_ki�Dt��A^�@FGi%_k�XLNDT�/FG�XFG�Gi���F��t�
FkLN� �EPN]`�kL DT� FO]`�Gi�PNPNLj�Gi,aE]`�k]XI5_O]^aELjABFkABDEaTi�F¥]^DEad]`i%_OA^~@PN]^DTi,aE]`�k]�h�Lj�kCELND��kCTi,n2]^aT�3��A�aEi�P�>
vRCTi�FG~$i�M%LH<@M%]`�kLNABD A^���kCTi��@]^MkW��^_kAB�EDEa i%_k_OA^_dMYAz�`]`_OLN]^DEMYi/��]`�G_©L � LNF�iY���G_Oi���i�Pj� L ��~$A^_k�k]^D��3]^F3Lj�
aTi%�Gi%_O��LNDTi�F!h�CTi%_Oi��kCEi%��LNDE�¸A^_O��]`�kLjABD��¸_kAB�0�kCTi�A^�@FGi%_k�`]`�kLjABDEF¥FOCTAB�EPNa��$i�FG~E_ki�]^a�>�q«�RLNF!WXDTAzhVD3�kCE]`�
LND�]>& } $�]`_-FG�XFG�Gi���I³�kCTi��@]^MOWt�^_kAB�@DEa�i%_k_kA^_-MYAz�`]`_OLN]^DEMYi���]`�G_OL ��i%�^ABPj�^i�F LN��~@PNL M%Lj�kPj���kCT_kAB�E�BC��kCTi
]^FkFkL ��LNPN]`�kLjABD hVLNDEaTA¼h,I2�BLN��LNDE�/FGAB��i �EA¼h aTi%~$i�DEaEi�DEMY� ]^D@a��$i%�G�Gi%_��^i%_k�kL M%]^PVFG�G_©�EMY�k�T_ki�F��kC@]^D B }
$�]`_V]^D@]^Pj��Fki�F���vRCTi%~@]^�E� A@B D3EHFNIgx�A�A^�B�©>!vRCEL F!~E_kA^~$i%_k����A^��& } $�]`_VhVLNPNP5�[i,L D��^i�FG�kLN�B]`�Gi�a"h�LN�kCELND��kCTi
FkLN��~@Pji�np]^aT�3��AXaTi�P�MYABDt�GiY���%>

|�'



� 1��M� �6����� � ����� ��� ��0
vRCTi �^i�DTi%_©]^P�FG�G_O�EMY�k�E_ki A^�p�kCTi��ÂA^_kh!]`_Oa�np]^aT����AXaTi�Pw]^DEa��kCTi�MYA^_k_Oi�FG~$ABDEaELNDT��cVa9F�ABLNDt����AXaTi�P�]`_ki
FkCTA¼h�DdLND>#wLj�B�E_ki�x^x`>pvRCTi�i�g��E]`�kLjABD@F¥�¸A^_��kCTi���AXaTi�PNF¥]`_ki��BLj�^i�D��$i�PjAzh�>

Forward Model Adjoint Model

q(t=0) q(t=1)

b(t=0) b(t=1)b(t=1)

psi(t=1) psi(t=1)

q(t=1)

b(t=0)

psi(t=0) psi(t=0)

q(t=0)

dpsi / dx (t=0) dpsi / dx (t=0)

#wLj�B�T_ki�x^x9= hK>����.&��'��GR&'�����6��BC&'>��6"������8!
�F�/�979��"%��S$TV�]&�>��sBL� ��OK!
�*7��/�979��"gE9&'>��������J&'��!�"pGI� ��79��&��������F!����sb ��i ���
^ _D?X�
&'���A&��%!
"�i ����&��%GI��&`_�E �6!
��7 ^ ���
_ !
�=GI_�E ^ !
&�&������M& �J@�S ^ 0L& �J@ 5�!���7$�X0L& �J@A5�!
�'�j&'>����@�=�.�87D&'�6G�!
"%GI��"�!
&��K&�>��
�.&��'��!
��BL���=GR&������pE=?�����!
&-&'>��/��!�����&������ S)hK>��&% #�� # !
��7 ^ ���
_ !���GI_]!
�'�6&�>����:! 79i��8GR&'��7]&��Y&�>��l���IqN&)&����/�
"���i���"p&���B�EXOF�J&'> &'>�� ^ ���
_ !���GI_U!
"%�.��BL���*GI��7 ^ _]&'>����.&��'��!���BL����GR&'��� �,;���"�7aSshK>���!
�'���
OM�M��>��
Ow&'>���7����'��GI&������
�
B�?��'��?�!�b !
&���������BH���9BL���'�@!
&'��� �PS

1 
�� � � �$� �.#�% 11! � � ' ,.�+��� ��� �$#-,.�+���
=�ABDEFOLNaTi%_¥�kCTi��^i�DTi%_©]^P�FG�G_O�EMY�k�E_ki�A^��]^Dd]^aT�^i�MY�kLjABD"i�gt�E]`�kLNABD�=	 	�
 � � �(! ��� ������
 � '^|B�
q�Dd��]`�G_OL ���¸A^_©� �kCELNFRM%]^Dd�[i�h�_OLj�G�Gi�D�]^F)=�����

�

 !� 
 	
������
� 	

�����
�
x { { { {
{ x { { {
{ { x { {
{ { { x {
x � � � � {

������
�
�����
�

 !� 
 	
������
� � '�BB�

vRCTi,]^a9F�ABLNDt�¥A^�#�kCELNFR��]`�G_©L ��LNF�=������
�

�

�!
��
�

�	

�������
�
	
�����
�
x { { { x
{ x { { �

{ { x { � �
{ { { x �
{ { { { {

������
�
������
�

�

�!
��
�

�	

�������
�

� '�&t�

|^�



h�CTi%_Oi��kCTi�CE]`��aTi�DEA^�Gi�F�]^a�FGABLNDt����]`_OL ]`�@Pji^> #TA^_��kCEi���LNDEL ��LNFk]`�kLjABD"~E_kA^�@PNi���I��kCTi�]^a�FGABLNDt����]`_©LN]`�@Pji
�ÂA^_ c-Ig�ÂA^_-iY�T]^��~@PNi^IwL F �	 	 ���

���
>"c�DEar�kCTi%_ki%�ÂA^_ki��kCEi�aELNFOMY_ki%�Gi�]^a�FGABLNDt�-��AXaTi�P2MYA^_k_ki�FG~$ABDEaEL DT���GA

i�g��E]`�kLjABD '^|�L F)= �
 	 �
 � �	
�! 	 �! � � �	
�� 	 �� � � �	
�
 	 �
 ��� �	
�	 	 {

� '�'B�

vRCTi,]^a9F�ABLNDt�¥i�g��E]`�kLjABDEF¥�ÂA^_R�kCTi-Dt�E��i%_OLNM%]^P�FkM©CTi���i�F��@FGi�a�LND3�kCTi�n2]^aT�3��A�aEi�P�]`_ki�DTA¼h��BLj�^i�D�>

1 
%$ ��� � �=#)��! � ������� � ��,0�.� !�� ��# ';� 5 � ���	�!:

#TA^_V�kCTi,i�g��E]`�kLjABD



 � H� 	 
 
� ����� 
 
� � H � 
 
� � H � �
� � 
� � '^�B�

�kCTi�MYA^_O_ki�FG~$ABDEaELNDE� aEL FkMY_ki%�Gi,]^a�FGABLNDt�R��A�aEi�P�LNF)=

�
 
� 	 �
 
� � �
 
 � H��
 
� � H 	 �
 
� � H ��� �
 
 � H��
 
� � H 	 �
 
� � H � � �
 
 � H��� 
� 	 �� 
� ��� �
 
 � H��
 
 � H� 	 {
� 'i@^�

JVA^�Gi��kCE]`�R�kC@LNF¥LNF!i�g��ELj�`]^Pji�D��¥�GA��kCTi�]^a�FGABLNDt�¥i�gt�E]`�kLNABD�=

�
 
� 	 �
 
 � H� � ��� �
 
 � H� � H � �
 
 � H� � H � � '�`B�

1 
�� � ��� ,0�.�,!6� ������� � ��,0�.� !�� ��# ';� 5��&�	�	��:����'� # ��� �.� �
#TA^_V�kCTi,i�g��E]`�kLjABD




 � H� 	 
 
 � H� ����� 
 
� � H � 
 
� � H � �
� � 
� � '�AB�

�kCTi�MYA^_O_ki�FG~$ABDEaELNDE� aEL FkMY_ki%�Gi,]^a�FGABLNDt�R��A�aEi�P�LNF)=

�
 
 � H� 	 �
 
 � H� � �
 
 � H��
 
� � H 	 �
 
� � H ��� �
 
 � H��
 
� � H 	 �
 
� � H � � �
 
 � H��� 
� 	 �� 
� ��� �
 
 � H��
 
 � H� 	 {
���`{��

JVA^�Gi��kCE]`�R�kC@LNF¥LNF!i�g��ELj�`]^Pji�D��¥�GA��kCTi�]^a�FGABLNDt�¥i�gt�E]`�kLNABD�=

�
 
� 	 �
 
 � Q� � ��� �
 
 � H� � H � �
 
 � H� � H � ���Xxz�

|i@



1 
 7 � #�%�' �!%+#-,.����� ���
� �

vRCTi��ÂA^_kh!]`_Oa�i�g��E]`�kLjABD��ÂA^_�M%]^PNM%�@PN]`�kLNDT� ���
���
LNF)=

� 
� 	 ) 
� � H � ) 
� � H|�� � ���^|B�

q�Dd��]`�G_OL ���¸A^_©� �kCELNFRM%]^Dd�[i�h�_OLj�G�Gi�D�]^F)=
�� ) � � H) � � H� �

�� 	 �� x { {
{ x {
HQ�� � � HQ�� � {

�� �� ) � � H) � � H� �
�� ����BB�

vRCTi,]^a9F�ABLNDt�¥A^�#�kCELNFRLNF�=

��
�) � � H�) � � H�� �

�� 	 �� x { HQ�� �{ x � HQ�� �{ { {

�� ��
�) � � H�) � � H�� �

�� ����&t�

]^DEa��kCEi%_ki%�¸A^_Oi,�kCTi,aELNFOMY_ki%�Gi,]^a�FGABLND��R��A�aTi�PgLNF)=
�) � � H 	 �) � � H � HQ�� �

�� ��) � � H 	 �) � � H � HQ�� �
�� ��� � 	 { ����'B�

JVA^�Gi��kCE]`�R�kC@LNF¥LNF!i�g��ELj�`]^Pji�D��¥�GA��kCTi�]^a�FGABLNDt�¥i�gt�E]`�kLNABD�=

�) � 	 � � � � H � � � � H|�� � ���^�B�

1 
�� � ��%��$����� ,��$���'# �!%�# ';� ��� �$#-,.�+� �
v³A�FGABPj�^i,�kCEi�i�gt�E]`�kLNABDEF

� Q ) 	 / ���i@^�
Fk�T�_F�i�MY���GA 5 	 ���

��4 ABD)�kCEi �GA^~/]^D@a)�$A^�G�GAB�9�$AB�EDEa@]`_OLji�F�]^D@a)~$i%_OLNA�aEL M��$AB�EDEaE]`_OLNi�F%I@h�i�FGABPj�^i �kCTi��]`�G_OLj��i�g��E]`�kLjABD�=
� ) 	 L ����`B�

�ÂA^_ ) IEhVCTi%_ki L 	 	
 ���	��
�

��� � U �
����� 
���� � ���
� 
���� � U �

��
>

vRCTi,]^a9F�ABLNDt�¥A^�#�kCELNFRLNF!�GA�FGABPj�^i
� ���L 	 �) ����AB�

�ÂA^_ L >�q«Dd�kCELNF¥M%]^FGi � L F¥FG������i%�G_OLNM`IEFGA � 	 � � >
� � � � �!� �R� � �4� ��� � �M� 4 � � � 
 ��� ��0 ��� � �R� � �4�M	

vRCTi2DTABD;H�aELN��i�DEFkLjABDE]^P�i�g��E]`�kLjABDEF³]^DEa�DEA^_O��]^PB��AXaTipFkABPN�T�kLjABDEFg�EFGi�a,LND��kCELNF�_Oi%~[A^_O�g]`_kipDTA¼h aEi%_OLj�^i�a�>

|�`



& 
�� � �$#� 3��� ��� �� ,0�.������� ' ��� �$#-,.�+���! 
vRCTi¥n2]^aT�-��AXaTi�PXMYABDEFkL FG�kFwA^�[]��@]^FOLNM!FG�k]`�Gi�]^DEa�]�Fk��]^P P�]^��~@PNLj�k�EaEi2~$i%_k�k�T_O�@]`�kLjABD-h�CELNM©C-_Oi%~E_ki�FGi�Dt�kF
�kCTi��@]`_OA�M%PNL DELNMdh!]��^i A^_dMY��M%PNABDTi^> vRCTi�np]^aT� m"A�aTi�P�i�g��E]`�kLjABD@F�]`_ki/aTi%_OLj�^i�a �Â_kAB�7�kCTi!G��E]^FkLIH
��i%ABFG�G_OA^~@CELNM)\³A^�Gi�Dt�kLN]^P $�A^_k�kL M%Lj��� � G���\ $,��i�g��E]`�kLjABD�IR]^DEa �kCEi G,� vRCTi%_©��A�aE��DE]^��LNM3i�gt�@]`�kLjABD
h�CEL MOC�]`_ki,�BLN�^i�DdLND�UVABPj�GABD ��x�A�A^|B�©>
vRCTi1G�� vRCTi%_O��A�aT�XDE]^��L M�i�g��E]`�kLjABD/Fk�k]`�Gi�F,�kCE]`�,~$A^�Gi�Dt�kLN]^P��^A^_k�kL M%Lj����LNF�MYABDEFGi%_O�^i�a/�ÂABPNPjAzhVLNDT�3�kCTi�EA¼h ��]^FkFk�@��LNDT��aT_k�^I#]^aELN]`�@]`�kL M���A^�kLjABD5�©>3mdA^_ki�FG~$i�M%LH<@M%]^PNPj�^I³Lj�,FG�k]`�Gi�F-�kCE]`��]^F�]^LN_,_OLNFGi�F�IgLj�,MYA�ABPNF
�XLN]�]^aELN]`�@]`�kL M�iY��~@]^D@FkLjABD�> ���� � 	 { � @�{��
h�CTi%_Oi � LNF�~$A^�Gi�D��kLN]^Pg�Gi���~$i%_O]`�k�T_ki^> � i MYABDEFkL aTi%_��kCTi-~$i%_k�k�T_k�@]`�kLNABDEF!�¸_OAB� ]�C��XaT_kABFG�k]`�kL M%]^PNPj�3�@]^PIH
]^DEMYiV_ki%�¸i%_Oi�DEMYiVFG�k]`�Gi��kCE]`��LNF�ABDEPN� ]��Â�@DEMY�kLjABD�A^��CTi�LN�BC��%I ! ��S�AB�EFkFkL DTi�F g ]`~E~E_kAz�XL ��]`�kLjABD5�#�GA-_ki���A¼�^i
�kCTi�P ]`_k�^i,FG�k]`�kLNM,Fk�k]`�Gi�A^�#�kCTi�]`�k��ABFG~5CTi%_ki^>pfgi%� � 	��� � 't��� ��� ���  
	  �k�©I@�kCEi�D

�� � ���� � � � � 	 { � � @�xz�

n��X~@]^DEa3�GA��BLj�^i 7 %
% � � 
 %% � � 8 %% 	 8 � � 	 �
� %% ' �� � @`|B�

c�FkFk�E��L DT�-�kC@]`�R�kCTi�h�LND@aEF2]`_Oi�M%PjABFGi��GA��^i%ABFG�G_OA^~@CELNM,]^D@a�aTi@<@DELNDE� ��� 	 �
� �
� 
 � ���� � 8 � ���� hVCTi%_ki��aTi�DEA^�Gi�FR�^i%ABFG�G_kA^~5CELNM��kCTi�D

� � � � � � % ��
% '
	 { � @9BB�

q«�³h�i�DTA¼h aTi@<@DTi��5�TAz�B]^DEMY�3��IT���
5 � 	 


�� �
� � @Y&t�

]^DEadFk�k]`�kLNM,FG�k]`�@L PNLj��� �)Q�A^_�S2_©�ED�� H $�]^L Fk]^PN]��Â_ki�g��Ti�DEMY��J ]^F

� Q 	 

� %

��

% '
� @9'B�

�kCTi�D��kCEidG,�
�kCTi%_©��A�aE��DE]^��LNM�i�gt�E]`�kLNABDdM%]^Dd�$i�_ki�]`_k_O]^DE�^i�ad�GA��BLj�^i

� � 5 � � � � Q 	 { � � @`�B�
vRCTi CTA^_OL#!%ABDt�k]^P#��AB��i�Dt�k�E� ]^D@a)MYABDt�kLND��ELj����i�g��E]`�kLjABD@FVM%]^D��$i-�EFki�ad�GA3aTi%_OLj�^i-�kCTi G��b$�A^_k�kL M%Lj���
n7g��E]`�kLjABD6= � � � �.��� � ��	
� � % �

% '
� � @�@^�

vRCEL F!i�gt�E]`�kLNABD"FG�k]`�Gi�FV�kCE]`�VLN�#]�MYABP �E��D�A^��]^Lj_�L FRFG�G_ki%�kM©CTi�a"�^i%_O�kLNM%]^PNPj�^IE�kCEi�DdLj�kF�]`�5FGABPN�T�Gi��^A^_k�kL M%Lj���
� � ��� � �2h�L PNP$LNDEMY_ki�]^FGi^>
vRCTiMG,�1�^A^_O�kLNM%Lj����i�g��E]`�kLjABD@F �Âi�g��E]`�kLjABD � @�@^�G�V]^DEad�kCTi G,�<�kCTi%_O��AXaT�XDE]^��LNM�i�g��E]`�kLjABD �Âi�gt�@]`�kLjABD
� @`�B�G��M%]^D��$i-MYAB�-�@LNDTi�a)�t�"i�PNLN��LND@]`�kLNDT���kCTi �^i%_k�kLNM%]^P#�^i�PjAXM%Lj�¿�dh,I$�GA��BLN�^i �kCEi G��@]^FkLIH«��i%ABFG�G_OA^~@CELNM
\#A^�Gi�D��kL ]^P6$�A^_k�kLNM%LN���/� G,��\7$���i�g��E]`�kLjABD6=

� � / 	 { � @9`B�
h�CTi%_Oi

/ 	
� ��� � � %
% '
7 � � 5 �� Q 8 � � @9AB�

|�A



vRCTiVg��E]^FkL H¤�^i%ABFG�G_kA^~@CEL M ~[A^�Gi�Dt�kLN]^Pw�^A^_k�kL M%Lj��� g�MYAB���@L DTi�F��$A^�kC�aT�XDE]^��LNM%]^P�]^DEa/�kCTi%_O��AXaT�XDE]^��LNM%]^P
LNDT�ÂA^_O��]`�kLNABD�]^DEa�LNFRMYABDEFki%_k�^i�ad�ÂABPNPjA¼h�LNDT��]^aELN]`�5]`�kLNM���A^�kLjABD�>
vRCTi�Fki�i�g��E]`�kLjABD@F¥M%]^D�DTAzh �$i��EFGi�a��GA�aTi%_OLN�^i��kCEi�n2]^aT����A�aTi�P[i�g��E]`�kLjABDEF�I�����P LNDTi�]`_OL#!�L DT�-]`�$AB�T�¥]
�@]^FkL M�FG�k]`�Gi^>

& 
%$ &=#� "� ' � ,3#-,0�
c�FkFk�E��i��kCE]`�2�kCEi��@]^FkL MRFG�k]`�Gi�CE]^F2]-PNLNDTi�]`_2�^i%_k�kLNM%]^P5h�LNDEa�FOCTi�]`_�I �
 	 	 'T>�vRCTi��^i%_k�kLNM%]^P5h�LNDEa�FOCTi�]`_
LNF¥]^FkFkA�M%LN]`�Gi�adh�Lj�kC�]���i%_OL aELjABDE]^P[�Gi���~$i%_O]`�k�T_Oi��^_O]^aELji�Dt�%IE]^F¥�BLj�^i�D������kCTi��kCTi%_O��]^P$hVLNDEa�i�gt�@]`�kLjABD

� � % �

% '

	 � % �5
% 	
� � ``{��

vRCTi-�kCTi%_O��]^Pgh�LNDEad_ki�PN]`�kLjABD�LNF�FOCTAzh�D�LNDK##LN�B�T_ki�x�|�>�cVPN�kCTAB�T�BCd�kCEi���| } �Vnp]^aT�d��AXaTi�Pgi�gt�E]`�kLNABDEF
ABDEPj�3aTi�FkMY_©Lj�$i��kCEi �EAzh
LND3�kCTi !%ABD@]^Pg]^DEadCEi�Lj�BC��VaELj_ki�MY�kLjABD@F%IT�kCTi%��aTA�LNDEMYA^_O~[A^_©]`�Gi,�kCTi���i%_©LNaELjABDE]^P
�Gi���~$i%_O]`�k�T_Oi��^_O]^aELji�Dt�%IEh�CEL MOC�LNF!�XLj�k]^P��ÂA^_R�kCTi,�5]`_kA�M%P LNDELNMVLNDEFG�k]`�@L PNLj������i�MOCE]^D@LNFk��>

Warm

Cold
u=Az

x

y

z

#wLj�B�T_ki x�|,= � !�����GM�.&'!
&����
Ba&�>���df! 79_����979��" � hK>����������%79������!�"�&'���/?=���'!
&����'�-b �'! 79�����A&f�%�f?��'��?X����&������=!
"9&'��&�>��
v�� ��!
"aOF����7U��>���!���EA&�>���� ��b�><&�>������@!�"aOF����7 ^ !�"�!���GI�

vRCTi��^i%ABFk�G_kA^~@CELNM�Fk�G_ki�]^�����EDEMY�kLjABD ) LNF¥aTi@<5DTi�a3�t��=

) 	�� �� � � `Xxz�

h�CTi%_Oi � LNFp�kCTiR�^i%A^~$A^�Gi�D��kL ]^P[CEi�Lj�BC��%>�vRCEiRi�gt�@]`�kLjABDEF2A^���^i%ABFG�G_kA^~@CEL M¥�@]^PN]^DEMYi �Â�¸_OAB�<�kCTi�CTA^_OL#!%ABDt�k]^P��AB��i�Dt�k�E� i�g��E]`�kLjABD@F©�!M%]^D��kCTi�Dd�[i�h�_OLj�G�Gi�DdLND3�kCEi��¸A^_O� =


 � 	 � ������ 8 � 	 ���
���
� � `^|B�

ZXLN��LNPN]`_OPj�^I�C��XaT_kABFk�k]`�kLNM��@]^PN]^D@MYi��Â�¸_kAB�0�kCTi,�^i%_k�kLNM%]^Pg��AB��i�Dt�k�E�0i�g��E]`�kLjABD5��M%]^D"�$i�hR_OLj�G�Gi�D�]^F)=

5 � 	
� � %,)
% '
� � `�BB�

c�FkFk�E��L DT�V�kC@]`���kCTi¥~$i%_k�k�T_k�5]`�kLjABD LNF�LNDEaTi%~$i�DEaEi�D��³A^�5� ]^DEa�h�i¥�kCTi�D�PNL DTi�]`_OLNFGi2�kCTiRi�g��E]`�kLjABDEF��@FkLNDT�TI


 � 	 �
 � 't� � 
 �� ���  '  �G�8 � 	 8 �� ���  '  �G�
/ 	 �/ � 	 � � / � ���  '  �G�5 � 	 �5`� 	 � � 5 � � ���  '  �G�
JVA^�Gi��kCE]`� �/ 	
�#IT�kCEi,MYA^_OLjABPNLNF!~5]`_O]^��i%�Gi%_�>

B`{



& 
�� ��� ��#-,0������ ��� ,��$� &=����� !$#)�*�+�  
c�FkFk�E��i �kCE]`���kCTi �^i%_k�kLNM%]^P#�^i�PjAXM%Lj�¿�"h1LNF�!%i%_kA3ABD��$A^�kC"�kCTi��T~@~[i%_�]^DEa�PjAzh�i%_��$AB�EDEaE]`_©Lji�F%>�vRCTi�D�I
�kCTidG��
�kCTi%_O��AXaT�XDE]^��LNM�i�g��E]`�kLjABD��$i�MYAB��i�F�=

��� 5 � 	 {HC 7&%
% � � � �
 � 
 � � %% � � 8 � %% 	 8 ��� 5^� 	 � � 5 � � �
	 { � `�&t�

n��X~@]^DEa@LNDT� AB�T�%I@]^DEadDEi%�BPji�MY�kLNDT��Fk��]^PNP$�Gi%_O��F¥�kCEi�D�I

%
% � � �
 %

% � 5 � � � 8 � % � 5% 	 � `�'B�

l�FkLNDT��Ct��aT_OABFG�k]`�kLNM �@]^PN]^D@MYi^I��^i%ABFG�G_kA^~@C@LNM �@]^PN]^DEMYi�]^D@a��kCTi%_O��]^Pwh�L DEa��@]^PN]^DEMYi^I��kCEi�D��kCELNF�M%]^D/�$i
hR_OLN�G�Gi�D�LND3�Gi%_O��F�A^�³�kCTi��^i%ABFG�G_kA^~@CEL M�FG�G_ki�]^�����EDEMY�kLjABD6=

7 %
% � � �
 %

% � 8 %*)% ' � %,)% � % Q )% ' % 	 	 { � `^�B�

JVAzh,I �
 	 	 '�FGA
%
% '
7 %*)
% 	 8 	 � % 
% ' 	 � 	 � `i@^�

]^DEa��kCEi%_ki%�¸A^_Oi^IE�kCTi�i�g��E]`�kLjABDEF¥ABD"�kCTi��GA^~)]^D@a��$A^�G�GAB� �$AB�EDEaE]`_OLNi�F�]`_Oi�=

7 %
% � � �
 %

% � 8 %,)% ' 	 	 %,)% � � � `�`B�

vRC��EF%IX�kCTi��Gi���~$i%_O]`�k�E_ki <Ei�PNa3LNF¥aTi%�Gi%_©��LNDTi�a3����PNL DTi�]`_R]^aT�^i�MY�kLjABD�I5]^DEa/�ÂABD��kCTi,oVU�Z�A^�#�kCTi�i�g��E]�H
�kLjABD5�©IT���3�kCTi,��i%_OL aELjABDE]^P[h�LND@a��ÂA^_OM%LNDE�T>

& 
 7 ��� ��#-,0������ ��� ,��$� ( � ,0� �*�+���
vRCTiaG���\ $
i�gt�@]`�kLjABDr� @9`B�¥M%]^D"�$i�iY��~@]^D@aTi�a/��]^DEadFk��]^PNP$�Gi%_O��FVDTi%�BPji�MY�Gi�a5�[=

� � / 	 {HC 7 %
% � � � �
 � 
 � � %% � � 8 � %% 	 8 � �/ � / � �
	 { � `�AB�

�GA��BLj�^i-PNLNDTi�]`_R]^aT�^i�MY�kLNABDdA^��g�L D3�kCTi,LNDt�Gi%_OLjA^_�=

7 %
% � � �
 %

% � 8 / � 	 { � A`{��

h�CTi%_Oi��kCTi�i�gt�@]`�kLjABDd�ÂA^_�G,��\7$
L F¥�BLj�^i�D����Q=

/ � 	+% Q ) �
% � Q � �$Q�

� Q %
Q ) �
% ' Q

� � AXxz�

n7g��E]`�kLjABD@FV� `�`�IN`�A�]^D@a]A`{����BLj�^i��kCTi�i�g��E]`�kLjABDEF2�ÂA^_2�kCTi�np]^aT��m"AXaTi�P�>�vRCTi���i%_OLNaELjABD@]^PTh�LNDEa�~E_kA^~_H
]`�B]`�Gi�F�LNDT�ÂA^_O��]`�kLjABD��$i%��h�i%i�D)�kCTi,i�aT�^i,h!]��^i�FV�GA��BLN�^i,�^i%_k�kLNM%]^P³MYAB�T~@PNLNDE�T>#q�D��kCTi | } np]^aT�3��AXaTi�P�I
�kCTi���i%_OLNa@LjABDE]^PEhVLNDEa�L F2DTA^�¥aTi@<5DTi�a�iY�X~@PNL M%Lj�kPj�^IB�@�E��]^F!] �¸A^_©M%LNDT� �GA-�kCTi��$AB�EDEa@]`_k� i�gt�E]`�kLNABDEF%IT]^DEa
LNF¥LND3��]^MY���kCEi���Lj�k]^P�~@]`_k�¥�ÂA^_R�kCTi,�^_kA¼hR�kC"]^D@a�aTi�M%]���A^�#�kCTi,h!]��^i�F%>

BXx



& 
�� � � � ��!!�������! "�����$#�% �� 3��� � #�� !�� � � � ��!!���$#-,0� � �$#�� � �
v³A�i�P LN��LNDE]`�Gi-�kCTi MYABDEFG�k]^Dt�kF�h�Lj�kCEL D��kCTi i�gt�@]`�kLjABDEF%I$h�i DEAzh1]`~E~@Pj�d]3MYA�A^_OaELND@]`�Gi M©CE]^DT�^i �GA�DTABD;H
aELN��i�DEFkLjABDE]^P LNFGiR�kCTi�~@_kA^�@Pji���IX]^DEa�]^PNFkA�FGA��kCE]`�¥�kCTi��,H�MYAtA^_©a�LNF¥LND��kCTi,��LNa@aEPji�A^�#�kCTi,aTAB��]^LND�IT]^DEa
�kCTi,A^_©Lj�BLND�A^� !�LNF¥]`����L a;H�Pji%�^i�PNF%>

�' 	 ' � �
Q

�
� A^|B�

�� 	 � � � �Q ����
� A�BB�

��
	 � 	� � � A�&t�

h�CTi%_Oi ��� 	 ���
� LNF��kCTi�o�ABFkFG���)_O]^a@LN�EFVA^�2aTi%�ÂA^_O��]`�kLjABD�>-vRCTi�D��kCTi�i�g��E]`�kLjABD@F�M%]^D��[i _ki%h�_OLj�G�Gi�D]^F)=

7 %
% �� � �' %

% �� 8 %
�) �
% �'

	 % �) �
% �� � � A�'B�

7&%
% �� � �' %

% �� 8 �/ � 	 { � A^�B�

h�CTi%_Oi
�/ � 	+% Q �) �

% �� Q � % Q
�) �

% �' Q
	 { � � Ai@^�

]^DEa
�) � 	 ) �) � � A�`B�

�/ � 	 � Q �
) � / � � A�AB�

]^DEa ) � LNF!�kCEi�]^��~@PNL �EaTi�A^� ) � >
c�D�iY�X�G_O] i�gt�@]`�kLjABD�L F2DTi%i�aEi�a��GA i�DEFk�E_ki��kCE]`���kCTi���AXaTi�P5L Fph�i�PNPIH¤~$ABFGi�a�> � i�LN��~$ABFGiR�kCEi�MYABDEa@Lj�kLjABD
�kCE]`� &�& �) � �@�/��'9	 { ��x%{^{��

FGA��kC@]`�R�kCTi,��i�]^D"��]^PN�Ei�A^�w�kCTi-FG�G_ki�]^�����EDEMY�kLjABD�L D3�kCTi�aTAB��]^L D�LNF !%i%_kAT>
& 
	� � ��% ��,.�+� �� =� � , ��� � � ��#-,0������ 
c �^_kAzh�L DT��]^DEa�aTi�M%]z��L DT��h!]��^i H�PNLjW^i FGABPN�T�kLNABDEF!A^�³�kCEi,�¸A^_©�

�) � ���  '  �k��	 �) � 't� � �
�

��� 
� � 

 
��� ��x%{Txz�

h�CTi%_Oi ��)LNFV�kCTi-h!]��^i�D��E�-�$i%_�I[]^D@a ��-LNFV�kCTi ~@CE]^FGi FG~$i%i�a�I$LNFVFO�T�@FG�kLj�k�E�Gi�a"LNDt�GA3i�gt�E]`�kLNABD � Ai@^���GA�A
�BLj�^i

{ 	 � �� Q �) � % Q
�)

% ' Q
��x%{B|B�

h�CEL MOC�CE]^F¥�kCEi�FGABPN�T�kLNABD �) 	5! H � � ���g� �� �'t�
��! Q � � ���g� �� �'�� � ��x%{iBB�

B^|



0 1 2 3 4 5 6
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Real Part

R
ea

l p
ar

t 
o

f 
ei

g
en

va
lu

e,
 c

r

Non-dimensional Wavenumber k

#wLj�B�T_ki�x�B,= �F��!�" � !
��&/� 'M���9&��*!
"
� �N7����FGI� ���'����?X����79����bl&�� ^ ������7�!
�'_�OQ!ki ���jBL��� !# $ c'& 2

0 1 2 3 4 5 6
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

Complex Part

C
o

m
p

le
x 

P
ar

t 
o

f 
ei

g
en

va
lu

e,
 c

i

Non-dimensional wavenumber, k

#wLj�B�T_ki�x &_=  j���/?�"��Iq � !��.&;�Hd$q9?=� �����A&��%!
"�"�_�b��'�
OF����bl!
�=7]7���G�!k_N����b/�.� "��9&'��� ���QBL��� !(*) c'& 2

vRCTi%_Oi%�¸A^_ki��kCEi�DTA^_O��]^P���A�aTi,FkABPN�T�kLjABDEF¥M%]^Dd�[i�h�_OLj�G�Gi�Dd]^F)=
�) 	 ) � � 
� 
� � ��� ���g� �� �'�� ��� �t� �� ���� ��� � � ���³� �� �'t� � � �p� � �$� � ��x%{9&t�

h�CTi%_Oi��kCTi,DTABD;H�aEL ��i�DEFkLjABD@]^P5�^_OAzhR�kC"_O]`�Gi�LNF ��2	 � �� ���>
S���Fk�T�@FG�kLN�k�T�kLNDT� �kCELNF¥LNDt�GA�i�g��E]`�kLjABD � A�'B�©I5�kCTi�D�h�i�<@DEa��kCE]`�)=

� 	 x � �

Q � � ��� � Q�

Q ��� � � � Q � x ��x%{i'B�

B�B



]^DEa��kC@]`�

�� 	 x��
���� � � � ��� � �� | � � ��

|
� � �� | � ��� � � � �� | � � ��x%{B�B�

vRCTi%_Oi�]`_Oi�| ��A�aEi�F!A^�g�$i�CE]��XLjAB�T_zIXaEi%~[i�D@aELNDT�-ABD3h�CTi%�kCTi%_RM�LNF!_Oi�]^P$A^_RMYAB��~@PjiY�$>�q«� 
� Q�� ��� � ��� 
� Q���¤ZXCTA^_O� � ]z�^i�Pji�DT�^�kC5�R�kCTi�D3�$A^�kC3_kA�A^�kFR]`_ki�_ki�]^P�MYA^_O_ki�FG~$ABDEaELNDE�-�GA��¿h2A��G_O]`~E~$i�a3DTi��T�G_O]^P$�$AB�EDEa@]`_k�
h!]��^i�F%>�q¿� 
� Q 0 ��� � ��� 
� Q�� ��f�ABDE� � ]��^i�Pji�DE�^�kC5���kCTi�D/�kCTi�_kA�A^�kF,]`_ki�MYAB��~5PjiY��MYABD9FG�T�B]`�Gi�F-�BLj�XLNDT�d|DTA^_O��]^P#��A�aTi�F�> u�DTi _kA�A^��MYA^_O_ki�FG~$ABDEaEF��GA3�kCTi �^_kAzhVLNDT����AXaTi^I�h�CELNP FG�R�kCTi�A^�kCTi%_,MYA^_O_ki�FG~$ABDEaEFV�GA
�kCTi�aEi�M%]��XLNDT�d��AXaTi^>�vRC��EF��kCTi%_Oi�]`_ki�|3DTA^_©��]^P���AXaTi�F��ÂA^_,i�]^MOCrh�]z�^i�D��E�-�$i%_�I ��[>�vRCTi�MY_©Lj�kLNM%]^P
�`]^PN�TiRA^� ���LNF��kCTi%_Oi%�¸A^_ki�]`� 
� Q 	 ��� � ��� 
� Q�� I�h�CEL MOC��BLN�^i�F �� 	�| � B�A�A�&T>2vRCTi�Fki�DTA^_O��]^P5��AXaTiVFGABP �T�kLjABDEF]`_ki�FOCTAzh�D"LND>#wLj�B�T_ki�F�x�B�]^DEa�x &T>
JVA^�Gi��kCE]`�R�kCEi,DTABD;H�aELN��i�DEFkLjABDE]^P[h!]��^i�D��E�-�[i%_VLNF¥_ki�PN]`�Gi�ad�GA��kCTi�aEL ��i�DEFkLjABD@]^P@h!]��^i�D��E�-�[i%_V�t�

�� 	 � �� � 	 ��� � ��x%{-@^�

FGA-�kCTiRh!]��^i�Pji�DT�^�kC3LNFp]^PNFGA�aTi%~$i�DEaEi�D���ABD��kCTi�CTi�LN�BC���A^���kCEi�aTAB��]^LND�It]^F�h�i�PNPE]^F2�kCTi�Fk�k]`�kLNM�FG�k]`�5LNPNLj�¿�
]^DEadMYA^_©LjABPNLNF!~@]`_©]^��i%�Gi%_�>
vRCTi�iY��~$ABDTi�Dt�kLN]^PT�^_kA¼hR�kC�_O]`�Gi ��	 � � � 	 � �

�
LNFpFkCEAzh�D�L DV#wLj�B�T_ki�x�'�>�v�CTi���]��TLN� �E�1�^_kA¼hR�kC�L F�]`��� 	 x � ��IEMYA^_k_Oi�FG~$ABDEaELNDT�-�GA�]-�^_OAzhR�kC�_O]`�Gi�A^� ���	 { � BXx`>2vRCEL Fp��]��TLN� �E� �^_kAzhR�kC�_O]`�Gi�MYA^_k_Oi�FG~$ABDEaEF

�GA��kCTi-��ABFG�R�EDEFk�k]`�@Pji,np]^aE� � ]z�^i^>

0 1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Growth Rate of the normal modes

N
o

n
-d

im
en

si
o

n
al

 G
ro

w
th

 R
at

e

Non-dimensional Wavenumber, k

σ

#wLj�B�T_Oi x�',= # ���
OK&'>��-!
&��s��B '-���'�/!�"
�,�979���

& 

	 &(� �0,.� ';#)% � ,0�*� ' ,0���.� � ��,��$� � ���*��#)% � �#!$� � ��%��$,.�+���! 

S��3_ki%hR_OLj�kL DT�-�kCEi,h�]z�^i�x%{9&�LND3�kCTi��ÂA^_O�>=
�) 	 	 � �'�� � � � � ���� �� � �� � � � 	 	 � �'t��� � � �p� �� ���� � � ��� �� �� � � � � � ��� �� ��$� � � �p� �� �� � � � ��x%{i`B�

B�&



h�CTi%_Oi �� � 	 �� � � �'X�©IT�kCTi�D�h�i�<@DEa3�kC@]`�%IE�¸A^_V�kCTi,��ABFG�V�EDEFG�k]`�@PNi��^_OAzh�LNDE��np]^aT��h�]z�^i^I
� � ��� �� � 	 x

�
��� � �³� �� �'t���1x ��x%{iAB�

]^DEa�CTi�DEMYi �� �� � � &-' � >VvRCTi-h�]z�^i �kLNPj�kF &-' � �$i%��h�i%i�D���LNa"Pji%�^i�P FV]^DEa)�kCTi �G_kA^~$A^~@]^�EFGi ]^DEa�CTi�DEMYi^I
�kLNPj�kF,�GA"�kCTi�h�i�FG�-�t��� Q A^_

0
�
�$i%�¿h2i%i�D �kCTi��^_kAB�@DEa/]^DEar�kCTi��G_kA^~$A^~@]^�EFki^>3ZXLN��LNPN]`_OPj�^I$�kCEL F,M%]^Dr�$i

_ki%~$i�]`�Gi�a,�ÂA^_g�kCEip�Gi���~$i%_O]`�k�T_Oi$<Ei�PNa�I¼�t� <E_©FG� <@DEa@LNDT�!�kCTi��^i%_k�kL M%]^PtaTi%_©Lj��]`�kLN�^i�A^�X�kCTi2FG�G_Oi�]^���Â�@DEMY�kLjABD�>
� i <5DEa��kCE]`�R�kCTi,�Gi���~[i%_©]`�k�T_ki <Ei�PNa3�kL Pj�kF!i�]^FG��h!]`_Oa)h�Lj�kC�CTi�LN�BC��%I@]^D@a�LND3�kCELNFRM%]^Fki �� �� � 	 |�B � @ � >

B�'



� � ��� � �7� � � 	

S!]^aT�^i%_�I�?T>2]^D@a UVABFGWXLNDEF%IRS�>¥?T>���|`{^{Txz�©><ZTLN��~@Pji)LNDELj�kLN]^P!�`]^PN�Ti�~E_kA^�5Pji���F�]^DEa ��i�M©CE]^DELNFk��F��ÂA^_
�@]`_OA�M%PNL DELNMV�^_kAzhR�kC�>������ � 
 D3E ����B��;A�� B ��� �	�
�;A���� ��� ��� A�
 �8A �©I " 	 ��xz�©I�B�`�
-&-A�>
S�i�]^Pji^I�nR>Rm/>Rfp>,��x�Ai@`|B�©> c:aTi%_OLj�`]`�kLjABD A^�-MYABD�Fk�T�B]`�Gi��^_O]^a@Lji�D��kF�><q«D #�>Rc->!fgAtA^�kFO��]XIVi�a@Lj�GA^_�I
� ��� A���� ��D0E�� ACB�� ��� � ���	� � �	
 E ��
-A D	�����-B ���7���CD.B � �	
@I@~@]`�^i�F�B�A�
-&-B�>[c�M%]^aTi���LNM�\�_ki�FkF�>
S�i�]^Pji^I@n�>5m/>5f�>g��x�A�`�`B�©>���
�B ��� ���*�CB � �	
 B �����-B ��� ��� D0B � ��
EI5M©CE]`~E�Gi%_ &T> � LNPNi%�^>
S�AB�T�G�kLji%_�I8#2>t]^DEa�=�AB�T_k�kLNi%_�IB\#>@��x�A�A�AB�©> } ]`�k]�]^FkFkLN��L PN]`�kLjABD MYABDEMYi%~E�kF�]^D@a���i%�kCTAXaEF%>5m"i%�Gi%A^_kABPjA^�BL M%]^P
�G_O]^L DELNDT��MYAB�T_OFki,Pji�MY�k�T_ki,FGi%_©Lji�F%IEn�=Rm � #�>
=!CE]`ATI � >!]^DEa�=!CE]^DE�TI�f�>���x�A�A^|B�©> } i%�^i�PjA^~@��i�D��3A^�-] �ÂAB�T_ H�aELN��i�DEFkLjABDE]^PR��]`_OL ]`�kLjABDE]^P�]^DE]^Pj�XFkLNF
FG�XFG�Gi�� �EFkL DT�d�kCTi3]^a�FGABLND�� ��i%�kCTAXa ]`����fgc->³~@]`_O��x9= } �XDE]^��LNM%F�>�� �	
�B��*E���� A D.B��;A��! 'A � � A#"�I

;( � � `B�©I#x��^�Xx$
5x��i@9B�>
=�AB�T_O�kLji%_�IX\³>jITvRCEi%~@]^�T�%IT?T> H�J->jIE]^DEa3U�ABPNP LNDT�BFGh�A^_k�kC�I�c�>���x�A�A�&t�©>�c�FG�G_O]`�Gi%�^���ÂA^_�A^~$i%_O]`�kLNABDE]^P$LN��~@Pji H
��i�Dt�k]`�kLjABD"A^�W&Ba;H¤�`]`_�I@�@FkLNDT��]^DdLND@MY_ki���i�Dt�k]^P�]`~E~E_kAB]^M©C�> 
;( � I³x�B^�i@%
5x�B�`i@t>
np]^aE�^I@nR>g��x�A�&-AB�©>!f�ABDT��h�]z�^i�FV]^DEa"MY��M%PjABDEi�h�]z�^i�F%>'&-A E>E����­I 
 IQB�B�
,'^|�>
n�_O_OLNMYATI�#2>wm/>!��x�A�Ai@^�©> � CE]`� LNF,]^D ]^a�F�ABL D�� ��A�aEi�P)(+*,�;E>EHACB ��
 ��� B��;A!� �(A�� � ��D	
-� A@B�A �����3E � ��� �8D3E
� � ���+A@B.�`>

#E]`_k_Oi�PNP�IpS�>���x�A�`^|B�©>�vRCTi�LND@Lj�kLN]^P2�^_kAzhR�kC�A^�VaELNFk�k�T_k�@]^DEMYi�F LND ]��@]`_OA�M%PNL DELNM �@Azh,>/������� 
 D3E2��� B�� A
� B ��� �	�
�;A���� ��� ��� A�
 �8A �©I J
0 � `B�©I³x��^��B�
5x���`^��>

#wPji%�kMOCEi%_�I2Z[>���x�A�A�AB�©> � � �(A���� ��D3E1�2�3� ����4���� D.B � �	
 � B �5*,�*���.D	
 �%�6�2� � A � B � �	
 ��
 B��;A!7/D����6� � �*A E >
m)]^FG�Gi%_�E®F��kCTi�FkLNF%I } i%~@]`_O�k��i�D��VA^�wm)]`�kCTi���]`�kL M%F%I5l�DELj�^i%_OFOLj����A^�#o�i�]^aELNDT�T>
��LNP P�IT\³>5nR>jI@m)�T_k_O]z�^I � >jI5]^DEa � _OLj�BCt�%I5mr>@U->³��x�A�`Xxz�©>98 � D��CB � ��D3E2���-B ��� ���CD0B � �	
E>�cVM%]^aEi���LNM,\p_ki�FkF%>
��_OLN���kC�Itc->���x�A�Ai@^�©>;: D.B+D<� � ����� � EHD0B � �	
7���	� � ��� A���� ��D0E=� A D0B��;A��,8:� A �	� ��� B � ��
>������
��>?#�	
�B ���3E@&A�;ACB
�	�D�`>p\pC�> } >@�kCTi�FkLNF%IEl�DELj�^i%_©FkLj����A^��oRi�]^aELNDE�T>
UVABPj�GABD�I5?E>g��x�A�A^|B�©>9� 
5��
�B �������*�CB � �	
 B �':E�	
 D	� � �F� A@B�A �	���3E � ���`>�c�M%]^aTi���L M,\�_ki�FOF%>
f�i } L ��i%�%IQ#�>5]^D@a"v#]^PN]`�^_O]^DEa�I$u >#��x�A�`^�B�©> $�]`_©LN]`�kLjABDE]^P�]^PN�^A^_OLj�kCE��F��¸A^_�]^DE]^Pj�XFkLNFR]^D@ad]^FkFkLN��LNPN]`�kLjABD
A^�w��i%�Gi%A^_kABPjA^�BL M%]^PgA^�@Fki%_k��]`�kLNABDEF)=�vRCTi%A^_Oi%�kLNM%]^P�]^FG~$i�MY�kF%>G&-A E>E����­I J=	 � I%Ai@%
5x^x%{X>
f�i�]XI } >�?T>¥��|`{^{Txz�©>H���	��
�B�� � ����� � EHD0B � �	
9���I�-A�D��J�����@D�� AK&-A��L� A�� D0B.��� A D	
 ���-A�DM�J�����@D��8AON A�� ��� B�>
\2C�> } >E�kCTi�FkLNF�IXl�DELj�^i%_©FkLj����A^��uV���ÂA^_Oa�>
fgL¤I$s >jIgJ�]��^ABD�I³q­>jI�sp]^DT�TI � >jIQP$AB��I�� >jIgS!]`�Gi�F%Iw?E>jI³m"AtA^_k�kC@L�I³Z[>jIg]^DEa�U�Lj�^�BLND@F%I�o,>���x�A�A�&t�©> #TAB�E_ H
aEL ��i�DEFkLjABD@]^P¥��]`_©LN]`�kLjABDE]^P�aE]`�k] ]^FkFkL ��LNPN]`�kLjABD iY��~$i%_OL ��i�D��kF�h�Lj�kC ] �-�EPN�kLNPji%�^i�P�FGi���LIH�PN]`�^_©]^DT�BLN]^D
FGi���LIH�LN��~@P LNM%Lj�p�^i�DEi%_O]^P�M%Lj_OM%�@PN]`�kLjABD���AXaTi�P�>;� ��
�B��*E��R� A�D0B��;A��S 'A � �+AC"�I 
;(�( I�A^�^��
,A�`�B�>
f�A^_Oi�DEM`I@c->³��x�A�`^�B�©>�c�DE]^Pj�XFkLNF¥��i%�kCTA�a@F¥�¸A^_VDt�E��i%_OLNM%]^P�h�i�]`�kCTi%_�~@_ki�aELNMY�kLjABD�>ST=� D	� B�A�� E��O� ������
-D3E ���
B��;A� ���.D3EU� A@B�A �����3E � ��� �8D3EV� �����+A@B.�`I 
Q
,( I³x^x�@�@%
5x^x�A�&T>
J�]^FkC�IT?T>E=�>[��x�A�A`{��©>�?#�	�L�;D�� B � � �(A���� ��D3EJ� ACB�� ��� �#���	�'?#�	�L�W� B�A��)�CXZY ��
-A D	�S� E � A ��� D D	
 �<[U��
 � B � ��

�1��
*��� ��� D0B � �	
EIE~@]`�^i�F-x�`^��
�|`{B��>¥cVaE]^� UVLNPN�^i%_�ITqGu�\ \p�E�@PNLNFkC@LNDT�TIt| i�a@Lj�kLjABD�>
J�]��^ABD�I�q©>jI=P[AB��I�� >jI } i%_k�$i%_�I2?E>jI2]^DEa�Z�i�P ]XI2?T>R��x�A�A^|B�©> $�]`_OLN]`�kLjABD@]^P¥aE]`�k]�]^FkFkLN��LNPN]`�kLjABDrh�Lj�kC ]^D
]^aEL ]`�@]`�kLNM��^i%_OFkLNABD�A^�³�kCEi�J�m�= FG~$i�MY�G_O]^Pg��A�aEi�P�>;� �	
�B�� E\�H� A D.B��;A��� 'A � � A#"�I 
,( � Igx &-B�B�
5x &�&���>

B^�



J�]��^ABD�IXq­>�mr>�]^DEa�f�i%�BPji%_zI } >Tm/>$��x�A�`i@^�©>�=�ABD9FG�T�B]`�Gi H¤�^_©]^aELji�Dt�2��i%�kCTAXaEF2�¸A^_�PN]`_k�^i H�FkM%]^PNi���L DELN��L#!�]�H
�kLjABD"LND���i%�Gi%A^_kABPjA^�^�^>9� �	
 B��*E\�H� A�D0B��;A��� 'A � � A#"�I 
�
 " Igx &8@9A�
5x�'`{B|�>
\�_Oi�FkF%I � >jIVv³i��TW^ABPNFGW��^I�Z[>jI $�i%�G�Gi%_OP LNDT�TI � >jI�]^DEa�#wPN]^DEDTi%_k�^IVSV>���x�A�A^|B�©> � ���(A�� � ��D3E9 'A ��� � A �(��

[ �	� B � D	
 ��� I@�^ABPN�@��i�x`>pc�M%]^aTi���LNM�\p_ki�FkF%>
o�]`�5Lji%_�I%#2>jI�vRCEi%~@]^�T�%I�?T>jI$]^DEa/=�AB�T_k�kLNi%_�I5\#>���x�A�A�`B�©>�n��X�Gi�DEaTi�a�]^FkFkL ��LNPN]`�kLjABD)]^DEa)�¸A^_ki�M%]^Fk��iY�X~$i%_ H
LN��i�D��kF�h�Lj�kC/] &Ba/�`]`_ ]^FkFOLN��LNPN]`�kLNABDEFkFG�XFG�Gi���>KT=� D	� B�A�� E��M� ����� 
 D3E ���(B��;A! ���0D0E1� A@B�A �����3E � ��� �8D3E
� � ���+A@B.�`I 
,(N\ I#x�`^�Xx$
5x�`�`i@t>
ZX]^Fk]`WXL�Its >���x�Ai@�{��©>pZ�AB��i��@]^FkLNM��¸A^_©��]^PNLNFk��FpLND�Dt�E��i%_OLNM%]^P5��]`_OL ]`�kLjABDE]^P@]^D@]^Pj��FOLNF%>�� ��
�B��*E��K� A D.B��;A��
 'A � �+AC"�I 0�	 ��x�|B�©I�`i@9'�
,`�`�B�>
ZXCE]^D@DTATI } >Q#�>5]^DEa"\pC��E]XI5K�>5U�>³��x�Ai@`�B�©>VcVPj�^A^_©Lj�kCE� '`{^{;=®��L DELN��L#!�]`�kLNABD3A^���EDEMYABDEFG�G_©]^LNDTi�a�� �EPj�kLIH
�`]`_OLN]`�Gi,���EDEMY�kLNABDEF%>;�'? � & � D	
 �@D��CB � �	
 � �:
5� D0B��;A�� D.B � �8D3EA� ��� B."�D	� AYI ( I�`i@%
,A�&T>
ZXCTi%h!MOC��TW[I�?E>¥o,>,��x�A�A�&t�©>0cVD LNDt�G_kAXaE�EMY�kLjABD �GA �kCTi�MYABD�Fk�T�B]`�Gi/�^_©]^aELji�Dt�3��i%�kCTA�a hVLj�kCTAB�T���kCTi
]`�^ABDEL"!�LNDT��~5]^LND�I�i�aELj�kLjABD�x`>»|�'�>Evgi�M©CEDELNM%]^Pt_ki%~$A^_k�%I�ZXMOCEAtABPtA^�[=�AB��~5�T�Gi%_wZXM%LNi�DEMYi^It=!]`_ODTi%�BLNi�m"i�PNPjABD
l�DELj�^i%_OFOLj���^IE\2Lj�G�kFG�@�T_O�BC�>
Z��G_O]^DE�TIw� >p��x�A�`^�B�©>5Y ��
-A D��G� E � A ��� D D	
 �(� B � D$� � E � ��D0B � �	
 �­>�U�]`_OMYAB�T_k�,S�_O]^MYi3?^A¼��]^DTA¼��L MOC =!ABPNPji%�^i
\2�T�@PNLNFOCTi%_OF%>
vRCTi%~5]^�T�%IB?T>jI�=�AB�T_k�kLNi%_�I^\³>jIBS�i�PN]^�@a�I�� >jIB]^DEa f�i���]^Lj�G_Oi^It� >X��x�A�A^�B�©> } �XDE]^��L M%]^PtFG�G_©�EMY�k�T_ki2�Â�ED@MY�kLjABDEF
LND]&Ba3�`]`_OLN]`�kLjABD@]^P[]^FOFkLN��LNP ]`�kLjABD�=³c M%]^FGi�FG�k�@aT�^> T=� D	� B�A�� E��!����� � 
 D3E ����B��;AS ���.D3E�� A@B�A �����3E � ��� �8D3E
� � ���+A@B.�`I 
,(Q( I%'�B�'�
,'^�Xx`>
l�Pj�E_OLNM©C�Iwl�>jI7#wLNDEW5I�c->#U->jIpK,P ]�h!]XIpm/>jIp]^D@a \2LNDt�GATIp?T>�� >R��|`{^{Txz�©>rvRCT_ki%i�iY�X�G_ki���i�FG�GA^_O��F A¼�^i%_
i��T_OA^~[i,L D�aTi�MYi����$i%_�x�A�A�A�>L"!A D0B�� A��­I "�< I�@�{ 
,``{X>

Bi@


